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1. Introduction

The study of stability problems was formulated by Ulam 28][during a talk in
1940: “Under what conditions does there exist a homomorphism near an approx-
imate homomorphism?” In the following year 1941, Hyers I2][answered the
guestion of Ulam for Banach spaces, which states thatif0 andf : X — Y isa

map with a normed spacg€ and a Banach spadé such that

(1.1) If(z+y) = flz) = f)ll <e
for all x,y in X, then there exists a unique additive mappihg X — Y such that
(1.2) If(x) =T ()] <e,

for all z in X. In addition, if the mapping — f(¢x) is continuous int € R for

each fixedr in X, then the mapping’ is real linear. This stability phenomenon

is called theHyers-Ulam stabilityof the additive functional equatiofi(z + y) =

f(z) + f(y). A generalized version of the theorem of Hyers for approximately
additive mappings was given by Aoki id][and for approximate linear mappings
was presented by Th. M. Rassias RB] by considering the case when the left
hand side of the inequality. (1) is controlled by a sum of powers of norn5]. The
stability of approximate ring homomorphisms and additive mappings were discussed
in[6,7,8,10,11, 13, 14, 21].

The stability result concerning derivations between operator algebras was first
obtained by P. Semrl ir2[7]. Badora p] and Moslehian17, 18] discussed the Hyers-
Ulam stability and the superstability of derivations. C. Baak and M. S. Moslefijan |
discussed the stability of*-homomorphisms. Miura et al. proved the Hyers-Ulam-
Rassias stability and Bourgin-type superstability of derivations on Banach algebras
in [16]. Various stability results on derivations and left derivations can be found in
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[3, 19, 20, 2, 9]. More results on stability and superstability of homomorphisms,
special functionals and equations can be found in J. M. Rassias’ p22ep3]24].
Recently, S.-Y. Kang and I.-S. Chang itf] discussed the superstability of gener-
alized left derivations and generalized derivations. In the present paper, we will dis-
cuss the superstability of generalized module left derivations and generalized module
derivations on a Banach module.
To give our results, let us give some notations. k£&be an algebra over the real

Generalized Module Derivations

or complex fieldF and X be an<7-bimodule.
Definition 1.1. A mappingd : &/ — </ is said to be modulex additive if
(1.3) zd(a + b) = zd(a) + zd(b) (a,be o, x € X).

A moduleX additive mappingl : &/ — </ is said to be a modulés left derivation
(resp., moduleX derivation) if the functional equation

(1.4) zd(ab) = axd(b) 4+ bxd(a) (a,b e o,z € X)

(resp.,

(1.5) xzd(ab) = azxd(b) + d(a)zb (a,b € o,z € X))

holds.

Definition 1.2. A mappingf : X — X is said to be module¥ additive if
(1.6) af(xy +x2) =af(r1) +af(re) (1,20 € X,a € ).

A module</ additive mappingf : X — X is called a generalized module- left
derivation (resp., generalized modu¢&-derivation) if there exists a modul¥-left
derivation (resp., modulés derivation)d : .o/ — o7 such that

.7) af(br) =abf(x) + axd(b) (z € X,a,b€ )
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(resp.,
(1.8) af(bx) =abf(x) +ad(b)r (v € X,a,be )).

In addition, if the mappingg and § are all linear, then the mapping is called
a linear generalized module? left derivation (resp., linear generalized modulé-
derivation).

Remarkl. Let.«# = X and.# be one of the following cases:
(a) a unital algebra;
(b) a Banach algebra with an approximate unit.

