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Abstract

In the present paper, we study a certain integral modification of the well known
Baskakov operators with the weight function of Beta basis function. We estab-
lish pointwise convergence, an asymptotic formula an error estimation and an
inverse result in simultaneous approximation for these new operators.
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For
feC,0,00)={f € C[0,00):|f(t)] < Mt

for someM > 0,7 > 0} we consider a certain type of Baskakov-Durrmeyer
operator as

QD B0 =Y pale) [ burOF 0+ (15 0) 75O

= /OOO Wy (z,t) f(t)dt

where
_(n+ k—1 xk
Prk(T) = i A+ )ik’
1 tk‘fl
b 1 (t) = ' k1
Bn+1,k) (1+t)ntkt
and

Wl 8) = 3 pus(@)bui(t) + (14 2)7"6(2),
k=1
4(t) being the Dirac delta function. The normj- ||, on the clasg’, [0, o) is

defined agif[|, = sup |F(H)]¢ .

The operators defined by (@) are the integral modification of the well known
Baskakov operators with weight functions of some Beta basis functions. Very
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recently Finta ] also studied some other approximation properties of these op-
erators. The behavior of these operators is very similar to the operators recently
introduced in §], [9] and also studied ind). These operators reproduce not
only the constant functions but also the linear functions, which is the interesting
property of such operators. The other usual Durrmeyer type integral modifica-
tion of the Baskakov operators][reproduce only the constant functions, so one
can not apply the iterative combinations easily to improve the order of approx-
imation for the usual Baskakov Durrmeyer operators. For recent work in this
area we refer to/. In the present paper we study some direct results which
include pointwise convergence, asymptotic formula, error estimation and in-
verse theorem in the simultaneous approximation for the unbounded functions
of growth of ordert”.
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In this section we mention certain lemmas which will be used in the sequel.

Lemma 2.1 ([3]). Form € N U {0}, if them' order moment be defined as

V) = Ypuate) (1 =)

thenU,, o(z) = 1,U,1(x) =0 and
nUpmi1(x) = z(1 + :L')(UT(Ll)n(a:) + mUp m-1(x)).
Consequently we hav@, ,,(z) = O (n~[(m+1)/2]),
Lemma 2.2. Let the functior?}, ,,(z), m € N U {0}, be defined as
Tom(z) = Bo((t — 2)"2)
= anvk(x) / by k(t)(t —ax)"dt + (1 4+ 2) " (—x)™.
k=1 0
ThenT,o(z) = 1, 1 = 0, T,.2(z) = 2242 and also there holds the recur-
rence relation

(n—m)Tpmi1(z) = x(1+2) [T, (2) + 2mT i () | +m(1+22) T, 0 ().

n,m

On Simultaneous
Approximation For Certain
Baskakov Durrmeyer Type

Operators

Vijay Gupta,
Muhammad Aslam Noor,
Man Singh Beniwal and

M. K. Gupta

Title Page
Contents
<44 44
< >
Go Back
Close
Quit
Page 5 of 33


http://jipam.vu.edu.au/
mailto:
mailto:vijay@nsit.ac.in
mailto:
mailto:
mailto:noormaslam@hotmail.com
mailto:
mailto:man_s_2005@yahoo.co.in
mailto:
mailto:mkgupta2002@hotmail.com
http://jipam.vu.edu.au/

Proof. By definition, we have
T (2) = > p@) [ buslt)(e - o)t
k=1 0

—m}jnm@X4mmMﬂ@—wW1ﬁ

—n(l+2) " (=) —m(l+2) " (—a)"

Using the identities
(1 + 2)pi(e) = (k = ne)pau(x)

and
L+ 0B (1) = [(k — 1) — (n+ 2)t]buk(t),

we have
r(1+ ) [T, (2) + mTm ()]

= ank(x) /Ooo(k — )b,k (t)(t — 2)™dt +n(1 + 2) " (—x)™

= pn,k(g:)/ooo [(k—1)— (n+2)t+ (n+2)(t — )

+ (14 22)] by e (8) (¢ — 2)™dt + n(1 + z) " (—z)™
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=3 puslz) /Ooo t(1+ )b (t) (¢ — a)mdt

k=1
+ (n + 2)[Tn,m+l($) - (1 + x)_n(_x)m—i_l]
+ (14 22)[Thm(z) — (1 +2) " (—2)™] + n(l + 2) " (—2)™
=—(m+1)(1+22)[Thm(z) — (1 +2)"(—x)"]
— (m+2)[Tpmir — (1 +2) 7" (=)™ "]

