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Abstract

In this paper a general theorem on absolute weighted mean summability factors
has been proved under weaker conditions by using an almost increasing and
d-quasi-monotone sequences.
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A sequenceb,,) of positive numbers is said to dequasi-monotone, i, > 0

ultimately andAb,, > —§,, where(é,,) is a sequence of positive numbers (see

[7]). Let > a, be a given infinite series witts,,) as the sequence of iisth
partial sums. Byu, andt, we denote thei-th (C, 1) means of the sequence
(sn) and(na,), respectively. The seri€s, a,, is said to be summablg’, 1], ,
k> 1,if (see [])

[e.e] [e.e] 1
an’1 |ty — U1 |* = Z — |tn|* < 0.
n=1 n=1 n

Let (p,,) be a sequence of positive numbers such that

Pn:va—u)o asn—oo, (Pi=p;=0,i>1).
v=0

The sequence-to-sequence transformation

1 n
Zn = — S
an;pw

defines the sequence,) of the (V, p,) mean of the sequence, ) generated
by the sequence of coefficients,) (see []). The seriesy_ a,, is said to be
summablg N, p,|,, k > 1, if (see [F])

00 k—1
P
E (—n> |20 — 2n_1 F < 0.

=1 \Pn
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In the special casg, = 1 for all values ofn (resp. k = 1), then|N,p,|,
summability is the same &€, 1|, (resp.| N, p,|) summability. Also if we take
pn = 7, then| N, p, |, summability reduces taVv, %ﬂ\k summability.

Mazhar [/] has proved the following theorem for summability factors by
usingd-quasi-monotone sequences.

Theorem 1.1.Let A\, — 0 asn — oo. Suppose that there exists a sequence
of numbers(4,,) such that it iso-quasi-monotone witty nd, logn < oo,
> A, lognis convergent andA ), | < |A,| for all n. If
Z — |ta]" = O (logm) as m — oo,
n
n=1

then the serie$  a,, \,, is summableC, 1|,, k > 1.

Later on Bor []] generalized Theoremh 1fora|N, p,,
in the following form.

|, summability method

Theorem 1.2.Let A\, — 0 asn — oo and let(p,) be a sequence of positive
numbers such that

P, =0 (np,) asn — oo.
Suppose that there exists a sequence of numbgsssuch that it iss-quasi-
monotone with nd, X,, < oo, > A, X, is convergent andA\,| < |A,| for
all n. If

S Pt = 0(X,) asm — oo,

where(X,,) is a positive increasing sequence, then the séries, \,, is summable
}N,pn Py k> 1.
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It should be noted that if we takg, = logn andp, = 1 for all values ofn
in TheoremLl.2, then we get Theorerh. 1.
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Due to the restrictior,, = O (np,) on(p,) , no result forp,, = #1 can be de-
duced from Theorem.2. Therefore the aim of this paper is to prove Theorem
1.2 under weaker conditions and in a more general form without this condi-
tion. For this we need the concept of almost increasing sequence. A positive
sequencéd,) is said to be almost increasing if there exists a positive increasing
sequencéc,,) and two positive constant$ and B such thatAc,, < d,, < Bec,

(see 1]). Obviously, every increasing sequence is almost increasing but the

n R An Application of Almost
converse need not be true as can be seen from the exdmplee~". Since ﬁﬂcreasing and
(X,) isincreasing in Theorerh.2, we are weakening the hypotheses of the the-  9-Quasi-Monotone Sequences
orem by replacing the increasing sequence with an almost increasing sequence. H. Bor

Now, we shall prove the following theorem.

Theorem 2.1.Let(X,,) be an almost increasing sequence and— 0 asn — Title Page
oo. Suppose that there exists a sequence of nuntidgnssuch that it isi-quasi-

. . Contents
monotone with " nd, X,, < oo, > A, X, is convergent andA\,| < |A,| for
all n. If 44 42
™1 < | 2
d -l = o),
i Go Back
| Close
d —ltal" = O(Xn) asm— oo
1 ! Quit
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then the seried  a, A\, is summabléN,pn k> 1.

It

We need the following lemmas for the proof of our theorem.

