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ABSTRACT. It is established that the multivalued quasi variational inequalities in uniformly
smooth Banach spaces are equivalent to the fixed-point problem. We use this equivalence to
suggest and analyze some iterative algorithms for quasi variational inequalities with noncom-
pact sets in Banach spaces. Our results are new and represent a significant improvement of the
previously known results.
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1. INTRODUCTION

Multivalued quasi variational inequalities, which were introduced and studied by Noor [9] —
[12], provide us with a unified, natural, novel, innovative and general approach to study a wide
class of problems arising in different branches of mathematical, physical and engineering sci-
ence. In this paper, we consider the multivalued quasi variational inequalities in the setting of
real Banach spaces. Using the retraction properties of the projection operator, we establish the
equivalence between the quasi variational inequalities and the fixed-point problems. This alter-
native equivalent formulation is used to suggest and analyze an iterative methods for studying
multivalued quasi variational inequalities in Banach spaces. Since multivalued quasi variational
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inequalities include quasi variational inequalities, complementarity problems and nonconvex

programming problems studied in [1] =15] as special cases, the results obtained in this paper
continue to hold for these problems. Our results represent an improvement and refinement of
the previous results.

2. FORMULATION AND BASIC RESULTS

Let X be a real Banach space with its topological dual spgtelLet (-, -) be the dual pair
betweenX* and X. Let 2¥be the family of all subsets ok and C B(X) the family of all
nonempty closed and bounded subsetXofLet 7,V : X — CB(X) be two multivalued
mappings and ley : X — X be a single-valued mapping. For given point-to-set mapping
K : u — K(u), which associates a closed convex setXofwith any element ofX, and
N(-,-) : X x X — X, we consider the problem of findinge X, w € T'(u),y € V(u) such
that

(2.1) (N(w,y), J(g(v) = g(u)) 20, Vg(v) € K(u),
whereJ : X — X* is the normalized duality mapping.
Problem|(2.]1) is called the multivalued quasi variational inequality in Banach spaces, which
has many applications in pure and applied sciences| [1] 2, 4, 5].
l. If X is areal Hilbert space, then the duality mapeduces to the identity mapping and
problem [2.1) is equivalent to findinge X, w € T'(u),y € V(u), g(u) € K (u) such
that

(2.2) (N(w,y),9(v) = g(u)) 20, Vg(v) € K(u),
a problem introduced and studied by Noor [9] using the projection and Wiener-Hopf
equations techniques. For the applications, numerical methods and generalizations of
problem[2.1), see [6] 7], [9] +[12] and the references therein.
Il. If K*(u) is the polar cone of a closed convex-valued céfe:) in X, then problem
(2.7) is equivalent to finding € X, w € T'(u),y € V(u) such that
(2.3) g(u) € K(u) and  N(w,y) € J(K(u) - g(u))"
which is called the multivalued co-complementarity problem. Some special cases of
problem [(2.8) has been studied by Chen, Wong and [Yao [4] in Banach spaces.
For suitable and appropriate choices of the operators and the spaces, one can obtain several
new and known classes of variational inequalities and complementarity problems.
Let D(T) c X denote the domain df andJ : X — 2% be the normalized duality
mapping defined by
Jw) ={f € X*: (u, f) = ul, I/ = lull}, weX

Definition 2.1. [5] Let T : D(T) ¢ X — 2% be a multi-valued mapping. For allv €
D(T),w € T(u) andy € T'(v), the operatof is said to be:

(a) accretive if there existsj(u — v) € J(u — v) such that
(w—y,jlu—-v))=0.
(b) strongly accretiveif there existsj(u — v) € J(u — v) and a constarit > 0 such that
(w—y,j(u—v)) = klu—v|

We remark that ifX = X* = H is a real Hilbert space, then the notions of accretive,
strongly accretive andh—accretive coincide with that of monotone, strongly monotone and
maximal monotone respectively, see Deimling [5].
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Remark 2.1. LetG : X — CB(X), ¢ > 0 be any real number, then for eveny, us € X
andv; € G(u,), there exists, € G(uz), such that

(2.4) [v1 = va|| < M(G(u1), G(u2)) + l[ur — uzl,

whereM (-, -) is the Hausdorff metric defined annB(.X) by

M(B,C) = max {Sup d(v, B), sup d(u, 0)} ,

velC ueB
for B,C € CB(X) andd(v, B) = mig d(v,u).
ue
We note that ifG : X — C(X), whereC'(X) denotes the family of all nonempty compact
subsets ofX, then it is also true for = 0.
From now onward, we assume thgtis a uniformly smooth Banach space, unless otherwise
specified.
Definition 2.2. [1,5]. Let X be a real uniformly smooth Banach spaces &nde a nonempty
closed convex subset &f. A mappingPy : X — K is said to be:
(i) retraction , if
PI2( - PK.
(i) nonexpansive retraction, if
| Pxu — Pgo| < [Ju—vl, Vu,v,X.
(iif) sunny retraction, if
PK(PK<U>+t(u—PK(U)):PK(U), VUEX, t eR.
Lemma 2.2. [4,5]. Pk is a nonexpansive retraction if and only if
(u— Pg(u), J(Pk(u) —v)) >0, Yu,velX.

