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Abstract

By introducing a parameter \ , we have given generalization of Hilbert's type
integral inequality with a best possible constant factor. Also its equivalent form
is considered, and the generalized formula corresponding to the double series
inequalities are built.
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fp>1,1+1 =1 fg >0 satisfy0o < [¥f(t)dt < oo and0 <
Jo o g (t)

t)dt < oo, then
e [ [ g o] [ ]

where the constant factar/(sin 7 /p) is the best possible. Inequality.() is
called Hardy-Hilbert’s inequality (se€]) and is important in analysis and ap-
plications (cf. Mitrinovt et al. [’]). Recently, Yang gave an extension af1)
as (see4, 5)):

(1.2) / / f dxdy
<B(p+A_2,q+A_2) U tl‘Afp(t)dtr [/ 2 gt )dt] ,
p q 0 0
where the constant factd? (f#, %) (A > 2 — min{p, ¢}) is the best
possible, andB(u,v) is the g function. Hardy et al. 1] gave an inequality

similar to (L.1) as:
(1.3) / / max{x y}dxdy<pq/ fr(t dt} [/0 gq(t)dt] ,
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where the constant factey; is the best possible. The double series inequality
is:
p q
(1.4) Z Z —- {m oy <P (Ezj ) <m§zj bm> :
where the constant factpy is the best possible. In particularpif= ¢ = 2, one

n=1 m=
has the Hilbert type integral inequality:

3=

@ [ L gy <[ [ [ oa]

Recently, Kuang gave an extension df4) as (seed]):

(1.6) Z Z max{m n}
< (i[pq - G(p, n)]@ﬁ)

n=1

=

(i[pq - G(q,n)]bfn> q :

m=1

whereG(r,n) = m—q)‘l‘fﬂ” > 0 (r = p,q). Yang and Debnath have also

considered other Hilbert type integral inequalitiesth [
The main objective of this paper is to build a new inequality with a best
constant factor, related to the double mtegf@? o] xx dxdy, which
improves inequality1.5). The equivalent form and the correspondlng double
series form are considered.
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Theorem21|f>\>0p>1— =1, f, g > 0 such that0 <
JotTIA () dE < 00, 0 < [T 8 i~ Agi(t)dt < oo, then one has

2.1) /j/j%dmy

< % Uoootp—l—kfp(t)dtr Uoootq 1= ()dt}l
and
(2.2) /OOO N1t (/OOO %dm)p < (%)p/ooo PP (1) da,

where the constant factor&, ( ) are the best possible. Inequalit9.() is
equivalent to 2.2). In particular, for)\ =1, (2.1) and @.2) respectively reduce
to the following two equivalent inequalities:

e [ e

< pq UOOO tp_pr(t)dt] ’ [/OOO tq_qu(t)dt} !
and

(2.4) /0 e < /0 h %dm)p dy < (pq)? /0 T 7 (2)dx.

Q=
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Proof. By Holder’s inequality, one has

(2.5) /Ooo Odexdy

i
I e
mmw,yx};()“ |
A [t <z>r an)
A s ) v

Equality holds in 2.5) if there are two constantd, B, such thatd? 4+ B2? £ 0

and
L I e ) B £ LA
Amax{x*,y/\} (a:) T Bmax{m/\,yA} Yy Y

3=

31] dxdy

a.e. in(0,00) x (0,00), or AzP=*fP(z) = By’ *¢%(y) =constant a.e. in
(0,00) x (0,00), this contradicts the fact that < [ =1~ f2(t)dt < oo.
Thus the inequality4.5) is strict.

Define the weight functiomw, (r, t) as:

wy(r,t) = t)‘l/OO; (g)i—l du
AT o max{tr ur} \t ’

r=p,qte(0,00).

Best Generalization of a Hilbert
Type Inequality

Baoju Sun

Title Page
Contents
<44 44
< >
Go Back
Close
Quit
Page 6 of 14

J. Ineq. Pure and Appl. Math. 7(3) Art. 111, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sunbj@mail.zjwchc.com
http://jipam.vu.edu.au/

By computing, one has:

(2.6) wmﬂz%szM,

and we obtain

< [ / “u e ]| [T opoe o]

— % {/OOO tplAfp(t)dtr UOOO tqlqu(t)th

For0 < = < A, settingf(t),§(t) as:t € (0,1), f(t) = g(t) = 0; t € [1,00),

A—q—

fy=t"5", Gty =t

(2.7) / /Imﬂﬁ A}dd
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On the other hand,

1 1
(o0 — E o0 - 1
(2.8) U tplAfp(t)dt} U G (¢ )dt} =
0 0 Best Generalization of a Hilbert

If the constant factok! in (2.1) is not the best possible, then there exists a Type Inequality
positive numbek (with & < &), such thatZ.1) is still valid if one replaceg!

