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ABSTRACT. In this paper we study some properties of non powerful numbers. We evaluate the
n-th non powerful number and prove for the sequence of non powerful numbers some theorems
that are related to the sequence of primes: Landau, Mandl, Scherk. Related to the conjecture
of Goldbach, we prove that every positive integer3 is the sum between a prime and a non
powerful number.
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1. INTRODUCTION

A positive integemw is called non powerful if there exists a primesuch thap|v andp? { v.
Otherwise, ifv has the canonical decompositior- ¢ -- - --¢%7, there existg € {1, 2,..., r}
such thaty; = 1.

It results that can be written uniquely as= f - u, wheref is squarefreey is powerful and
(f,u) =1.

In this paper we use the following notations:

e K (z)=the number of powerful numbers less than or equal to
e (C(x)=the number of non powerful numbers less than or equal to
e v, is then-th non powerful number

We use a special case of a classical formula:
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Theorem A. If h € C!, g is continuousg is powerful and

Ga)= > g,

alv<z
v non powerful

then

a<v<z
v non powerful

G. Mincu and L. Panaitopol proved [5] the following.

Theorem B.
K(z) > ev/x —1.83522¢x  for x > 961
and
K(x) < ey/xr —1.207684/x  forx > 4.
As C(x) = [z] — K(z) it results that
(1.1) [z] — cv/x +1.207684/x < C(z) < [z] — e/ + 1.83522/x

the first inequality being true far > 4, while the second one is true for> 961.
We also use

Theorem C. We have the relation
K(x) <:>Z/§> Jis <<2(/§>>

2. INEQUALITIES FOR v,

1

V40 (zrﬁ exp(—c1 log? (log log “”)_3> ‘

Theorem 2.1. We have the relation
Up >n+cvn—ay/n  forn > 88,
wherea = 1.83522.
Proof. If we putz = v,, in the second inequality from (1.1), it results that

n < v, — /U, + a/v,
for n > 4.
Let f(z) = 2 — ev/z + a/x —nanda), = n+ cy/n — kyn. As f(v,) > 0, and f is
increasing, if we prove that(x]) < 0, it results that,, > /..
Denoteg(n) = f(«!,). Proving thatf(z!,) < 0 is equivalent with proving thag(n) < 0.
Therefore we intend to prove that

g(n):c\/_—k?/ﬁ—q/n%—c\/_—k%—l—a{’/n—i—c\/_—k\?’/ﬁ<O.

We use the following relations far > 0:

2

2.1) 1+§>\/1+x>1+g—%
and

2
2.2) 1+§>\3/1+x>1—|—§—%.
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Puttingz = x;L in (2.1) gives
k kO’
st e R v b (L kY

while z = 27, gives from 2.2)

k - ok mfc kN
\/_ 3/n \/_ 3/n 9 n  /n2
Using the previous relations in the expressiory(of) yields
02 c\/_ 2 ‘ ac ak
—k — — Y R
gln) < e — 9o+ g O (- g ) wadie g g
In order to provgy(n) > 0itis enough to prove that
c? ck ac\ 1 c\/_ E\°
— ¥ — — ) =
@i 5+ (55) e e (v ve) <
The best result is obtained by takihg: a, therefore
_0_2 LBac @ enfca \_o
6 v/n 3\/' 8 \/_ n?
As f > 3 = forn > 1, itis enough to prove that
Sac Lo/ c/n c_ _ c_+ a?
6¢/n 8 2 3n’
The last relation is true because
3 a2 3c3 6
—_— < —— — hat holds form > 81
8\/ﬁ<3{‘/ﬁ<:>(8a2) < n that holds form > 816
and

bac c? ba 6
< - =] < that holds fom > 8.
6U/n 2 (3c> " "=

In conclusion, we have
Uy >N+ cv/n—av/n

for n > 816. Verifications done using the computer allow us to lower the boumdo88. [
Theorem 2.2. We have the relation

Uy <n+cvn—</n forn>1.
Proof. If we putz = v, in the first inequality from[(1]1), it results that

n > vy — C\/Un + @YU,
wherea = 1.207684.
Let f(z) = 2 — /o + a/x — nandz! = n+ c/n — h/n. We havef(v,) < 0, fis
increasing, so if we prove thg{(x”) > 0, it results that,, < z”".
Denoteg(n) = f(x!!). Proving thatf(z”) > 0 is equivalent to proving thag(n) > 0.

n

Therefore we have to prove that

g(n):n+c\/ﬁ—h%—C\/n+c\/_—h€/ﬁ+a€/n+c\/_—h\?/ﬁ—n<O.
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Using the relationg (2/1) and (2.2) as we did in the proof of Thegrem 2.1, gives

. ? ah  adn ( c ho\?
cv/n—hdn—c n—2 2\/_—1-04\/——1-3\/_ 3\3/5— 9 (W—W) > 0.

