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Abstract

In the paper Several integral inequalities published in J. Inequal. Pure Appl.
Math. 1 (2000), no. 2, Art. 19 (http://jipam.vu.edu.au/v1n2.html.
001_00.html ) and RGMIA Res. Rep. Coll. 2(7) (1999), Art. 9, 1039–1042
(http://rgmia.vu.edu.au/v2n7.html ) by F. Qi, an open problem was
posed. In this article we give the solution and further generalizations of this
problem. Reverse inequalities to the posed one are considered and, finally, the
derived results are extended to weighted integral inequalities.
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1. Introduction and Preparation
The following problem was posed by F. Qi in his paper [7]:

Under what condition does the inequality

(1.1)
∫ b

a

[f(x)]tdx ≥
(∫ b

a

f(x)dx

)t−1

hold for t > 1?

In the above-mentioned paper F. Qi considered integral inequalities with non-
negative differentiable integrands and derived his results by the use of analytic
methods. Furthermore, in his joint paper with K.-W. Yu, F. Qi gave an af-
firmative answer to the quoted problem using the integral version of Jensen’s
inequality and a lemma of convexity. Namely, they showed that (1.1) holds true
for all f ∈ C[a, b] such that

∫ b

a
f(x)dx ≥ (b− a)t−1 for givent > 1, see [9]. N.

Towghi [8] solved F. Qi’s problem by imposing sufficient conditions upon the
integrandf being differentable atx = a.

In this paper, our approach in deriving (1.1) will be somewhat different. We
avoid the assumptions of differentiability used in [7, 8] and the convexity criteria
used in [9]. Instead, by using the classical integral inequalities due to Hölder,
Nehari, Barnes and their generalizations by Godunova and Levin, we will show
that it is enough to consider suitable bounded integrands for the validity of a
few inequalities which contain some results of [7] and [9] as corollaries.

In this article we consider a finite integration domain, i.e. in
∫ b

a
f we take

−∞ < a < b < ∞ (possible extensions to an infinite integration domain are
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left to the interested reader). We denote
∫ b

a
fdµ as the weighted (Stieltjes type)

integral whereµ is nonnegative, monotonic nondecreasing, left continuous, fi-
nite total variation, Stieltjes measure. In other wordsµ can be taken to be a
probability distribution function.

Finally, we are interested in describing the class of functions for which the
reverse variants of (1.1) hold true. This will be done using reversed Hölder
inequalities obtained by Nehari, Barnes and Godunova-Levin. See [1], [2], [3],
and [5].

Now, we give the Nehari inequality and the Barnes-Godunova-Levin in-
equality.

Lemma 1.1 ([3], Nehari Inequality). Let f, g be nonnegative concave func-
tions on[a, b]. Then, forp, q > 0 such thatp−1 + q−1 = 1, we have

(1.2)

(∫ b

a

fp

)1/p(∫ b

a

gq

)1/q

≤ N(p, q)

∫ b

a

fg,

where

(1.3) N(p, q) =
6

(1 + p)1/p(1 + q)1/q
.

Lemma 1.2 ([2, 3, 4], Barnes-Godunova-Levin Inequality). Let f, g be non-
negative concave functions on[a, b]. Whenp, q > 1 it holds true that

(1.4)

(∫ b

a

fp

)1/p(∫ b

a

gq

)1/q

≤ B(p, q)

∫ b

a

fg,
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where

(1.5) B(p, q) =
6(b− a)1/p+1/q−1

(1 + p)1/p(1 + q)1/q
.

For further details about inequalities (1.2) and (1.4), please refer to §4.3 of
the monograph [4].

In order to obtain weighted variants of our principal results we need the
weighted Hölder inequality and the weighted inverse Hölder inequality. The
last one was considered (to the best of my knowledge) only by Pečaríc in [4, 6].
Here we give his result in a form suitable for us.

Lemma 1.3 ([4, 6], Pěcarić Inequality). Letf, g be nonnegative, concave func-
tions andfg beµ-integrable on[a, b], whereµ is a probability distribution func-
tion. Letf be nondecreasing andg nonincreasing. Then forp, q ≥ 1 we have

(1.6)

(∫ b

a

fpdµ

)1/p(∫ b

a

gqdµ

)1/q

≤ P (p, q; µ)

∫ b

a

fgdµ,

where

(1.7) P (p, q; µ) =

(∫ b

a
(x− a)pdµ

)1/p (∫ b

a
(b− x)qdµ

)1/q

∫ b

a
(b− x)(x− a)dµ

.
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2. The Direct Inequality
In this section we will give an inequality which contains, as a special case, an
answer to F. Qi’s problem (1.1), see Corollary 2.1.1.

Theorem 2.1. Suppose thatβ > 0, max{β, 1} < α and letfα be integrable

on [a, b]. For f(x) ≥ (b− a)
β−1
α−β , we have

(2.1)
∫ b

a

fα ≥
(∫ b

a

f

)β

.