Then modules/ left derivations, module¥ derivations, generalized module-left
derivations and generalized modulé-derivations oneZ become left derivations,
derivations, generalized left derivations and generalized derivationg @s dis-
cussed in15].
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2. Main Results

Theorem 2.1. Let ¥ be a Banach algebraX a Banachg/-bimodule,k and/ be
integers greater than, andy : X x X x &/ x X — [0, 00) satisfy the following
conditions:

(@) lim E"[p(k™z, k™y,0,0) + ©(0,0,k"z,w)] =0 (z,y,w € X,z € o).
(b) lim &™2"¢(0,0, k™2, k"w) =0 (z € &, w € X).
() o) =30 sk " o(k"z,0,0,0) < oo (z € X).
Suppose thaf : X — X andg : &/ — o are mappings such that(0) =
6(z) := lim Zg(k"z) exists for allz € & and
(2.1) A}, (z,y, 2, w)|| < olz,y,2z,w)
forall z,y,w € X andz € &/ where

A}y(x,y, z,w) = f (% + % + zw) +f (% - % + zw)—%(x)—sz(w)—ng(z).

Thenf is a generalized module? left derivation andy is a moduleX left deriva-
tion.

Proof. By takingw = z = 0, we see fromZ.1) that

(22) ‘f + f <_ - g) - L('T) S Sp(fﬂ,y, 070)

l k
forall z,y € X. Lettlngy = 0 and replacing: by kx in (2.2), we get
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forall x € X. Hence, for alk: € X, we have fromZ.5) that

=852 |- 2 2t

1 1
< 5‘:0(]{;*%’ 0,0, 0) + 51{3_1(,0(14?2{[‘, 0,0, 0)

By induction, one can check that

AGKD)
kn

2.4) Hf(rv) -

1< i .
‘géjzlkﬂ o(k’z,0,0,0)

forallzin X andn =1,2,.... Letx € X andn > m. Then by £.4) and condition
(c), we obtain that

f(k"z)  f(kmx) L\ fE"™ - k™)
_ —_ _ km
1 IS, i o
< — =Nkt - km2,0,0,0)

kmo 2 4
Jj=1

1 0o
—s+1 s

This shows that the sequent{éﬁ%} is a Cauchy sequence in the Banaeh
module X and therefore converges for alle X. Putd(z) = lim @ for every
x € X andf(0) = d(0) = 0. By (2.4), we get

(2.5) 1f(2) = d(@)|| < 56(x) (z € X).

N —
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Next, we show that the mappingis additive. To do this, let us replacey by
k™x, k™y in (2.2), respectively. Then

O\ k l k l ko kn
<k "p(k"x,k"y,0,0)

forall z,y € X. If we letn — oo in the above inequality, then the condition (a)

yields that

e G D) sa(z-1) - 2o

for all z,y € X. Sinced(0) = 0, takingy = 0 andy = é:p respectively, we
see thatl (%) = @ andd(2z) = 2d(z) for all x € X, and then we obtain that
d(z+y)+d(z—y) = 2d(z) forallz,y € X. Now, forallu,v € X, putz = £(u+v),

y = L(u—v). Then by ¢.6), we get that

d(u)+d(v)=d<%+%>+d<%_%>

2 2 k
— Ed(I) = Ed (§(u + v)) =d(u +v).
This shows thatl is additive.

Now, we are going to prove thgt is a generalized module? left derivation.
Lettingz =y = 01in (2.1), we get

Hf (Z’LU) + f (Zw) - 2zf(w) - 2wg(z)|| < 90(0707277“0)7

that is

(27) I (z) — 2f(w) — wg(2)]| < 50(0,0,2, )

Generalized Module Derivations
Huai-Xin Cao, Ji-Rong Lv

and J.M. Rassias

vol. 10, iss. 3, art. 85, 2009

Title Page
Contents
44 44
< >
Page 8 of 17
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics
issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

forall z € o andw € X. By replacingz, w with k" z, k™w in (2.7) respectively, we
deduce that

1

1 1 1
T (kQ”zw) — f(E"w) — wﬁg(k‘"z) < 5]{:_2"90(0,0, k" z, k"w)

forall z € & andw € X. Lettingn — oo, condition (b) yields that
(2.9) d(zw) = zd(w) + wd(z)

forall z € & andw € X. Sinced is additive,d is moduleX additive. Put
A(z,w) = f(zw) — zf(w) — wg(z). Then by ¢.7) we see from condition (a)
that

1
ETAK" 2z, w)|| < §k3_"cp(0,0, E'z,w) — 0 (n— o0)

forall z € & andw € X. Hence

d(zw) = lim w
_ lim (k"zﬂw) - wg(Z:z> + Ak, w))

