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Abstract

Some Hardy type inequalities on the domain in the Heisenberg group are es-
tablished by using the Picone type identity and constructing suitable auxiliary
functions.
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The Hardy inequality in the Euclidean space (sde[[%], [7]) has been estab-
lished using many methods. In][ Allegretto and Huang found a Picone’s iden-
tity for the p-Laplacian and pointed out that one can prove the Hardy inequality
via the identity. Niu, Zhang and Wang ia][obtained a Picone type identity for
the p-sub-Laplacian in the Heisenberg group and then established a Hardy type
inequality. Wherp = 2, the result of ] coincides with the inequality in]. As
stated in [], the Picone type identity allows us to avoid postulating regularity
conditions on the boundary of the domain under consideration. Since there is a
presence of characteristic points in the sub-Laplacian Dirichlet problem in the
Heisenberg group (se€]), we understand that such an identity is especially
useful.

We recall that the Heisenberg gro#fy, of real dimensionV =2n+ 1, n € Title Page
N, is the nilpotent Lie group of step two whose underlying manifol@#+1.
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A basis for the Lie algebra of left invariant vector fields’dnp is given by
X 0 2 0 Y, 0 2 0 ) =1,2 « ad
j_(?_xj—l_ Yigg j_a_yj_ Tig = han % 5
The number) = 2n + 2 is the homogeneous dimension’df,. There exists a
Heisenberg distance EO [ZEER
1ol N2 no12 , , , 2 i Close
a((0, (N ={[w =22+ =)+t =2y — -y}
Quit

between z,¢) and(z/,t'). We denote the Heisenberg gradient by
Vi, = (X1, ..o, X Yis. ., Y,), FEYSOC
In this note we give some Hardy type inequalities on the domain in the
. . . . - . J. Ineq. Pure and Appl. Math. 4(5) Art. 103, 2003
Heisenberg group by considering different auxiliary functions. http://jipam.vu.edu.au
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First we state two lemmas given ia][which will be needed in the sequel.

Lemma 2.1. Let) be a domain irH,,, v > 0, « > 0 be differentiable irf.
Then

(2.1) L(u,v) = R(u,v) >0,

where

1

Up_z VfIn ’ ’an’U’p72anv7

/u/p

up
L(u,v) = [V, ul + (p = 1) Vi, o = p

up
pp—1

Rlu,0) = Vi, uf’ — Vi, ( ) (Vo 2V

Denote the»-sub-Laplacian b\, ,v = Vg, - (|Vu,v[f 2V, v).

Lemma 2.2. Assume that the differentiable function> 0 satisfies the condi-

tion —Ay, ,v > AgvP~!, for some\ > 0 and nonnegative functiop Then for
everyu € C§°(2), u > 0,

2.2) [ 1waalr=x [ glup
Q Q

Let Br = {(2,t) € H,|d((z,1),(0,0)) < R} be the Heisenberg group and
d(z,t) = dist ((2,t),0BR), (2,t) € Bg, in the sense of distance functions on

the Heisenberg group.
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Theorem 2.3. Let) = Br\{(0,0}, p > 1. Then for every, € C§°(Q2),

p—1 | [” Jul?
2. P> —

where|z| = /22 + 4%, d = d((z,1),(0,0)).

Proof. We first consider: > 0. The following equations are evident:

( Xjd=d7® (|z]Pz; + y,t), Yid = d7° (|2]Py; — x5t)

Xzd = =3d7" (|2’ + y; t)° +d=3 (|2 + 23 +2y7)

(2.4)
Yid = —=3d"" (|z]?y; — x; ) +d= (|22 + 27 + 2y])
L 7=1,....n
and
(2.5) Vi d =|2ld", Apd=(Q— 1)d—3|z|2.
Choosev(z,t) = 6(z,t)° = (R — d)®, in which 3 = 21, one has
Xjv=—p6"1X;d, Yju= —55ﬁ—1y;-d, j=1,...,n,
Vu,v=—p6"""Vyd |Vgv|l=|36""zd",
and

_AHnU = _an : (|VHTLU|p—2VHnU)
= -V, - (—ﬁ|ﬁ\p_25(5_1)(p_1)|z[”_2d2_pVHnd)
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= ﬁ\ﬁ\“{ — (B —1)(p — 1)@ DD p=2g2P |7 )2

+ 00D 2y, (|22 Vg d
+ (2 - p)(g(ﬂ—l)(p—l)|Z|p—2d1—p|and|2

+ §B-D-1) |2|P2d> P Ay d}.