Baoju Sun
by k. By (2.7) and @.8), one has:
p p pge
2.9 - i
G W VI s (A—g)(Aq—)\Jra) Title Page
Contents
—————" —dxdy
/ / max{x)‘, y)‘} <4« 44
1
<ak/tp“fp()] V tq“()dt] 4 >
0 0 Go Back
=k.
Close
Settinge — 07, then% + ﬁ < k or B < k. By this contradiction we can Quit
conclude that the constant factrin (2.1) is the best possible.
Define the weight functiog(y) as: Page 8 of 14
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By (2.1), one has:

(2.10) 0< Umyq =2 g4y )dy]p

o 1{/ %H

L ]

maX{x& yk}
Best Generalization of a Hilbert
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(2.12) 0 </ Y1 (y)dy Title Page
Ooo . fo) » Contents
_ A(p—1)—1 Z d d
0’ U max{a?, 4} x] ! W |
< (my/ 2P P (2)de < oo. 4 >
A 0 Go Back
Hence by using4.1), (2.10 takes the form of strict inequality; so does11). Close
One then hasZ2). On other hand, ifZ.2) holds, by Holder’s inequality, one Quit
has
0o oo Page 9 of 14
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By (2.2), we have 2.1).

If the constant factor ir(.2) is not the best possible, we may show that the
constant factor in4.1) is not the best possible by using. {2. This is a contra-
diction. Hence the constant factor ib.9) is the best possible. Inequalitg.() Best Generalization of a Hilbert
is equivalent to?.2). Thus the theorem is proved. O Type Inequality

Q=

Baoju Sun

Remark 1. For p = ¢ = 2, (2.3) reduces to 1.5); (2.1), (2.3) are generaliza-
tions of (L.5), but (2.1) is not a generalization ofl(3).

Theorem 2.2.1fp > 1,1/p+1/g =1,0 < A < min{p,q}, a, > 0,b, > 0 Title Page
Y I . Contents
suchthat) < > nP~'"*a? < 00,0 < > ni'""al < oo, One has:
" " «“« S
1 1
o0 D o0 q 4 ’
< P4 —1-A “1oA
(2.13) — n? ab n? bl
nZ; ng max{m)‘ n/\} A ; ; Go Back
and Close
o] 00 p fo%) .
P Quit
2.14 prP—1-1 I S < (@) nP=1 AP
@19 ; mzzl max{m?*, n*} A ; " Page 10 of 14
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In particular, for A = 1, (2.13) and(2.14) respectively reduce to the follow-
ing two equivalent inequalities:

Z Z max{m n} <pq (i np—2a£> p (i Tﬂ_QbZ) q

n=1m=1 n=1 n=1

(2.15)

and

o0

p 0
p—2 m p p—2_p
(2.16) Zn (Z o, n}> < (pq) ;n ar,
Proof. Define the weight coefficient, (A, n) as

= 1 my -1
247) e =S (M e
( ) U))\(’f’, n) n ;max{m)\7n/\} n ) r b,qg;n

Since0 < A < min{p, ¢}, we have:

A

“2/ 1max{u/\ oyl ()

o ()
o max{ur,nr} \n

pq
:w)\(ran):T7 r=>n4

(2.18) @a(r
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By Hoélder’s inequality and4.17), following the method of proof in Theorem

2.1, one has:
3 it ) <Z ne ">"p“aﬁ> (Z Ba(p, myne? AaI’)
n=1 m= — o

By (2.18 we have .13, for 0 < ¢ < A, settinga,, =n » ,b, =n ¢ ,
n € N. Since0 < A < min{p, ¢}, by (2.9), we get:

ZZ max{m/\ n*} / / max{x*,yA}d vy

n=1 m=1

1 n B Pq
£ /\— )\p—/\+5 A—e)Ag—A+e)
On other hand,

=1 1
(anlA > (anlAbq> :Zn1+6<1+;

n=1

By using the above inequalities and the method of proof in Thedidmwe
may show that the constant factor ih13 is the best possible.
Settingb,, as:

0 p—1
— pA=1)-1 Om
bn =N p (Tnz_ max{m)‘ﬂl)‘}) )

=1

Best Generalization of a Hilbert
Type Inequality

Baoju Sun

Title Page
Contents
<44 44
< >
Go Back
Close
Quit
Page 12 of 14

J. Ineq. Pure and Appl. Math. 7(3) Art. 111, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sunbj@mail.zjwchc.com
http://jipam.vu.edu.au/

we obtain:

o)

q—1-Apg _
E n bl =

n=1

By (2.13 and using the same method of Theorgrm we have 2.14). We may

Sy

m=1 n=1

o

A(p—1)—1 am
Z " (7; max{m?*, n*}

max{m/\ max{m?*, n*}’

)p

show that the constant factor if.(4)is the best possible, and inequali/13

is equivalent toZ.14).

]
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