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ABSTRACT. Let3, be the class of meromorphic functiofi&) in D,. with a simple pole at the
origin. Two subclasse$; («) andC,(«) of 3, are considered. Some coefficient properties of
functionsf(z) to be in the classeg’ («) andC, («) of 3, are discussed. Also, the starlikeness
and the convexity of functiong(z) in X,. are discussed.
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1. INTRODUCTION

Let 3, denote the class of functiorf§z) of the form:
1 o0
11 —— 2"
(1) GRS

which are analytic in the punctured digk. = {z € C : 0 < |2] < r < 1}. A function
f(z) € X, is said to be starlike of order if it satisfies the inequality:

(1.2) Re <—ZJ{;S)) >a  (zeD,)
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for somea (0 < o < 1). We say thaff(z) is in the clas<Z,*(«) for such functions. A function
f(z) € ¥, is said to be convex of order if it satisfies the inequality:

(1.3) Re {— (1 + Z]{i(g)} >a  (z€D,)

for somea (0 = a < 1). We say thatf(z) is in the clas<,.(«) if it is convex of ordera
in D,.. We note thatf(z) € C.(«) if and only if —zf'(z) € 7*(«). There are many papers
discussing various properties of classes consisting of univalent, starlike, convex, multivalent,
and meromorphic functions in the book by Srivastava and Qwa [3].

Ozaki [2] has shown that the necessary and sufficient conditionfthate %, with a,, =
0 (n=1,2,3,---)is meromorphic and univalent i, is that there should exist the relation:

(0.)
5 na,r"t <1
n=1

between its coefficients.
Our results in the present paper are an improvement and extension of the above theorem by
Ozaki [2].
2. COEFFICIENT INEQUALITIES FOR FUNCTIONS

Ouir first result for the functiong(z) € %, is contained in
Theorem 2.1.1f f(z) € ¥, satisfies

(2.1) Z(n+k+ 120 +n — K|)|an|r" T £ 2(1 — )

n=0

forsomen (0 = a < 1)andk (o < k < 1), thenf(z) € 7.5 ().

Proof. For f(z) € X,, we know that
2f'(2) + kf (2)] = [2'(2) + (20 = k) f(2)]
. 1)% 3 (i B)anz"

n=0

Therefore, applying the condition of the theorem, we have

rlzf'(2) + kf(2) =7 |2f(2) + 2o — k) f(2)]

S (k=14 (n+k)an)r™ = (k+1-2a) + Y 20+ n — kllay|r""

1 o
20—k —1)— 2 —k)a,z"|.
(2a )Z+nzzo(oz+n anz

=20 -1+ (n+k+20+n—k|)|a|r""
n=0

= 0,

which shows that

> (n+k+ 20+ n—k|)ag " £ 2(1 - ).
n=0

It follows from the above that
SRR |
2f'(z) + Ca—k)f(z)| =

Y
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so that

Re (—Z]{Ei?) >a (ze€D,).

Letting & = 0 in Theorenj 21, we have
Corollary 2.2. If f(z) € X, satisfies

(2.2) Z(n +a)|a,)r"tt <1 -«
n=0
for somen (53 < o < 1), thenf(z) € T*(a).
Theorenj 2.]L gives us the following results.
Corollary 2.3. Let the functionf(z) € X, be given b With a,, = |a, e~ "2+, thenf(z) €
7.*(«) if and only if

(2.3) Z(n + a)|a,|r" £ 1 -«

n=0
for somen (3 < a < 1).
Proof. In view of Theoreni 2]1, we see that if the coefficient inequdlity] (2.3) holds true for some
a (3 S a<l),thenf(z) € T7(w).
Conversely, leff(z) be in the clasg *(«), then

z2f'(2)\ 1= jnayz"tt
re(- ) e (e ) > o

forall z € D,. Lettingz = rez+', we have that,,z"+! = |la,,|r™*L. This implies that

1- Z:n|an|r”+1 e (1 + Z |an|r”+1) ,

which is equivalent tq (2]3). O

Example 2.1. The functionf(z) given by
1
fz) =2 +ao+ (
1

belongs to the clasg*(«) for some reab with < a < Tag] < 1-

Remark 2.4. If f(z) € &, with ay = 0, then Corollary 23 holds true for some(0 < a < 1).

