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ABSTRACT. Inthe present paper, a general theorem 8 p,, |, summability factors of infinite
series has been proved under more weaker conditions. Also we have obtained a new result
concerning the¢ C, 1 |, summability factors.
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1. INTRODUCTION

A positive sequencé,,) is said to be almost increasing if there exists a positive increasing
sequencéc, ) and two positive constant$ and B such thatAc,, < b, < Bc, (see[1]). We
denote byBYV, the expressio8) N Cy, whereC» andBY are the set of all null sequences and
the set of all sequences with bounded variation, respectively» 1.t be a given infinite series
with partial sumgs,,). We denote by, andt? then-th Cesaro means of order with o > —1,
of the sequences,,) and(na,,), respectively, i.e.,

« 1 - a—1
(1.1) U = z; A ls,,
(1.2) e = 1 i A" a
. n A% — n—uv vy
where
(1.3) AY=0(n*), a>-1, Aj=1 and A% =0 for n>0.
The series) _ a,, is said to be summabl€’, o, k > 1, if (see [6/8])
o] B . o] ’ta|k
(1.4) T ud —ue | = —— < o0.
2l =
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If we takea = 1, then we getC, 1|, summability.
Let (p,) be a sequence of positive numbers such that

(15) Pn:va—)OO as n — oo, (Pﬂzpﬂ:(),zzl)
v=0
The sequence-to-sequence transformation
1 n
(16) Onp = Fn vz;vav

defines the sequence,,) of the Riesz mean or simply tHéV, p,,) mean of the sequenceg,,),
generated by the sequence of coefficig¢ptg (seel[7]). The series’ a,, is said to be summable

[N, pn|,, . k> 1,if (see [2[3])

17) S (Pu/o) B0 1" < .
where -

(1.8) Ao,y = —Pni);;l Uipv_lav, n>1.

In the special casp,, = 1 for all values of n,|]\7,pn
summability.

|, summability is the same g€, 1],

2. KNOWN RESULTS

Mishra and Srivastava [10] have proved the following theorem concernid@m| summa-
bility factors.

Theorem A. Let (X,,) be a positive non-decreasing sequence and let there be sequeéhtes
and(,,) such that

(2.1) |AXL] < Ba,
(2.2) B, —0 as n— oo,
(2.3) > n|AB X, < oo,
n=1

(2.4) Al X, = O(1),
If

- |50 i
(2.5) vz:; = O(X,) as n— oo
and(p,) is a sequence such that
(2.6) P, = O(np,),
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. 00 P’n)\n . —
then the serie§” " | a, /2= is summablg N, p,|.

Later on Bor[4] generalized Theor@ A fpiﬁf,pn summability in the following form.

Ik

Theorem B. Let (X,,) be a positive non-decreasing sequence and the sequéngesnd (\,,)
are such that condition§ (4.1) F- (2.7) of Theofgm A are satisfied with the conditipn (2.5) replaced
by:

|k

(2.8) g i =0(X,) as n— oo.
v
v=1

Then the serie3_>° | a, ’jjp%n is summableN, p,,

| k> 1

It may be noticed that if we takle= 1, then we get Theorem|A.
Quite recently Bor([5] has proved Theorém B under weaker conditions by taking an almost
increasing sequence instead of a positive non-decreasing sequence.

Theorem C. Let (X,,) be an almost increasing sequence. If the conditipng (2.1) + (2.4) and
) - ) are satisfied, then the serfe$” | a, £22= is summablé N, p, |, k > 1.

Remark 2.1. It should be noted that, under the conditions of Thedrert\B) is bounded and
AN, = O(1/n) (seel4]).

3. MAIN RESuULT

The aim of this paper is to prove Theorgérn C under weaker conditions. For this we need the
concept of quasi-power increasing sequences. A positive sequémgeis said to be a quasi
(B-power increasing sequence if there exists a congtaat K (3, y) > 1 such that

(3.2) KnPy, > mPy,

holds for alln > m > 1. It should be noted that almost every increasing sequence is a quasi
(-power increasing sequence for any nonnegatiMaut the converse need not be true as can be
seen by taking the example, say= n—" for 3 > 0.

Now we shall prove the following theorem.

Theorem 3.1. Let (X,,) be a quasi3-power increasing sequence for some: 5 < 1. If the
conditions[(2.11) {(214)[ (26) + (2.8) and
(3.2) (An) € BVo

- - - o0 P’VLA’VL - . -
are satisfied, then the seri¢s ~ , a, e s summabléN  Pn

k>

It should be noted that if we takKe,, ) as an almost increasing sequence, then we get Theorem
[C. In this case, conditiof (3.2) is not needed.
We require the following lemma for the proof of Theorem|3.1.