= zf(w) + wi(z)

forall z € & andw € X. It follows from (2.9) thatz f(w) = zd(w) for all z € o
andw € X, and theni(w) = f(w) for all w € X. Sinced is additive, f is module-
</ additive. So, for alk, b € o andx € X by (2.9),

af(bx) = ad(bx) = abf(x) + axd(b)

Generalized Module Derivations
Huai-Xin Cao, Ji-Rong Lv

and J.M. Rassias

vol. 10, iss. 3, art. 85, 2009

Title Page
Contents
44 44
< >
Page 9 of 17
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

and
zd(ab) = d(abx) — abf(x)
=af(br)+ bzxd(a) — abf(x)
= a(d(bz) — bf (z)) + bxd(a)
= axd(b) + bxd(a).
This shows that iy is a moduleX left derivation on<7, then f is a generalized
module<7 left derivation onX.
Lastly, we prove thay is a moduleX left derivation on</. To do this, we
compute from £.7) that
H [ zw) (k")
—Z
n kn
forall z € & and allw € X. By lettingn — oo, we get from condition (a) that

d(zw) = zd(w) + wg(z)

forall z € o and allw € X. Now, (2.9) implies thatwg(z) = wi(z) for all z € o
and allw € X. Hence,g is a moduleX left derivation one/. This completes the
proof. ]

1
< 5]@‘"@(0, 0, z, k"w)

—wg(z)

Corollary 2.2. Let &/ be a Banach algebraX a Banach.<7-bimodule,e > 0,
p,q,s,t € [0,1) andk and! be integers greater thah. Suppose thaf : X — X
andg : & — </ are mappings such thai(0) = 0, §(z) := lim 7 g(k"z) exists for
all z € & and

(2.10) |2} g(2,y. 2, w)|| < e(flal” + Iyl + ll2]1°[[w]l)

forall z,y,w € X and allz € & (0° := 1). Thenf is a generalized module? left
derivation andy is a moduleX left derivation.
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Proof. Itis easy to check that the function
p(@,y,z,w) = e(llz|” + lyll* + [[2]1*[lw])
satisfies conditions (a), (b) and (c) of Theor&m. O

Corollary 2.3. Let .« be a Banach algebra with unit, ¢ > 0, and k£ and [ be
integers greater than. Suppose thaf, g : o/ — o/ are mappings withf(0) =
such that

AL w52, w)] <2
forall x,y,w,z € &. Thenf is a generalized left derivation angis a left deriva-
tion.

Proof. By takingw = e in (2.9), we see that the limii(z) := hm —g(k"z) exists

for all z € o/. It follows from Corollary?.2 and Remarki thatf is a generalized
left derivation andy is a left derivation. This completes the proof. O

Lemma 2.4. Let X, Y be complex vector spaces. Then a mappingX — Y is
linear if and only if

flaw + By) = af (x) + Bf(y)
forall z,y € X andalla,5 € T:={z € C: |z| = 1}.
Proof. It suffices to prove the sufficiency. Suppose thatz+3y) = af (z)+8f(y)
forall z,y € X and alla, 5 € T := {2 € C: |z| = 1}. Thenf is additive and
flax) = af(z) forall z € X and alla € T. Let a be any nonzero complex
number. Take a positive integersuch thaia/n| < 2. Take a real numbet such
that0 < a := e “a/n < 2. Putp = arccos ¢. Thena = n(e'®+% + ¢=#=%)) and
therefore

Flaw) = nf(e @) + (e -0q)
— ne 40 f(2) + ne 00 f () = a f(x)
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for all x € X. This shows thaf is linear. The proof is completed. ]

Theorem 2.5. Let <7 be a Banach algebraX a Banach«/-bimodule,k and! be
integers greater than, andy : X x X x &/ x X — [0, c0) satisfy the following
conditions:

(@) lim &~ "[p(k™z, k"y,0,0) + ©(0,0,k"z,w)] =0 (z,y,w € X,z € o).
(b) lim k=2"¢(0,0,k"2,k"w) =0 (2 € &, w € X).
(€) p(z) =30 k" ro(km2,0,0,0) < oo (z € X).