—ma(l+2)[Tym(z) — (1+2) " (—2)" ]

On Simultaneous

+ (n + 2)[Tn7m+1 — (1 -+ x)in(—x)m#l] Approximation For Certain
kak
+ (14 22) [T () — (14 2) (=)™ + (L + 2) 7 (—2)™ B
Vijay Gupta,
ThUS, we get Muhamrl#?d AZFI)aérin Noor,
Man Singh Beniwal and
(n—m)Tymi(x) = 2(1+ ) [Tfll,)n(af) +2mT, -1 (x)] + m(1 + 22) T, (). M. K. Gupta
This completes the proof of recurrence relation. From the above recurrence ey —
relation, it is easily verified for alt: € [0, oo) that
Contents
_ ~[(m+1)/2]
Tom(w) = O(n ). «“« 33
[ < >
Remark 1. Itis easily verified from Lemma 1 that for eachz € (0, o) Go Back
. . . . Close
poy_ti=Din—d) o ki)
Ballls2) = =Ty o MU Ty o). Quit
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Corollary 2.3. Let¢ be a positive number. Then for every> 0,z € (0, c0),
there exists a constaft/ (s, z) independent of and depending osandz such
that

< M(s,z)n™*, s=1,2,3,...
Cla,b]

H/ W (z, t)t"dt
[t—z|>0

Lemma 2.4. There exist the polynomialg; ;. (z) independent ofi and £ such
that

{z(1+2)} D" [pni(x)] = Z n'(k = nw)! Qi (¥)pn(x),

whereD = di
T

By Cy, we denote the class of continuous functions on the intefvalo)
having a compact support arid; is the class of- times continuously differ-
entiable functions witlCj C Cj. The functionf is said to belong to the gen-
eralized Zygmund classiz(«, 1, a, b), if there exists a constarit/ such that
wa(f,6) < M, § > 0, wherews(f,d) denotes the modulus of continuity of
2nd order on the intervak, b|. The class.iz(a, 1, a,b) is more commonly de-
noted byLip*(«, a,b). Supposex) = {g: g € C;2 suppg C [d’, ] where
[d',b'] C (a,b)}. Forr times continuously differentiable functiorfswith supp
f C [d, V] the Peetre’s K-functionals are defined as

K.(& f) = geigg) [H £ = 0| + € {|| 9 o + | g(r+2)HC[a,,b,}}] :

0<¢<1.
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For0 < a < 2, Cf(a, 1,a,b) denotes the set of functions for which

sup £Y2K, (¢, f,a,b) < C.

0<€<1

Lemma 2.5.Let0 < ¢ < o’ <V <V < b < ooandf" e C, with
supp f C [a",b"] and if f € C5(a,1,d’, V'), we havef") € Liz(a,1,d’ V) i.e.
f0 € Lip*(a, a’,b') whereLip*(a, a’, V') denotes the Zygmund class satisfying
K.(8, f) < Coo/2.

Proof. Letg € G, then forf € C}(a, 1,d’,b'), we have
|23 (@)] < [AF(T = ) (@)] + | A5g" ()]
< A5FT = 3N g + 0 1972 g
<AMK,(8%, f) < Mys™.
L]

Lemma 2.6.If f isr times differentiable of9), oo), such thatf"—! = O(t%), a >
0 ast — oo, thenforr =1,2,3,... andn > o + r we have

(n+r—1Yn—r)

BY)(f,a) = anw / bt (1) £ (1)

nl(n —1)!