Lemma 2.2. Under the conditions of the theorem, we have
|IAn] Xn =0 (1) as n — oc.
Proof. Since)\,, — 0 asn — oo, we have that

v=n

< Xni AN < in AN < in A,] < 0.

v=n v=0 v=0

|/\n| Xn = Xn

Hence|\,| X,, = O (1) asn — oo. O

Lemma 2.3. Let (X,,) be an almost increasing sequence.(4f,) is 6-quasi-
monotone withy " nd, X, < oo, Y A, X, is convergent, then

nA,X,=0(1),

ian |AA,| < oo.

n=1

The proof of Lemm&.3is similar to the proof of Theorem 1 and Theorem
2 of Boas P, casey = 1], and hence is omitted.
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Proof of Theoren?.1. Let(7,) denote thg N, p,) mean of the serie}. a, \,.

Then, by definition and changing the order of summation, we have

Tn = %vazaz)\z = %Z (Pn - Pvfl)avAv-
" y=0 =0 " v=0

Then, forn > 1, we have

n

Pn Pn g Pv—1>\v
Ty, =Ty 1= P, v)\v = v-
! PnPn—l ; 1 PnPn—l Z v e

v=1

By Abel’s transformation, we get

n—1
n+1 DPn v+1
T, — T, = ntn>\n - ’Ut’U)\’U—
! nPn b PnPn—l ;p
I n—1 v+ 1 D n—1
L P,t, A\, L Pyt Aps1—
+PnPnle; v +PnPnl; +1U

= Tn,l + Tn,Q + Tn,S + Tn,4a say.

Since

[T + T+ T+ Toal* < 4% (Tt [Tl + 1Tl + [ Tal)

to complete the proof of the theorem, it is enough to show that

© s p k1
Z (—"> T,.|" < oo forr=1,2 3 4.
Pn

n=1
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Since)\, is bounded by the hypothesis, we have that

(P k P k k-1
S () il = 0w Rl

n=1 n n=1

" Pn
= 01, 5 tal" [\l

n=1
= p p
= O( ) ’A)‘ | Z o ’t ’ + O ‘)‘ | Z o ’t | An Application of Aimost
n=1 ” Increasing and
m—1 6-Quasi-Monotone Sequences
= 0 |AM| X, + O (1) [An] Xm H. Bor
n=1
m—1 .
- 0 (1) Z |An’ Xn +0 (1) p\m| Xm Title Page
n=1 Contents
= 0O(1) asm — oo,
44 44
by virtue of the hypotheses of the theorem and Len2ni2a < >
Now, whenk > 1, applying Holder’s inequality, as i, ;, we have that
’ Go Back
m+1 k—1 Close
P,
3 (—) T, o] |
n— \Pn Quit
m+1 = k-1 Page 9 of 14
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m+1

_ zmu D D

n=v+1

- 0(1)2 | ’];—” t,)* = 0(1) asm — oc.
v=1 v

Again we have that,

m+1 k-1
b
> () mal

n

n=2
m+1 1 n—1 k=1
= 1
0w ZP tal* |4, x {Pn_lgpvw}
m+1
ZP 1AL Y e
n=v+1
=0(1) ) [t["]A4,]
v=1
- 1
oMY vl )
v=1
m—1 v
=0(1) A(UIAUI)E: " + 0 (1) m| A, IZ t]"
v=1 i=1
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m—1

ZIA [AuD[ Xy + O (1) m | Ap| Xop,

m—1
S 0 IALIX, + 00 S [Aer] Koot + O (1) m A X,
v=1 v=1

=0(1) asm — 0,

in view of the hypotheses of Theoréinl and Lemma2.3.

: An Application of Almost
Finally, we get that Increasing and

6-Quasi-Monotone Sequences

m+1 k—1
by
> () s

n

n=2

mt1 ~1 k=1 Title Page

- Z P, P ZP i@ | ’)\vﬂl v Z ’)\vﬂl v Contents
mA1 44 42
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m—1

=0 (1) Z |A)‘v+1‘ Xpp1+0 (1) |>‘m+1| Xm+1
v=1
m—1

=0 (1) Z [Avr1| Xop1 + O (1) [Apga| X

v=1

=0(1) asm — o0,

by virtue of the hypotheses of Theoréiri and Lemma2.2.
Therefore we get

m P k—1
> <—”) T,..|" =0 (1) asm — oo, forr =1,2,3,4.

n=1 n

This completes the proof of the theorem. ]

If we takep,, = 1 for all values ofn (resp.p, = 1), then we get a result
concerning théC, 1|, (resp.|N, 17|, ) summability factors.
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