Lemma 3.2([9]). Except for the conditior] (3/2), under the conditions(6f,), (5,) and (\,,)
as taken in the statement of Theoien) 3.1, the following conditions hold, when (2.3) is satisfied:

(3.4) i 8,X, < oo,
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Proof of Theoreri 3]1Let (7,,) denote the N, p,) mean of the serie} " | “=l=2= Then, by

definition, we have

] — L a, P\ ] — a, P\
35 Tn:_ , rrr:_ P’n,_Pq)— vvv’
9) PRI N T
and thus
n - PU PU UA
(3.6) T, =Ty = —2 Lo >

PnPn—l v=1 UPy

Using Abel’s transformation, we get

n " P’U_ P’UAU An n
T T =2 st< ! )+ i

= 1Ina + Tn,2 + Tn,3 + Tn,4> say.

To prove Theorerp 3l1, by Minkowski’s inequality, it is sufficient to show that

[e.9]

Pn k—1
(3.7) > (—) T,.|" <00, for r=1,234.
Pn
=1

Firstly by using Abel's transformation, we have

PN\ k = P\ k—1 |3|
= T, = - A A -
£ (5 w5 (%) st

n=1 n n=1 n
S | [sal [*
= 0(1) Y Il
n=1

m—1 m k
ZAIMZ| 1 Y B
n=1

=0(1) |AA | X+ O1) [Am| X,

3:
HH

Sﬁ
LL

=0(1) ) BuXn+0(1) [An| X = O(1) as m — oo,

n=1

by virtue of the hypotheses of Theorém|3.1 and Lerpma 3.2.
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Now, using the fact thaP, 1 = O((v + 1)p,11), by (2.6), and then applying Hélder’s in-
equality, we have

m—+1 k—1 m+1
Pn k
> () Tl =o00

n=2 n
m+1 n—1 k
P P,
=0(1 E — |8y pu |AN,
( ) n—2 Pnprlf—l {’U:l p’U ’S ‘p | ’}

AN,

m+1 p n—1 P k 1 n—1 k—1
:O(l)ZPpn Z(p_v) |8U|kpv|A/\v|k (P 12]%)
v=1 v =1 =1
m m—+1 D
A n
Z ( ) ’8U| pv’ )\ | PnPn—l
= n=v-+1
m AN,
my (P ) UINY
m j2) k—1
oY lsf lan (1)
- UPy

:O(l)z ’Aﬁv‘X +O Z‘BU‘X +O( )mﬁm m = (1)

v=1
asm — oo, in view of the hypotheses of Theorém|3. 1 and Lemima 3.2.
Again, sinceA(£-) = O(1), by (2.6 .) and.7) (se€[10]), asih,; we have

m+1 P k—1 m+1
n k
> (1) mal=omd gl {ZP 2l r—}

m—+1 n—1 k
P P, 1
n= n 1 v

=92 n—1 V=
m+1 n—1 k n—1 k—1
Dn P, & & 1
:Ol v v )\v v
WY gy (p) po lsol* A {PZP}
m k m+1
—om > () Il nnt Y
v=1 UPv n=v+1 PnPn_l
- P’u F k 1 U
—0m Y () mlsl Wl -
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= Pv kot k—1 |Sv|
=0(1)) A" Ao
v=1
- ’3v|k
D>k
v=1

m—1
D> X8+ O(1) X A =0(1) as m — oo
=1

Finally, using Holder’s inequality, as ifi, ; we have
k

m+1 Pn k—1 i m+1 on n—1 PU
; (p_n) | Tn,4 | = ; PnP,lf,l ;Svj/\v

m+1

- Pn
- 2 Pk ZSU v v
n=2 """ n-1
m+1 n—1 k
Dn k Pv k
< PPy Z’SU| (UPU) Po A (

( ) 5l A

0
o3t
o0y

-1

IN

n 1

5)

’U

X0y + O X, | M| = O(1) as m — oc.

Therefore we get

m

P k—1
> (—”) T, =0(1) as m— oo, for r=1234.
Pn

This completes the proof of Theor¢m|3.1.
Finally if we takep, = 1 for all values ofn in the theorem, then we obtain a new result

concerning the¢C, 1|, summability factors. O]
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