Proof. First

BO(f,) =Y s (@) / T bus()F(O)dt —n(1+ ) F(0).
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Now using the identities

(2.1) PN@) = nlpasr g (2) = Posi a(2)],
(2.2) b0 (t) = (n+ D) [bnsrse-1(8) — basrie(1)].

for k > 1, we have
BV (f, )

> nlpnssicr(w) = preasl)] | b0t — (1 +2) " f(0)

— pasro(a) /0 s (0 (1)t — n(1 + )1 £(0)
1Y purnale) [ o) = sl O
k=1 0
—n(l42) " /0 (n+ 1)1+ )2 f(t)dt — n(1 + 2)~""L£(0)

oo %) 1
+1 Y popri(@) / —Ebff,)l,kﬂ(t)f(t)dt.
k=1 0

Integrating by parts, we get

[e.9]

Bg)(f, ) =n(l+2)"" 1 f(0)+n(l+z) " /o (1+ t)fnflf(l)(t)dt
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—n(l—i—x nl +an+1k / n1k+1()f()<)

:ipn+1k /°° e (8)F O (E)

Thus the result is true for = 1. We prove the result by induction method.

Suppose that the result is true fotr= i, then

1) = PGS i) [ bt 0

Thus using the identitie2(1) and @.2), we have

BE(f.2)
_ (n+i—1)(n—1)!
n!(n —1)!

« S s (@)~ B 0)] [ b0 £ 0
k=1 0
(n+i—1)(n—1)!
nl(n —1)!
- (n;—!(zr);(_nl_)!Z)!pn+i+1,0($)/0 bnfi,z#l(t)f(i) (t)dt
(n+4)!(n —1)!

a n!(n'— 1)! 'p”“*l’ﬁ(x)/o bn—z’,i(t)f(i)(t)dt

+ (—(n+i)(1+2)" ) / b i) O (B)dt
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n+i)l(n —1) i
+ ( an+z+1 k / [brieri1 () — bnigess (O] f O (1) dt
0

n'n—l

_ (n+9)!(n— Z)!Pn+i+1,0($) /ooo _(;bfll)z Vi (0 FO (t)dt

nl(n — 1)' n—1)
(n+)l(n—1) > L Q)
LT me O A e LR GV OL2

Integrating by parts, we obtain

; n+i)lin—17—1)! i
() = SRS iaa@) [ a0

n!(n —1)! 0

This completes the proof of the lemma. O
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In this section we present the following results.

Theorem 3.1.Let f € C,[0,00) and f") exists at a point: € (0, 00). Then we
have

BY(f,x) = f"(x)

asn — oQ.

On Simultaneous
Approximation For Certain
Baskakov Durrmeyer Type
f Operators

f t —Z t_l’ +g(t,x)(t—1})T, Vijay Gupta

Muhammad Aslam Noor,
Man Singh Beniwal and

Proof. By Taylor expansion of, we have

wheres(t, x) — 0 ast — x. Hence M. K. Gupta

3 / fe)dt Title Page

Contents

= Z / W (t, ) (t — z)'dt
=0 <« >
+ / W (t, x)e(t, z)(t — x)"dt < >
0
=: Ry + R,. Go Back
Close

First to estimate?,, using the binomial expansion ¢f— z)* and Remark, we Quit
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have

Ry = Zf(l Z() axr/ W (t, z)t"dt

f(r) +r—1ln—r) -
x" + terms containing lower powers o
7! de nl(n — 1
. n—l—r—l)(n—r)' .
= ) [P )

asn — oo. Next applying Lemma.4, we obtain

Ry, = / W (t, x)e(t, 2)(t — ) dt,
0

|Qijr(
|Ry| < Z n{x 1]—|—x} Z|k;—nx]pnk x)

2i+5<r
1,720

/000 bk (t)|e(t, x)||t — x| dt + %(1 + )" "e(0,x)|z"

The second term in the above expression tends to zero as oo. Since
e(t,z) — 0 ast — z for a givene > 0 there exists @& such thals(t,z)| < ¢
whenevel < |t — z| < J. If « > max{y,r}, wherea is any integer, then we
can find a constant/; > 0, |e(t,z)(t — z)"| < Ms|t — z|*, for |t — x| > 0.
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Therefore

’R2| < M3 Z ank |k3 — nx|3

2i+j<r
1,720

X {5/ bnvk(t)|t—x|’"dt+/ bn,k(t)|t—x|°‘dt}
[t—=z|<6 [t—z|>8

= R3 + R4.

Applying the Cauchy-Schwarz inequality for integration and summation respec-

tively, we obtain

1
2

Rs < eMsj Z nt {an,k(x)(k _ n:L“)Qj}
3 n k() ) b (1) (t — x)%dt}
G

i,j>0
Using Lemma2.1and Lemm&2.2, we get

N

Rs=¢-0(n"?)0O(n"?)=¢-0(1).