Proof. As f(x) > 0 on the integration domain, by the Hölder inequality we get∫ b

a

f ≤ (b− a)1−1/α

(∫ b

a

fα

)1/α

,

i.e.∫ b

a

fα ≥ (b−a)1−α

(∫ b

a

f

)α−β (∫ b

a

f

)β

≥ (b− a)1−β(min
[a,b]

f)α−β︸ ︷︷ ︸
K1

(∫ b

a

f

)β

.

Now, byf(x) ≥ (b−a)
β−1
α−β we deduce thatK1 ≥ 1. Hence, the inequality (2.1)

is proved.

Corollary 2.2. For all f(x) ≥ (b − a)t−2, f t integrable, the inequality(1.1)
holds fort > 1.

Proof. Setα = t = β + 1 into (2.1).
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mailto:poganj@brod.pfri.hr
http://jipam.vu.edu.au/


On an Open Problem of F. Qi

Tibor K. Pogány

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 7 of 12

J. Ineq. Pure and Appl. Math. 3(4) Art. 54, 2002

http://jipam.vu.edu.au

3. The Reverse Inequality
We now derive a reverse variant of F. Qi’s inequality (1.1).

Theorem 3.1. Let f be nonnegative, concave and integrable on[a, b], β > 0
andmax{β, 1} < α. Suppose

(3.1) f(x) ≤
(

(1 + α)(2α− 1)α−1

6α(α− 1)α−1(b− a)1−β

) 1
α−β

, x ∈ [a, b].

Then it follows that

(3.2)
∫ b

a

fα ≤
(∫ b

a

f

)β

.

Proof. Put g ≡ 1, p ≡ α into the Nehari inequality (1.2). Then we clearly
obtain ∫ b

a

fα ≤
Nα(α, α

α−1
)

(b− a)α−1

(∫ b

a

f

)α−β (∫ b

a

f

)β

≤ Nα(α, α
α−1

)(b− a)1−β(max
[a,b]

f)α−β︸ ︷︷ ︸
K2

(∫ b

a

f

)β

.

HereN(·, ·) is the Nehari constant given by (1.3). Now, by (3.1) we conclude
thatK2 ≤ 1. Thus, (3.2) is proved.

In the next theoremq is a scaling parameter. Thus, we obtain an inequality
scaled by three parameters.
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Theorem 3.2.Letf be nonnegative concave and integrable on[a, b]. If

(3.3) f(x) ≤

(
(1 + α)(1 + q)

α
q

6α(b− a)1−β

) 1
α−β

, x ∈ [a, b],

then(3.2) holds for allα > 0 andβ > 0 such thatmax{β, 1} < α andq > 1.

Proof. Substitutingg ≡ 1, p ≡ α in the Barnes-Godunova-Levin inequality
(1.4) and repeating the procedure of previous theorem, we obtain∫ b

a

fα ≤ Bα(α, q)(b− a)α−β−α
q (max

[a,b]
f)α−β︸ ︷︷ ︸

K3

(∫ b

a

f

)β

.

Here,B(·, ·) is the Barnes-Godunova-Levin constant described by (1.5). Using
the assumed upper bound (3.3), we have thatK3 ≤ 1 and the proof is complete.
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4. Weighted Variants of Inequalities
In this section we are interested in the weighted variants of inequalities similar
to (2.1) and (3.2). We follow the approach used in the previous sections. Here
the main mathematical tools will be the weighted integral Hölder inequality and
the reversed weighted Hölder inequality (1.6), derived by J. Pěcaríc, see Lemma
1.3.

Theorem 4.1.Letβ > 0, max{β, 1} < α and letfα beµ - integrable on[a, b].
If

f(x) ≥ (µ(b)− µ(a))
β−1
α−β ,

then

(4.1)
∫ b

a

fαdµ ≥
(∫ b

a

fdµ

)β

.

The proof is a identical to the proof of Theorem2.1, therefore it is omitted.

Theorem 4.2. Let f be nonnegative, concave nondecreasing (nonincreasing)
andµ - integrable on[a, b]. If β > 0, 0 < max{β, 1} < α, q ≥ 1 and

(4.2) f(x) ≤ (µ(b)− µ(a))
α

q(α−β)
−1

(P (α, q; µ))α/(α−β)
, x ∈ [a, b],

whereP (α, q; µ) is given by(1.7), the following inequality holds

(4.3)
∫ b

a

fαdµ ≤
(∫ b

a

fdµ

)β

.
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Proof. Substitutingp ≡ α, g ≡ 1 into the inequality (1.6) we get∫ b

a

fαdµ ≤ Pα(α, q; µ)

(µ(b)− µ(a))α/q

(∫ b

a

fdµ

)α−β (∫ b

a

fdµ

)β

≤
Pα(α, q; µ)(max[a,b] f)α−β

(µ(b)− µ(a))α/q+β−α︸ ︷︷ ︸
K4

(∫ b

a

fdµ

)β

.

Now, taking into account the upper bound (4.2) of f on [a, b] and the exact value
of P (·, ·; µ), we clearly conclude thatK4 ≤ 1, i.e. (4.3) is proved.
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