From the factVy, (|2|P72) - Vi, d = (p — 2)|2[P74d73|2|* = (p — 2)|2[Pd™3

. Some Hardy Type Inequalities in
and QS)! it follows that the Heisenberg Group

_AHnU — mmp—?{ _ (ﬁ _ 1)(]9 _ 1)5(ﬁ—1)(p—1)—1|z|pd—p Yazhou Han and Pengcheng Niu
+ (p— 2)0 VPN |5 pg=1op Title Page
— (p—2)6P V@D |z pg 1P Contents
+(Q - Da D0t “« | »
_ 5 |zP Pt < >
= B|6|P 2{-&—1 p—1)+(Q—1 —}—
18] (B=1p—1)+( )50 o o Back
—1 -
_(p—1t ’ p;1+(Q_]_)é ]zﬁﬂ Close
D D dj dv oép _
_ Quit
p—1\"[z[PoP!
> T o Page 6 of 11

The desired inequality?2(3) is obtained by Lemma.2. For general:, by letting T S
u=wu" —u~, we directly obtain2.3). O http://jipam.vu.edu.au
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Theorem 2.4.LetQ2 = H,\{Bu, r}, @ > p > 1. Then for every. € C§°(Q2),

there exists a constat > 0, such that

|2[” [ul?
(2.6) /|v |p>c/ a
Proof. Suppose that > 0. Takev = log (4)

+00, a < 0. Using @.4) and @.5) show that

R\* [d\*'1 a

—Ap,v ==V, (V0P *Vi,v)
= —ala|P?Vy, - (’Z’p—Qd—ﬂp—?)—land)

= —Oélalp_z{(P = 2)|2P PPy, (12]) - Va,d
+ (22 p) = 1) |22V g, df?
n ]z\p2d2(2p)1AHnd}.
SinceVy, (|z]) - Vg, d = |z|>d~3, the last equation above becomes
B0 = —alaP 2] (p - S
+ (3= 2p) 2P 2P Pd

Q- 1>|z|p2d“p|zr2d3}

“ R <d=d((z1),(0,0) <
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= —ala["?[Pd"F(p—2+3-2p+Q — 1)

(2.7) = —alaP"%(Q — p)|2Pd .
Noting o1
lim =0,
d——+o00 dp

there exists a positive numbéf > R, such that“’;—;1 < 1,ford > M. Since
”Z;I is continuous on the intervéak, M|, we find a constant” > 0, such that

s - < (. Pick outC” = max{C’,1} and one has?~! < C"d” in . This
Ieads to the following

|z|P vP?
_AH,LU Z C% dp s
whereC = w, and to .6) by Lemmaz2.2. A similar treatment for
generak, completes the proof. O

In particular,a = p — @ (1 < p < Q) satisfies the assumption in the proof
above.

Theorem 2.5.Let() be as defined in Theoretdandp > (). Then there exists
a constanC' > 0, such that for every. € C§°(£),

E |p |U|p
2.8 Vil > C |
@9 /’ i, /dp (log (1)) @

Proof. It is sufficient to show that4.8) holds foru 2 0. Choosey = ¢%, ¢ =
log %, whereR < d < +00, 0 < a < 1. We know that fromZ%.4) and @.5),
Vu,¢ = d'Vi,d, Vi, =d |2,
Ap, ¢ =d 'Ag,d—d*|Vy,d? = (Q —2)|z|*d™".
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This allows us to obtain

—AHnU = —an . (|anU|p_2anU)
==V, - (|a¢* Vi, o' 2ad*" ' Vi, )

= —alalP?Vy, - (qg(a—l)(p—

= —alalp_g{(a = 1)(p — 1) VD 22Ty o

1) |Z|p—2d2(2—p)an¢)

+(p = 2 VIV, (|2]) - Vi,e
+2(2 - p)ple— =1 ’Z’p—2d2(2—p)—1and -V,

+ ¢la=De-1) |Z|p—2d2(2—p) AHnﬁb}

= —ala2{ (@ = ) = YoVt

= —a|a

= —a|a

+ (p — 2)¢(a—1)(p—1)|Z|p—3d2(2—p)|z|3d—4
+2(2 = )TN PR 2

- 2)|z|2d_4}

+ ¢(a—1)(p—1)|Z|p—2d2(2—p)(Q

2 00—+ -2
122 - )+ (Q - 2)0)
e a0 -1+ @ - p)0)
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Taking into account thab < o < 1 andp > @, we have

—alalP7?(Q = p)¢ >0,
and therefore

_ VP z|P P 2|P
Bz alap o - - ) B = U2 B,

whereC' = —alalP~?(a — 1)(p — 1). An application of Lemm&.2 completes
the proof of Theorem2.5. ]
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