Again using the Cauchy-Schwarz inequality, LemPaand Corollary?2.3 we
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get

Ry< My » ank yk—mv/ b e (£) |t — | dt

2itj<r [t—z|>6
i,j>0
3
< M, Z ank )k — nx) {/ bmk(t)dt}
2i4+5<r |t7$‘25
4,720

On Simultaneous

2
X {/ bn’k(t) (t — x)zadt} Approximation For Certain
[t—x|>0

Baskakov Durrmeyer Type
Operators

1
o0 2
( _ 25 Vijay Gupta,
<ot 3 o {3 pustoi o |
21_'+_.§§0r k=1 Man Singh Beniwal and
"= ) M. K. Gupta
e 00 2
X k(T b k(1) (t — z)?Ydt
{;p . )/0 H0 ) } Title Page
= > n0m)0m ) = 0(n"="?) = o(1). Contents
giisH < 33
Collecting the estimates dt; — R,, we obtain the required result. [ < 2
Theorem 3.2.Let f € C,[0,00). If f"+? exists at a point € (0, 00). Then Go Back
Close

lim 0 [BY(f,2) — f(x)]
= r(r = 1) fO (@) + r(1+ 22) O (@) + 2(1 + 2) 0 (). Qut
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Proof. Using Taylor's expansion of, we have

r42 () T ‘
I{UED R T

wheree(t,z) — 0 ast — x ande(t,x) = O((t — x)7), t — oo for v > 0.
Applying Lemma2.2, we have

n [BO(f(t),x) — fT(2)]

r42 f(i)( ) s On Simultaneous
X r i r Approximation For Certain
=n [Z 1 / WV(L )<t7 I) (t - :I)) dt — f( )<I> Baskakov Durrmeyer Type
=0 1. 0 Operators
e e}
r) i r4+2 Vijay Gupta,
0 [ WO et a) e~ o)t .-
0 Man Singh Beniwal and
=: F, + Es. M. K. Gupta
First, we have
. Title Page
r+2 f(l) (ZE) i i o 00 '
Ei=n Z i‘ j (—x)™ /0 W (t, )t dt — nf(x) Contents
i=0 ’ j=0
f(r) ([L’) (r) (7 | « dd
f(7"+1)( ) . R Go Back
+ EN [(r 4+ 1)(=2) B (¢, ) + B (¢, )]
’ Close
(r+2)
+ f (I’) (T + 2)(T + 1)1,2B(r) (tr7 l’) Quit
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+(r+2)(=2) Bt 2) + B (2, x)] '

Therefore, by Remark, we have

=gl [ S

(@) {(x - 1)(_x){(n—l—r —1)! (n—r)'}

(7" + 1)! n'(n — 1). On Simultaneous
A imation For Certali
(== = Dl == e e T
n|(n _ 1)! n|<n ) ' Operators
nfrt2 () [(r+2)(r+1) y(n+r—1Dl(n—r) ' - Viiaydiulfl’taq .
(7’ + 2)! 2 n' n — 1 MuanarSnirr?;h Btjn?vr:al ;r:jc;'
M. K. Gupta
(n—r—1)!
+ (r+2)(~2) {(””) = D 11y
—r_1 —r—-1 Title Page
i+ D) m—r—1(n—r )7“'
n‘(n — 1) Contents
n (n+r+1Dl(n—r—2)! (7“—}—2)!$2 « >
nl(n —1)! 2
9 . (n+r)l(n—r—2)! i O(n-2 ¢ d
HrE 1) T e Dl |+ O Go Back
In order to complete the proof of the theorem it is sufficient to show#Ahat> 0 Close
asn — oo wWhich easily follows proceeding along the lines of the proof of Quit

Theorem3.1and by using Lemma.1, Lemma2.2and Lemme&?.4. ] Page 18 of 33
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Lemma33.Letl<a<2,0<a<d <d" <V <b <b<oo.lf felC

with supp f C [a”, "] andHBff)(f, N = f™ Clas = O(n~%/?), then

K&, f) = Ms {n™" + ngK,(n™", )}
Consequently<, (¢, f) < MgE/?, Mg > 0.
Proof. It is sufficient to prove

