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Abstract

We generalize the result min,s & = e, (1 > 0), to a function in which the

I

numerator is the sum )", p;e"*. Upper and lower estimates are close to the
exact result when === i not far from unity. Computational results are

Max1| <<y

given to verify the main results.
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If we let x = ¢¥ in the inequalities

¥ —ar+a—12>0, a>1,
*—ar+a—1<0, 0<a<l,

which hold forxz > 0 [1], we have the following inequalities for the exponential
function which hold for ally

(1.1) e —ae+a—-12>0, a>1,

(1.2) e —ae?+a—-1<0, 0<a<l.

The above results were used ii} fo find some sufficient conditions for the os-
cillation of a delay differential equation. Inequalities for exponential functions
play an important role in the theory of delay equations since the characteris-
tic equation associated with a delay differential equation contains, in general, a
sum of exponential functions. Fer> 0 the result

TX

(1.3) min —— = re
>0 X

is frequently used-]]. Li has employed the inequality

1
emZx—i-M for r > 0,
r
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to find a sufficient condition for the oscillation of a non-autonomous delay equa-
tion. An equivalent result, but more suitable for our purpose, is the following
inequality which holds for, > 0,

(1.4) e’ > ar+a(l —Ina).

In this paper we wish to generalizé.8). Consider

) 7}_ ie’ria:
(1.5) S = Imin EL, Inequalities for a Sum of
x>0 € Exponential Functions
wherep;, ; > 0,for:=1,...,n. The result Faiz Ahmad
i > i .
mipdf (@) + g(@)}; 2 mip f(w) +mip g(2) Title Page
and a repeated use df.p) gives a lower estimate far. The case when all but Contents
one of ther; vanishes is treated first and this is used to find an upper estimate pp S
for s.
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Our main results are contained in the following theorems.

Theorem 2.1.Letp > 0,7 > 0,¢ > 0 then

_ I T

< pTexp <1 + i) .
pe x>0 T

pe

Theorem 2.2.Letp; >0, ; >0,1=1,....,n; 0< 7= max 7, then

< - Zn—l pi(T — )
e piT <5< DiT; | exp (1 4+ === .

We shall prove a lemma before taking up the proofs of the theorems.

Lemma 2.3. Leta > 0 andu, be the unique root of the equation

u=ae ",

a a
@ exp (—\/j) <wuy < \/j
e e

then

Proof. It is obvious that, is positive. Since we can re-write the equation as

we have, on usingl(3)
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or

(&

Now, sinceuy = ae~“0, we make use of4.1) on the right hand side to obtain

(2.2) Ug > @ exp (— 2) .

€
Combining @.1) and @.1), we get the inequality of the lemma. O]
Proof of Theoren2.1 Definey = 7x then, forx > 0,

pe™ +q  preY +qr
z Y
o priay +a(l —Ina)} +qr
N Y

(2.3)

)

where we have used. ¢).We choose: such that(1 — Ina) = —%. Note that
this equation possesses a rat> e. Seta = ¢!, thenb will satisfy

4 —u
U= —=e
pe
and .3 reduces to
(2.4) pe_T4 > pre!tt.
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Now use the lemma to obtain the left side of the inequality of Thedteimin
order to prove the other side, I¢tx) = pe™ + ¢. The tangent to the curve
y = f(z), with slopem will have the equation

(2o n-t0(2))

This line will pass through the origin if the slope satisfies the equation
(2.5)

Let g(m) denote the left side of2(5). The case off = 0 is covered by 1.3),
therefore we consider > 0. Sinceg(0+) = —oo, g(oco) = oo, andg(m) is
an increasing function oft), co), it follows that 2.5) has a unique positive root
say,mgy. Hence forx > 0 we have

qT
m — pre!Tm = 0.

pe’™ +q = moz,

or

eT{Z‘
(2.6) min 229 _ M.

x>0 x
It is obvious that
) peTZB
mgy = min = pTe.
z>0

Using this in ¢.5), we get
ik

1420 1
moy = pre ™ < pre

Combining the above result witl ), we get the right side of the inequality of
Theorem2.1. O
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Proof of Theoren2.2. The left side of the inequality is obtained by usirigd)
separately for each exponential function and applying the result

T T

;€

x>0 x

wheres is defined by {.5). In order to prove the right hand side of the inequal-
ity, definey = 7x. Then

n oTiT n dy
' " me Ty o pew
(2.7) min —Z’_l Pi = min —Zl_l Pi )
x>0 x y>0 Yy

Since

T; .

— <1, fori=1,...,n,

-

we have, on usingl(2)

T T; T; .
er¥ <tV +1 -2 fori=1,...,n.
T T

If we make use of the above inequality ia 7), we get

(28) min M S min (21:1 pz7—1> e’ + Zz:l pz(T Tz) ‘
z>0 T y>0 y

Now an application of Theorera.1 gives the right hand side of the inequality
of the theorem. N
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In this section we present some numerical results to verify the accuracy of vari-
ous approximate results. If we let= 3, ¢ = 2 and7 = 1, then the exact value
of min, -, 2=+ is 9.96696 which occurs at= 1.2007. For these values of the
parameters, the number on the left of the inequality of Thedteins 9.7785
while the number on the right hand side is 10.4214. It is obvious that the lower
as well as the upper estimate will come closer to the exact valyarfd/or
are decreased.

To verify the inequality given by Theoreth2, we letp, ¢ andr retain their
values of the last example and tetake successive values of 0.3, 0.9 and 0.98.

The results are given in the following table.

Table
o | Left side| Exact value| Right side
0.3 | 9.7858 | 10.6885 | 11.2909
0.9 | 13.0478| 13.0646 | 13.2493
0.98| 13.4827| 13.4833 | 13.5227

The inequality of Theorerd.2

In the table, the left side and right side respectively refer to the left and
the right hand sides of the inequality of Theor@m, while the exact value
is the value ofs defined by {.5). It is clear that as the difference between

ando decreases the gap between the approximate and the exact values steadily

decreases.
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