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Abstract: In this note we provide upper bounds for the standard deviéti¢X )) , for the quantity
0?(X) + (z — E(X))? and for theL” absolute deviation of a random variable. These
improve and extend current results in the literature.
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1. Introduction

Let f : [a,0] C R — R, be the probability density function (p.d.f.) of the random
variableX andE(X) ando(X) the mean and standard deviatin respectively.

In [2], the authors gave upper bounds for the dispersigk) and foro?(X) +
(r — E(X))? in terms of the p.d.f. for a continuous random variable. Recently,
Agbeko [1] also obtained some upper bounds for the same two quantities, namely,

(1.1) o(X) < min{max{|al|, [b|}, (b —a)},
and
1.2) Vo2(X) 4 (x — E(X))2 < 2min{max{|al, |b]}, (b — a)},

forall z € [a, b].

Both the work of Barnett et al.2] and Agbeko 1] exclude the discrete case. In
this present note, we remove this exclusion and improve the boun@dspaid (L.2)
in Section2. In Section3, we consider the.? absolute deviation. The symbolism
14 denotes the indicator function on the get
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2. Standard Deviation

Let P be the distribution of the random variablg then the expectation of can be
denoted by

E(X) = / ' dP ()

and the dispersion or standard deviationXoby “p"e’DEi‘s";:r‘;fof’ the
b b 2 Yu Miao and Guangyu Yang
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For any\ > 0, we have

EMX-E(X)) < o—EX) (b - E(X)em i E(X)—a )\b)

b—a b—a ©
— AeE(X) [ _ ]E(X)_GJFE(X)_aex(bfa)
b—a b—a
L LV

where

b—a b—a

L(\) = Ma —E(X)) + log (1 _EX)—a + ELX) - ae’\(b_“)> :

The first two derivatives of.()\) are

L) =a—EX)+ (E({Q — @)
(1 _ EX)-a y EQO- aeA(b—a)>
0 — E(X) E(X)—a |
((1 E(Iff_);a)ef,\(bfa) + IE(X_)a—a)
() = (b= ECOEX) —a)e 207
<(1 — B0y, apa) 4 E({);a)
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Noting that

" (b—a)?
L ()<
( ) — 4 Y

then by Taylor’s formula, we have

, b—a)? b—a)?

L(N) < L(0) + L (0)A + %)\2 = %/\2.

Therefore from Markov’s inequality, we have
(2.3) P (X —E(X) > /s) < inf e VIESAEEX)

A>0

. (b—a)? .,
< _
< ;\r;% exp { VA + S A
2s
= exXp —m .

P(—(X — E(X)) > v/5) < exp {—(bf—)}

Similarly,

From (2.2), it follows that
(2.4) E(X —E(X))?

(b—E(X))?
- [ (B = e
(E(X)—a)?
e[ P B 2 e
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(b—E(X))2 95 (E(X)—a)? %5
< - 3d - d
<) eXp{ <b—a>2} o+ e"p{ <b—a>2} ’

Furthermore,

Upper Bounds for the

E(X - E(X))* = E(X?) — (E(X))* < E(X?) < max{|al?, [t°[}, S
Yu Miao and Guangyu Yang
which, by ¢.4), implies the result. [l vol. 8, iss. 3, art. 83, 2007

Remarkl. In fact, by,

Title Page
)? 2(E(X) —a)?
Ma,b,E(X — /2 - — _
(a,b0,E(X)) = \/_\/ exp { b oy } exp { b= a)? Contents
4 44
<——V2—e2<1
- \/5 < >
min{max{|a|, |b|}, M (a,b,E(X))(b — a)} < min{max{|a|, |b|}, (b —a)}, Page 7 of 13
and is, therefore, a tighter bound thanlj. If E(X) = (b + a)/2, then Go Back
1 2(b _ E(X))g Q(E(X) _ a)z Full Screen
M(a,b,E(X)) = —[2 — S G SR Sl S
(a6, E(X)) \/5\/ P { (b—a)? P (b—a)? Close
1
=V1—el2< — journal of inequalities
V2 in pure and applied
which means that under some assumptions, this bound is better than the regult of [ rpqthemohcs
for the casef € Ly([a,b]). issni LAH3=STE6

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

Corollary 2.2. Let X be a random variable with < X < b, then for anyr € [a, ],

(2.5) o2(X)+ (x — E(X))?2 < min{2max{|al, ||}, N(a,b,E(X))(b — a)},

where

Proof. It is clear that(x — E(X))? < (b — a)? and from the proof of Theorem.1,
we know that

o*(X) + (z — E(X))*
([ 20-EX)P [ 2(E(X) —a) g
S T G e K G e ) ) KRS
Furthermore,
(X)) + (r —E(X))? = E(X — 2)* < max{(z — y)*,z,y € [a,b]}.
The remainder of the proof follows as Theorem 1.2 in Agbeljpdiving

max{|z —y|,z,y € [a,b]} < 2min{max{|al, |b|}, (b —a)}.