The previous relation is equivalent to

) 1 2 3 2
\J/ﬁ(a_h)+(%+%>_>c_+a_\/ﬁ(i_ ’h ) + ah

2 " 3)vm 2 9 \Un n2 3n
Thus, it is enough to prove that for< o
f c (h « A ah  a¥n A
Yo — h 4] > L=
Vila )+e/ﬁ<2+3> 2 "3 T 0w

We haved/n(a — h) > <, if

c? 3

It remains to prove that

c [h AN ah N ac?
In\2 3 3¢/n e/_ 2’
it _ah_ a
Th>er1efore it is enough to prove thag > 395 and thatc gf,
n > 1.
In conclusion, the conditiorf (2.3) gives the lower bound for realizing the inequality from
Theoren| 2.p: we také = 1 son > 1471. Verification using the computer allows us to take
n > 1. O

both the relations are true for

Theorem 2.3. There existg, > 0 such that

((3/2) ¢(2/3), B
C() \/_ C() \/_+O<6Xp( CQIOgo (IOglogn) 5).

Proof. We haveC(x) = [z] — K(x), and putr = v,,. It results that, = v, — K(v,); we use
Theoreni C to evaluat®’, and obtain

n=uv,—c vn—bm+0( sg(n )),

wherec = ¢(3/2)/¢(3), b = ¢(2/3)/¢(2) andg(n) = exp (—02(10g n)2 (log log n)*) with
c2 > 0andg(n) — oo asn — oc.
So

(2.4) —n + v, — /U, — b0, = O (nég(n)> .
From Theoreri 2]1 arid 2.2 we have
n+cvn —1.83522/n < v, < n+ cyn — /n,

Up =N +

therefore
(2.5) v, =n+cyn —z,¥/n,  with (z,),>; bounded
It is known that
i 372
\/1+x:1+§—§+~~
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and
x  x?
Vido=14s-F+-
Therefore
_\/— C Tn
Vo=V W T T e
. c T 1 c Ty, 2+
— n R A
2vn 2vn?2 8 \vn  V/n? ’
SO
2
c T vn [ ¢ T
2.6 = - —= —
(26 V=V (L
In a similar manner, we get
T In (¢ zn \2
2.7 —_—— | —= - —=

From (2.4),[(2.6) and (2 7) it results that
2
evn — x,/n—c n__+c:1:n C\/ﬁ<i—x—n2)

2\/_ 8 \vn Vn
—by/n — \/_ 363714—[)69/%(%—?—;) +--~:O(n%g(n)>.
Therefore
~¥nlwa+0) = 0 (nbg(n)).
which yields
(2.8) 2y = —b+0 (gé”ﬁ)> .

From (2.5) and[(2]8) we obtain
Up =1+ cyv/n+by/n+ 0 (9(n)/n) .

In conclusion, there exists > 0 such that
Uy =n+cyn+by/n+ O (exp( ¢slogs n(loglog n)%)>

3. SOME PROPERTIES OF THE SEQUENCE OF NON POWERFUL NUMBERS
In relation to the prime number distribution function, E. Land&du [4] proved in 1909 that
7m(2z) < 2m(x) forz > x.
Afterwards J.B. Rosser and L. Schoenfeld proved [6] that
7(2x) < 2m(x) forall x > 2.
In relation to this problem we can state the following result.
Theorem 3.1. We have the relation
(3.1) C(2x) > 2C(x) forall integersz > 7.
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Proof. Using Theorem B we obtain:
(7] — ev/r + 1.207684/x < C(2) < [z] — e/ + 1.83522/x,

for z > 961.
In order to prove[(3]1) it is therefore sufficient to show that

[27] — cV2z + 1.207864V 27 > 2[x] — 2¢/T + 3.67044+/x.
As [2z] > 2[x], itis sufficient to show that
V(2 —V/2) > 2.14885307/x,

which is true if /= > 1.687939, more precisely forr > 24. Verifications done using the
computer show that Theorgm B.1 is true for every integer « < 961, which concludes our
proof. O

Remark 3.2. From Theorem 3]1 it follows that,,; < 2v, for everyn > 1.
The Mandl inequality([2] states that, far> 9

1
y4! +p2 + ... +pn < énpm
wherep,, is then-the prime.
Related to this inequality, we prove that for non powerful numbers

Theorem 3.3. We have for > 7 that

1
(3.2) vi+vy .. v, > invn.