Corollary 2.5. Let the functionf(z) € £, be given by(L.1]) with a,, = 0, thenf(z) € 7,*(«) if
and only if

l—a- oa\aol)
n-+ o

o0

Z(n +a)a,r" <1 -«
n=0
for somen (3 < a < 1).
Remark 2.6. If f(z) € &, with ay = 0, then Corollary 25 holds true for< o < 1.

Remark 2.7. Juneja and Reddy [1] have given thfdt) € >, with a; = 0 anda,, = 0 belongs
to the clas</;*(«) if and only if

o0

Z(n—i—a)an <l-—a.

n=1
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Theorem 2.8.1f f(z) € ¥, satisfies

(2.4) Z n(n+ a)la,r"t <1 -«

n=1

for somen (0 < a < 1), thenf(z) belongs to the class, («).

Proof. Noting thatf(z) € C,.(«) ifand only if —z f'(z) € 7,*(«), and that
o)=Y na
zf (7)) = p» n:1nanz ,
we complete the proof of the theorem with the aid of Thedrern 2.1. O

Corollary 2.9. Let the functionf(z) € %, be given by(1.1)) with a,, = |a,|e~ "2, thenf(z) €
C,(«) if and only if the inequality|2.4)) holds true for somer (0 < o < 1).

Example 2.2. The functionf(z) given by

f(z) = % +ap + (ﬁ) e

belongs to the clagss.(«) for some reab with 0 < o < 1.

Corollary 2.10. Let the functionf(z) € X, be given by(L.1)) with a,, = 0, thenf(z) € C,(«a)
if and only if

(2.5) Z nn+a)a," "t <1 —a

n=1

for somen (0 < o < 1),

3. STARLIKENESS AND CONVEXITY OF FUNCTIONS

We consider the radius problems for starlikeness and convexity of funcfian$elonging
to the class:,.

Theorem 3.1. A functionf(z) € X, belongs to the clasg*(«) for 0 < r < ry, wherery is the
smallest positive root of the equation

(3.1) alagr® — (6 +1—a)r* — alaglr +1 —a =0,
and

o0 o0 1
3.2 5= 2 a2
(3.2) \l;nan +O‘J;nan
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Proof. Using the Cauchy inequality, we see that

oo
Z(n+a)|an|rn+1
n=0
oo
= alag|r + Z |ap |t
n=1
oo o0 oo 1 oo
< alag|r + Zn!anP Znﬂ”“ +a Z —|a,|? Znﬂ””
n=1 n=1 n=1 n n=1
r4 - =1
:O_/’CL[]’T—F m Zn’an]2+a Zglanp
n=1 n=1
2
= aap|r + 1—r25< 1—aq,

whered is given by [(3.2). Therefore, an application of Corollary 2.2 gives usfthate 7,* ()
for0 < r <. O

Letting ap = 0 in Theorenj 3L, we have
Corollary 3.2. A functionf(z) € X, with ay = 0 belongs to the clasg*(«) for 0 < r < ro,

where
J
o= \/1 [
andJ is given by[(3.R).

Example 3.1.If we consider the functiorf(z) given by

z

1 ~— 1
flz)==+4> —=ez" (0, is real,
“—~ ny/n

thenf(z) € 75 («) for 0 < r < ry with

1 1
0= Z ﬁ + « ﬁ
n=1 n=1
= V¢(2) + o/ ((4)
. (L N &)
V6 3V10)
Further, lettingy = 0, we have that
m
0 = — =~ 1.282550
V6
and
6
ro = V6 ~ (0.661896.
\/6 +

Finally, for convexity of functions (=), we derive
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Theorem 3.3. A functionf(z) € X, belongs to the class,.(«) for 0 < r < r;, where

] o
ry = _
! c+1—«

and
oo o
o= Zn3|an|2+a Zn|an|2.
n=1 n=1

Example 3.2. Let us consider the functiofi(z) given by

1l =1 .
f(z) = . + ; n2\/ﬁe z (6, is real.

We see thaf (z) € C,(«) for 0 < r < r with
5 ( 1 L _ma )
=71|l—=+—=.
V6 310

5:

Takinga = 0, we obtain
1.282550

12

V6

6
ro = V6 ~ (0.661896.
V6 -+
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