Kn(&, f) = Mz {n™" 4+ n I, (n™, )},

for sufficiently largen. Becausesupp f C [a”, "] therefore by Theorer.2
there exists a functioh®” € G, i = r,r 4 2, such that

IBE(f,0) = | iy < Msn ™"
Therefore,
K, (& f) < 3Mon™" +[|BO(f,0) = F|
+& {HBT([)(f, °)H0[a/,bq + HBr(LHQ)(f? ')HC[a/,bq} :

Next, it is sufficient to show that there exists a constahg such that for each
ge G

@D B2 cpary < Miond |17 = 97 gyt 19”2 g
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Also using the linearity property, we have
32) (B

<||BUTD(f —g,) +[|BUT (g, 0

lerw v, Meraan

Applying Lemma2.4, we get
/L

ar+2

31»7“—&-2

|Qijre2(2)|
—— W ( xt‘dt< Z Zn|k nxl! (1++;)}r+2

2i+5<r+2 k=1
1,720

o] r+2
<oaa) [ bual0t+ gl +2) )
Therefore by the Cauchy-Schwarz inequality and Len2miawe obtain

(3.3) HBr(:)(f_ga °) < Mnan(T) _g(r)

et et s

where the constanit/; is independent of andg. Next by Taylor’s expansion,
we have

r4+1 g . i—l_ g(r+2) (6)
(r+2)!
where¢ lies betweert and x. Using the above expansion and the fact that
oC W (2, ) (t — x)idt = 0 for m > i, we get

(34) [|BY (g,

(t — )"+,

[P
2) ar+2 42
< Mz |97 | H/ S Walar (= o)t

Cla’ ,b']
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Also by Lemma2.4 and the Cauchy-Schwarz inequality, we have
87"—1—2
a$r+2

> Z " P () |k — nx]]—{m(gi’jij)(? +|2 /0 ()t — o) dt

2i4+5<r+2 k=1
1,720

dr+2

drr+2

< Z {|Ql]r+2 - (ank —nx)2j>

2'L+j<1"+2
i,7>0

) @: prsr) /ooo brlE)(E = @2”40”) | (/OOO bn,ku)dt) |

dr+2
d{EH'Q

_ Z i Qi jria()] O(nj/Q)O <n‘<1+§)>.

{z(1 +2)p+2

W, (x, t)’ (t — ) "2dt

IA

+ [(—2)™?(1 4 z)7"]

N

+

(=)™ (1 +2) 7]

2i+j<r+2
,j>0

Hence
(3.5) 1BI) (g, @)lotars) < Musllg" || oo

Combining the estimates 08()-(3.5), we get 8.1). The other consequence
follows form [1]. This completes the proof of the lemma. O
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Theorem 3.4.Let f € C,[0,00) and suppos® < a < a; < by < b < 0.
Then for alln sufficiently large, we have

B (f,0) = £l oy < max { Mygws ( f7,n72,a,b) + Misn ™Y £},
[a1,b1]

WhereM14 = M14(T), M5 = M15(T7 f)

Proof. For sufficiently smalb > 0, we define a functiorf, s(¢) corresponding
to f € C,[0,00) by

fus =07 [ 7 () - a2r0)) e

g
2

N[>

wheren = 832+ € [a,b] andA? f(t) is the second forward difference ¢f
with step lengthy. Following [4] it is easily checked that:

(i) f2.s has continuous derivatives up to or@gron [a, b],
i) 11£57 ctar o) < Mid7"ws(f.5,a.b),
(i) 11f = fosllotw o < Mawn(f,3,a,b),
) Il fosllctor s < Ml £,

where]\Z, i =1, 2,3 are certain constants that dependa@rb| but are inde-
pendent off andn [4].
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We can write

HBV(LT)(f’ o) — ¥ HC[al,bl]

S HBS”)(][ - f275’.)HC[a1,b1} + HB7(1T)<f2,57.) - f2(jﬂ5)