Suppose thaf X — X andg : & — « are mappings such that(0) =
i(z) == hm = g(k"z) exists for allz € & and

(211) HAfg r,Y,z,w aaﬁ)" S go(x7y727w)

forall z,y,w € X,z € Zandalla,5 € T :={z € C: |z| =
A% (z,y, 2,w, a, 3) stands for

P g () < 20 ) ),

1}, where

Thenf is a linear generalized module# left derivation andy is a linear moduleX
left derivation.

Proof. Clearly, the inequality4.1) is satisfied. Hence, Theoreml and its proof
show thatf is a generalized left derivation amds a left derivation onz’ with

f(k"x)

(2.12) flo) = lim ===, g(z) = f(z) —2f(e)

n—oo
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for everyzr € X. Takingz = w = 0in (2.11]) yields that
i [ (i) o (1) 242

forall z,y € X and alla, 5 € T. If we replacer andy with £"z andk™y in (2.13
respectively, then we see that

‘ if (ak”x n ﬁk’"y) —f (Oékn 5kny> 1 2af(k"x)

S 90(‘1’7 y? 07 O)

kn k [ l kn k
<k "p(k"x,k"y,0,0)
— 0

asn — oo forall x,y € X and alla, 5 € T. Hence,
ar By ar By  2af(x)
(2.14) () e (G- =2

forall z,y € X and alla, g € T. Sincef is additive, takingy = 0 in (2.14) implies
that

(2.15) flax) = af(x)

forall x € X and allaa € T. LemmaZ2.4yields thatf is linear and so ig. Next,
similar to the proof of Theorem 2.3 irl§], one can show thaj(</) C Z(</) N
rad(.<7). This completes the proof. O

Corollary 2.6. Let.o7 be a complex semi-prime Banach algebra with enit > 0,
p,q,s,t € [0,1) andk and!l be integers greater thah Suppose thaf, g : o/ — o
are mappings withf (0) = 0 and satisfy following inequality:

(2.16) A7 (@, 1, 2,w, 0, B)|| < e(llel” + [yl + [|2]°[lw]")
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forall z,y,z,w € & and alla, 8 € T (0 := 1). Thenf is a linear generalized left
derivation andy is a linear left derivation which map#’ into the intersection of the
center Z.2/) and the Jacobson radical rad7) of <7.

Proof. Since.«# has a unite, lettingw = e in (2.8) shows that the limiv(z) :=

lim £ g(k"z) exists for allz € 7. Thus, using Theorerfi.5 for o(z,y, z,w) =

n
n—oo k

e(|z||” + |ly||* + ||1z|I¥]|w]|*) yields thatf is a linear generalized left derivation and
g is a linear left derivation since/ has a unit. Similar to the proof of Theorem 2.3
in [15], one can check that the mappingnaps« into the intersection of the center
Z(«</) and the Jacobson radical (ad) of <7. This completes the proof. O

Corollary 2.7. Let.«/ be a complex semiprime Banach algebra with unit > 0,
k and! be integers greater thah. Suppose thaf, g : &/ — .o/ are mappings with
f(0) = 0 and satisfy the following inequality:

183 (2,5, 2,w,0, B)| < &

forall x,y, z,w € o/ and alla, 5 € T. Thenf is a linear generalized left derivation
and g is a linear left derivation which maps/ into the intersection of the center
Z(.«/) and the Jacobson radical rad) of <.

Remark2. Inequalities £.10 and @.16) are controlled by their right-hand sides by
the “mixed sum-product of powers of norms", introduced by J. M. Rassias (in 2007)
and applied afterwards by K. Ravi et al. (2007-2008). Moreover, it is easy to check
that the function

p(z,y,2,w) = Pllzll’ + Qllyll* + Sll=|I* + Tllw]’

satisfies conditions (a), (b) and (c) of Theorgmand Theorem.5 whereP, Q, T, S €
[0,00) andp, q, s,t € [0, 1) are all constants.
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