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ABSTRACT. An extension of the Bojabi-Stanojev type inequality[[l] is made by considering

ther-th derivate of the Dirichlet kerndD,(f) instead ofD;. Namely, the following inequality is
proved

n n 1/])
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where|| - ||; is theL!-norm,{a; } is a sequence of real numbetss p < 2,7 =0,1,2,... and
M, is an absolute constant dependent onlpoAs an application of this inequality, it is shown
that the classF,, is a subclass aBY N C,., whereF,, is the extension of the Fomin’s clags,

is the extension of the Garrett—Stanofetlass|[8] and3V is the class of all null sequences of
bounded variation.
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1. INTRODUCTION

In 1939, Sidon[5] proved his namesake inequality, which is an upper estimate for the integral
norm of a linear combination of trigonometric Dirichlet kernels expressed in terms of the co-
efficients. Since the estimate has many applications, for instante-@nvergence problems
and summation methods with respect to trigonometric series, newer and newer improvements
of the original inequality have been proved by several authors.

Fomin [2], by applying the linear method for summing of Fourier series, gave another proof of
the inequality and thus it is known as Sidon-Fomin’s inequality. In addition, S. A. Telyakovskii
in [7] has given an elegant proof of Sidon-Fomin’s inequality.

Lemma 1.1. (Sidon-Fomin). Le{ay }}_, be a sequence of real numbers such that < 1 for
all k. Then there exists a positive constaiitsuch that for any: > 0,

k=0

< M(n+1).
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In [9] we extended this result and we gave two different proofs of the following lemma.

Lemma 1.2.[9]. Let{o;}"_, be a sequence of real numbers such that < 1 for all k. Then
there exists a positive constaht, such that for any. > 0,

> D ()
k=0

However, Bojant and Stanojevi[1] proved the following more general inequality pf (1.1).

(1.2) < M(n+1)",

1

Lemma 1.3. [1]. Let{«;}! , be a sequence of real numbers. Then for any p < 2 and
n>0

(1.3)

n 1/p
1
1 < Mp(n + ].) (n——f—l Z |ak’p) ,

k=0

Z Oéka(l‘)

where the constant/,, depends only op.

We note that this estimate is essentially contained (gase) in Fomin [2]. Sidon-Fomin’s
inequality is a special case of the Bojes8tanojevt inequality, i.e., it can easily be deduced
from Lemmd1.B.

It is easy to see that the Boj@&rbtanojevt inequality is not valid fopp = 1. Indeed, if
a, = 1landa, = 0 (k # n, k € N) then the left side is of ordéog n/n while the right side is
of orderl/n asn — oc.

In order to prove our new results we need the following lemma.

Lemma 1.4.[10]. If T,,(x) is a trigonometrical polynomial of ordet, then
1T < " (| Tl -

This is S. Bernstein’s inequality in the' (0, 7)-metric (seel[10, Vol. 2, p.11]).

2. MAIN RESULT

Now we will prove a counterpart of inequality (1.3) in the case where-itiederivate of the
Dirichlet's kernelD\" is used instead ab(z).

Theorem 2.1. Let {ax}}_, be a sequence of real numbers. Then for any. p < 2 and
r=20,1,2,...,n € N the following inequality holds:

n n l/p
, (1
S anfe)| <o (L)
k=1 k=1

where the constant/, depends only op.

(2.1)

1

Proof. Applying first the Bernstein inequality and then the BoaBianojevt inequality, we
have

<n"

n n n 1/1’
a r r 1
Zk_lakD?(x) }k_ljakD,@(x) < Myn+! (5§k_1j|ak|p> :

It is easy to see that the inequalify (1.2) is a special case of the ineqfialjty (2.1), i.e. it can easily
be deduced from Theorem 2.1. O
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3. APPLICATION

The problem ofL!-convergence via Fourier coefficients consists of finding the properties
of Fourier coefficients such that the necessary and sufficient conditidiSfor- f|| = o(1),
n — oo is given in the forma,, lgn = o(1), n — oo. HereS,, denotes the partial sums of the

cosine series
o0
ap
5 + ; a, COSNI .

The Sidon-Telyakovskii clasS [7] is a classical example for which the conditioplgn =
o(1), n — oo is equivalent td|.S,, — f|| = o(1), n — oo. Later Fomin|[3] extended the Sidon-
Telyakovskii class by defining a clags, p > 1 of Fourier coefficients as follows: a sequence
{ax} belongs taF,, p > 1if ay, — 0 ask — oo and

00 00 1/p
1
(3.1) S j(EE ijai|p> <0,
k=1 1=k

We note that Fomiri [3] has given an equivalent form of the condifion (3.1). Namely, he proved
that{a,} € F,, p > 1iff 32 2 A?) < o0, where

s 1/
(») 1 : p ’
AS - 2s—1 Z |Aak’ )

k=2s—141

Let BY denote the class of null sequenieg, } of bounded variation, i.€} " ° | |Aa,| < cc.

The clasC was defined by Garrett and Stanojey4] as follows: a null sequence of real
numbers satisfy the conditiahif for everye > 0 there exist$(¢) > 0 independent of, such
that

)|dx < e, foreveryn.

/ Z Aay Dy (z

k=n

On the other hand, StanOJe\{B] proved the following inclusion between the clas$gsC and
BV.

Lemma 3.1. [6]. For all 1 < p < 2 the following inclusion holdsF, C BY NC.

In [8] we defined an extensiad., r = 0,1, 2, ..., of the Garrett-Stanojeiclass. Namely,
a null sequencéa, } belongs to the class., »r = 0,1, 2, ... if for everye > 0 thereis & > 0

such that
)
0/

Whenr = 0, we denot&, = C.
Denote byl,, the dyadic intervaJ2™~1 2™), for m > 1. A null sequencga,,} belongs to
the classF),,,p > 1,7 =0,1,2,...if

0 1/p
1 1

Z gm(1/a+r) (Z |Aak|p) < oo, Wwhere —+-=1.
P q

m=1

k€lm

Aa; D\ (z)| <, foralln

It is obvious thatF,. C F,. Forr = 0, we obtain the Fomin’s class,.

Theorem 3.2.Forall 1 < p < 2andr = 0,1,2,... the following inclusion holds¥’,, C
BV N (..
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Proof. By Lemmg 3.1, itis clear thaf,, C BV'. It suffices to show that

Z AakD,(J)(x) =o(l), n—oo.
k=n
Since
00 1/p 00 1/p
Z om(1/q+r) <Z |Aak\p> -9 {Q(ml)[(rﬂ)pl] Z |Aak|p} 7
m=1 k€l m=1 k€Im
we have

Z ErHOPL AP < oo
k=1

Applying the Theorer 2|1, we obtain

fe'e) 0 1/1’
> AaDP ()| < M, (Z ’f“’*”p—lmaup) —o(1), n—oo.
k=n

k=n
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