+ || - 1

Cla1,b1] Cla1,b1]
=: Hy + Hy + H;.
Sincef.") = (f™),(t), by property (iii) of the functiory, ;, we get
7 ’ On Simultaneous
— Approximation For Certain
H3 < M4w2(f(r), (5, a, b) Baskakov Durrmeyer Type
Operators
Next on an application of Theore®z, it follows that Vijay Gupta,
Muhammad Aslam Noor,
r+2 Man Singh Beniwal and
-1 () M. K. Gupta
Hy < Msn jz_; ’ fz,a Clas]
. . . . Title Page
Using the interpolation property due to Goldberg and Méjr for each; =
r,r+ 1,7 + 2, it follows that Contents
0 e i) 44 >
J < M “ ’ ! .
‘ f2,6 Clarb] — 6 {Hf2,5”C’[ b T2 C[a,b]} < >
Therefore by applying properties (iii) and (iv) of the of the functifn, we CloEEES
obtain . Close
Hy SM74’n_1{||f||w+5_2W2<f(r)75)}' Quit
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Finally we shall estimatéf,, choosing:*, b* satisfying the condition8 < a <
a* < a; < b <b*<b< oco. Suppose)(t) denotes the characteristic function
of the intervalla*, b*], then

Hy < |[BO@O () = f25(5): @)l ooy
+ [ BO( = e E) = L5 )| oy

= H4 + H5.
. o On Simultaneous
Using Lemma2.6, it is clear that Approximation For Certain
Baskakov Durrmeyer Type
r Operators
BO (w(t)(f(t) = fos(1)), )
(n+r—1n—7r) Muhammad Asa N
n — — r r uhammad Aslam Noor,
= ' ] Z Pn+r, k / bn—r,k—H“ (t)@b(t) (f( )(t)_fz(,g) (t))dt- Man Singh Beniwal and
nl(n —1)! M. K. Gupta
Hence
Title Page
r ir r (T)
HBy(z )W(t)(f(t) - f2,6<t))7 °)H0[a1,b1] < Mg f( ) — f2,5 Cla* b*] : Contents
44 44

Next for x € [a1,b1] andt € [0,00) \ [a*,b*], we choose @&; > 0 satisfying
Therefore by Lemma.4 and the Cauchy-Schwarz inequality, we have

Go Back
I=BD((1=9)(f(t) = fos(t), 2) Close
Quit
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and

i Qijr(x)]
T R S B

2i4j<r
4,520

x / T hun) (L — D) — fas(t)dt

L= DUy (1 G(0)£(0) - fas(0).

(n—1)!
For sufficiently large:, the second term tends to zero. Thus

1< WL S n ank J|k — nalf / sl
t—x|>d1

2i+j<r ‘
1,720

< Wl Ao 3 ank = nalt ([ boatorir)

2i+j<r
1,7>0

X </Ooo b (t)(t — :1:)4mdt> :

< M| f|], 672" > o {an,k(x)(k - W)%}
k=1

2itj<r
1,50

x {mek(:c) /0 T h(6)(t - x)‘“"dt}

Jun

1
2
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Hence by using Lemma.1and Lemma&.2, we have
1< M| 1187270 (n+3) < Myyn )| f]l,

whereq = m — 5. Now choosingm > 0 satisfyingg > 1, we obtain/ <
Myn~t| f]l,. Therefore by property (iii) of the functiofh 5(¢), we get

Hy < My |10 = 75}

L M

Cla*,b On Simultaneous
= r 5 -1 Approximation For Certain
< M12W2(f( )7 5) a, b) + Mlln ||f| Hv Baskakov Durrmeyer Type
Operators
. 1
Choosing) = n~2, the theorem follows. [ Vijay Gupta
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This section is devoted to the following inverse theorem in simultaneous ap-
proximation:

Theorem 4.1. Let0 < a < 2,0 < a1 < az < by < by < oo and suppose
f € C,[0,00). Then in the following statements = (i:)

Q) 1B (f, )l cars = O(n=/2),
(i) f(r) € Lip*(«, ag, by),

whereLip*(«, as, by) denotes the Zygmund class satisfyingf, 6, as, by) <
Mo™.