Proof. Letn > C'(961) + 1 = 912. In order to evaluate the su’ v;, we use Theorem|A with
=1

h(t) =t, g(t) = 1 anda = 961. It follows thatG(z) = C(z) — C(961) and then we obtain

> vi=uv.(n—C(961)) — / (C(t) — C(961))d.
i=C(961)+1 961
Then
n C(961) Un
d vi= > v+ nv, —v,C(961) — / C(t)dt + C(961)(v, — 961).
i=1 i=1 961

Using Theorerh B, we get a better upper boundif¢r), namely
K(z) <z — o+ 1.83522/x for z > 961.

Therefore, it is enough to prove that

C(961)

> v+ nwy, — 961C(961) — /
i=1 9

61

Un

nuy,

(t + v+ 1.83522%) at > =,

911
Integrating and making some further numerical calcutl§¢1) = 911, > v; = 445213)
=1
lead us to

W 2 3
o (g _ % n gm - 1.835223/@) > —463153.9136.
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So, in order to prove (3]2), it is enough to prove that

n v, 2c 3
— — — 4+ —y/v, — = - 1.83522.3v,, > O.
5 5 + 5 v 1 835 v

This is equivalent with proving that

1 3
Vo <1+ 36\/1»7 — 1835229/,

Taking into account Theorem 2.2 and the fact thatfor C'(961) + 1 we haven < v, < 2n,
it is enough to prove that

4 3
n+c\/ﬁ—s/ﬁ<n+§c\/_—§-1.83522.€/§-%,

which is true forn > 1565.
Verifications done with the computer, lead us to state that the theorem is true fonewety
excepting the case = 7. 0J

The well known conjecture of Goldbach states that every even number is the sum of two odd
primes. Related to this problem, Chen Jing-Run has shown [1] using the Large Sieve, that all
large enough even numbers are the sum of a prime and the product of at most two primes.

We present a weaker result, that has the advantage that is easily obtained and the proof is true
for every integen > 3.

Theorem 3.4. Every integem > 3 is the sum between a prime and a non powerful number.
Proof. Letn > 3 andp; the largest prime that does not exceed’husp; < n < p;,; and
_ m(n) — 1, if nis prime,
1= .
7(n), otherwise

Then we consider the numbers-p;, n—ps, ..., n—p;. We prove that one of theseaumbers
is non powerful.
Suppose that all thegenumbers are powerful. It results that

evn—2>k(n—2)>i>m(n)—1.

Taking into account that(z) > ez fOr z = 59, we obtain

n—2>-""_1forn> 59,

logn
Forn > 4 we havecy/n — 2 > 2,/n — 1, therefore it is enough to prove that
2y/n > n
logn

But forn > 75 we have2logn < /n.

Therefore the supposition we made (that p;, n — po,..., n — p; are all powerful) is
certainly false fom > 75 and it results that every integer greater than 75 is the sum between a
prime and a non powerful number. Direct computation leads us to state that every integer
is the sum between a prime and a non powerful number. O

In 1830, H. F. Scherk found that

Do =1xprEprt...E£pop_o+Pon_1
and
Don+1 = LEpr Epo -+ L pap1 + 2poy.
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The proof of these relations was first given by S. Pillai in 1928. W. Sierpinski gave a proof of
Scherk’s formulae in 1952, [7].
In relation to Scherk’s formulae, we have the following.

Theorem 3.5.For n > 6, we have
v, =xe, vy tve ... LU0+ v, 1
whereg,, is 0 or 1.
Proof. Following the method Sierpinski used in [7], we make an induction proof of this theo-

rem.
If n =6, we havevs = 10 and

l= —2-34+5-6+T7,
2=1-2-3+5-6+7,
3= —2-3-5+6+7,
4=1-2-3-5+6+7,
5=  2-34+5-6+7,
6=1+2-3+5—6+7,
7=  2-3-5+4+6+7T,
8=1+2-3-5+6+7,
9= —2+43-5+6+7,

100=1-2+3-5+6+T.

Therefore every natural number less than or equal to 10 can be expressed in the desired form.

We suppose the theorem is true foand prove it fom + 1.

Let £ be a positive integer less than or equabtq;. Then, because;,; < 2v; for every
natural numbef, we have

k S Unt1 < 2vn7
SO
—v, < k —v, < v,

It follows that0 < +(k — v,) < v,; we can apply the induction hypothesis and write
+(k—v,) =xe, vy £+ ... £ v, 2+ v, 1. Itwillimmediately follow that there exist a
choice of the signs- and— such that

k=2de,tvixvt...Lv,1+ v,
As v, < wv,.1, We get
v, ==*xe,tvitve Lt ... L v,_0+v,1.
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