Upper Bounds for the
Dispersion

Yu Miao and Guangyu Yang
vol. 8, iss. 3, art. 83, 2007

Title Page
Contents
44 44
< >
Page 8 of 13
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

3. LP? Absolute Deviation

In fact by the method in Sectich) we could extend the case bf absolute deviation,
i.e., the following quantity,

0,(X) = E(IX — E(X)P)"”.

We have the following U2 Ei s
Dispersion

Theorem 3.1.Let X be a random variable and > 1. Assume thak| X|? < oo, Yu Miao and Guangyu Yang
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(b B a)2 (|b E X |p A 1 Contents
. b,p, X) = 1 -
(3 1) Ml(aa » D, ) 2 exp (b _ CL 44 44
+ (b =EX)[P = [b—EX)[" A1) < >
{ 2(|b — IE yp A1) WP}
X exp Page 9 of 13
e _ X P A Go Back
+ (b—a) 1 —exp (\a 9l
2 (b—a)? Full Screen
+(|G—E(X)|p—|a_]E(X)|p/\1) Close

2(|a — E(X)[P A 1)P
X exXpq — . journal of inequalities

(b—a)? : :
in pure and applied
If 1 <p < 2, thenwe have mathematics

(O_p(X))p S mln{‘b _ a‘p’ M2(a’ b7p’ X)}’ issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

where

(3.2) Ms(a,b,p, X)

B AL _2“>2 (exp {—2|b _(bEE)Z;Lp n } — exp {-W})
T e e e R e =

Proof. On one hand, by the Fubini’s theorem, we have

X-E(X)J?
(3.3) E|X —E(X)] IE/ ds

ﬁ

/ Lx—E(x)p>syds

IP]X E(X)[P > s)ds

[b—E(X

o\H\

(X —E(X)) > s"/?)ds

+/E( )- alpp(_(X—E(X)) > Sl/p) ds.

From the estimation(3), we have
[b—E(X)P
E|X —E(X)]P = / P(X —E(X) > s¥/P)ds
0

T / T B - B(x) = s

Yu Miao and Guangyu Yang
vol. 8, iss. 3, art. 83, 2007

Title Page

Contents
44 44
< >
Page 10 of 13

Go Back

Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

b—E(X) P 952/p B0 —al? 952/p
< -\ ——— 5 ds.
-/o eXp{ <b—a>2} ”/o eXp{ <b—a>2} ’

(Case:p > 2.) By simple calculating, we have

b—E(X)[? 952/
| exP{‘(b—a>2}d8
_ /|b—E(X)p/\1 o {_ %5 } ds N /b—]E(X)|P o {_ 282/}7 } ds
~Jo P LU —ap b-E(X)|PAL "1 =y
(b —a)®

O (g {0 EP A

_ P 2/p
(1= BOOP = 0= BCOP A1) exp { - 2= R

(b—a)?
and with the same reason
[E(X)—al? B 252/P . (b—a)? e _2(|a—E(X)|PA1)
| eXp{ <b—a>2}d =T (1 p{ 0L })
a — P 2/p
(la = ECOP — fa— BOOP A 1 exp { -2 =ZDERDZ

(Casel < p < 2) In this case, we have

[o—E(X)[? 242/P
—_—3d
A
[b—E(X)|PAL 92/P [b—E(X)[P 25
< ———5d ——5d
—/0 eXp{ <b—a>2} S*/ eXp{ <b—a>2} ’

lb—E(X)[PAL
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(b—a)?

<p—EX)P AL+ (b—za)2 (exp{_2|b—E(X)|pA1} _exp{_w

(b—a)?

and with the same reason

[E(X)—al? 952/P )
— = las<ja—EX)PAL
[ er{ oz

)

On the other hand, for any> 1, itis clear that

E|X —EX)]P < (b—a)".
From the above discussion, the desired results are obtained. O]

Remark2. M (a,b,p, X)andM,(a, b, p, X) are sometimes better thén—a)?, e.g.,
if p> 2, takingE(X) = (a +b)/2 and lettingl /2 < (b —a)/2 < 1, then

Mi(a,b,p, X) = (b—a)* (1 —exp {-2"7"(b—a)’*})
< (b—a)? (1—exp{ 217P(h — a)P~ 2})
< (b—a).

Further, ifl < p < 2, takingE(X) = (¢ + b)/2 and letting(b — a)/2 < 1, then

)=
Msy(a,b,p, X) =2 ((b 5 @)’ ) =2"P(b—a)? < (b—a)P.

)
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