Proof. Let us choose’, a”, v/, b” in such away that; < a’ < a” < ay < by <
b’ < b < by. Also supposg € Cg° with Suppg € [a”,b"] andg(x) = 1 on the
interval[a,, bo]. Forz € [/, V] with D = - we have

B (fg,x) — (f9)"(x

Using the Leibniz formula, we have

5= [ Wi Olo(o - ot
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(1) [ Wit g trtoote) - oo

—= Y (1) @B+ [ WO 0000 - o)
oyt

Applying Theorents.4, we have
r—1
h==3(5) g @ @)+ 0 (n7%),

]

=0

uniformly inz € [a/,¥']. Applying Theorens.2, the Cauchy-Schwarz inequal-
ity, Taylor's expansions of andg and Lemma2.2, we are led to

Jy= Z g(z il(r _TZZ)< >T! to (n_%>
- Z () 9@ @)+ 0 (n75).

uniformly in z € [@,¥']. Again using the Leibniz formula, we have

T

=Y (1) [T WO 2 )0 - s

- 1
=0

—Z( ) 9" @) BO(f )~ (£9) (@)
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r

S (1) 9@ 19 — (7)) + o)

]

=0
_a
n"z),

Il
S

uniformly in x € [a/,¥’]. Combining the above estimates, we get
1B (f9.9) = (F9) || gy = O (%) -

Thus by Lemma2.4 and Lemma2.5, we have(fg)") € Lip*(a,d’,b') also
g(x) = 1 on the intervallay, bs], it proves thatf") € Lip*(«, as,by). This
completes the validity of the implicatiofi) = (ii) for the casé) < a < 1.
To prove the result fot < o < 2 for any intervalla*, b*] C (ay,b1), letas, b3
be such thatas, by) C (ab, b3) and(a}, b5) C (af, by). Lettingd > 0 we shall
prove the assertion < 2. From the previous case it implies thét) exists and
belongs taLip(1 — 6, a}, b}). Letg € C§° be such thay(x) = 1 on [ay, be] and
suppg C (a3,03). Then withy(¢) denoting the characteristic function of the
interval[a}, b;], we have

1B (£9.9) = (FO) | s g
< 1D [Ba(g() (1) = £0)): ®)llets 3

HD [Ba(f()(9(t) = 9(-); ®)]llctaz 5
= Pl + PQ.
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To estimatel;, by Theoren.4, we have

Py = || D [BalgO)(f () )] = (£ | s

. r r—i % T
=32 (5) "B f.0) = (£9)
= Clas,b3]
- r r—1i 1 T —Q
=X () "0 =g +om
=0 Clas.b3) On Simultaneous
_a Approximation For Certain
=0 (n 2) . Baskakov Durrmeyer Type
Operators
Also by the Leibniz formula and Theore&?2, have Vijay Gupta,
Muh d Aslam Noor,
T r MuanarSnirr?;h Btjn?vr:al ;r:jc;
P< 32 () 6 0)Bulf ) + BO(FD9(t) = 9()xald). o) e
=0 Cla3,b5]
+0(n™) Title Page
= [|Ps + Pa|ciag by + O(n™"). Contents
Then by Theoren3.4, we have b dd
r—1 < 4
r —i i -z
P3:Z(Z,>g(r (@) f(z) + 0 (n"%), Go Back
=0 Close
Quit
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uniformly in x € [a}, b5]. Applying Taylor's expansion of , we have

Pi= [ W@ 060 - se)att)i
T () [ |
=S 5 [T wi et a)tate) - gwar
= M (g) — £0) (2
[T O ¢y ) - gapattyat,

0 r!

where¢ lying betweent andx. Next by Theoren3.4, the first term in the above
expression is given by

§ (Dyimrmia ot

m
m=0

uniformly in z € [a}, b3]. Also by mean value theorem and using Lem&é
we can obtain the second term as follows:

%0 M) — £ (g
\ / w0 (e, ) O IT@D) ) - ga))xalt)dt

r!
Szn

| / W .73 t)| x‘é—kr—i—l
2m—+s<r

m,s>0

Clas,b3]

(M (g) — F0)(p
< ,f g leltyer

Clas b3]
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choosing) such that < § < 2 — a. Combining the above estimates we get
1B (fg,9) = (F9) | gy = O (n7%)

Sincesuppfg C (a3,b3), it follows from LemmaZ2.4 and Lemma2.5 that
(fg) € Liz(a,1,a3,b3). Since g(x) = 1 on [ay,by], we have fV ¢
Liz(a, 1, a3, b3). This completes the proof of the theorem. O

Remark 2. As noted in the first section, these operators also reproduce the lin-
ear functions so we can easily apply the iterative combinations to the operators
(1.2) to improve the order of approximation.
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