Note that if X is a real Hilbert space, then Lemimna]2.2 is well known [13], which has played
a fundamental and significant role in suggesting and analyzing the iterative methods for solving
variational inequalities and related optimization problems.

Invoking Lemmg 2., we can show that the multivalued quasi variational inequdlitiés (2.1)
are equivalent to the fixed point problem.

Lemma 2.3. The multivalued quasi variational inequalitigs (2.1) has a solutioa X, w €
T(u),y € V(u),g(u) € K(u)ifandonlyifu € X,w € T(u),y € V(u), g(u) € K(u) satisfies
the relation
(2.5) 9(u) = Pgwlg(u) — pN(w,y)],
wherep > 0 is a constant.
Lemma[ 2.8 establishes the equivalences between the variational inequaliies (2.1) and the
fixed-point problem[(2]5). We use this alternative equivalent formulation to suggest the fol-

lowing iterative algorithm for solving multivalued quasi variational inequalified (2.1) in Banach
spaces.

Algorithm 2.1. For givenug € X,wy € T(ug),yo € V(ug), and0 < e < 1, compute the
sequence$u, }, {w,}, {y.} by the iterative schemes:

(26) g(unJrl) = PK(un)[g(un> - pN<wm yn)]v n = 07 1a 2,...
(2.7) Wy € T(un) & [wnsr = wall < M(T(tni1), T () + ™ |tntr — uy|
(28) Yn € V(un) : Hyn—i-l - yn” S M(V(un—i-l)a v(“n)) + 5n+1”yn+1 - yn”a

whereM (-, -) is the Hausdorff metric defined anB(X).

J. Inequal. Pure and Appl. Math3(3) Art. 36, 2002 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 MUHAMMAD ASLAM NOOR, ABDELLATIF MOUDAFI, AND BENLONG XU

If X = H, the real Hilbert space, and= 0, Algorithm|2.7 is due to Noor([9] -[[12] for
solving the multivalued quasi variational inequalities (2.1).

For suitable and appreciate choice of the operdioig NV, g and the spac&’, one can ob-
tain a number of known and new algorithms for solving variational inclusions and variational
inequalities.

3. CONVERGENCE ANALYSIS
In this section, we study the convergence analysis of Algorjthin 2.1. For this purpose, we
recall the following concepts and notions.
Definition 3.1. For allu,, us € X, the operatotV(-, -) is said to be
(i) B—Lipschtz continuous with respect to the first argument, if there exists a constant
G > 0 such that
[N (w1, ) = N(wa, )| < Bllwr — wal|,

forall wy € T'(uy), wy € T(uz), anduy, us € X.
(i) y—Lipschitz continuous with respect to the second argument, if there exists constant
~ > 0 such that

INC,y1) = NGyl < yllvr — w2l
for all Y1 € V(Ul), Yg € V(UQ), andul,uQ e X.
Definition 3.2. The multi-valued mapping” : X — CB(X) is said to belM —Lipschitz
continuous if there exits a constant> 0 such that
M(T(u), T(v)) < nllu—, forall u,v € X.

Lemma 3.1. [1,[3]. Let X be a real Banach space anfl: X — 2% be the normalized dual
mapping. Then for all;, v € X, there exitsj(u + v) € J(u + v) such that
lu+ol* < flull® + 2{v, j(u + v)).
We also need the following condition.
Assumption 3.1.For allu, u,w € X, the operato’ . satisfies the condition

1Prcay (w) = Py ()] < vlju —oll,

wherer > 0 is a constant.
We now consider the convergence of the Algorithrj 2.1 for the gagd.

Theorem 3.2. Let X be a real uniformly smooth Banach space. Let the operator -) be a
[—Lipschitz andy—Lipschitz continuous with respect to the first argument and second argu-
ment respectively. Let the operaipbe Lipschitz continuous with constant- 0 and strongly
accretive with constant > 1. Assume that the operato,V : X — CB(X) are M-
Lipschitz continuous with constant> 0 andn > 0 respectively. If the Assumptipn 3.1 holds
and

(3.1) 0<p<\/2k—1—(5+1/)7
B+ n

then there exists € X, w € T(u),y € V(u) satisfying the[(2]1) and the iterative sequences
{u,},{w,}, and{y, } generated by Algorithin 2.1 convergenceutav, and y strongly in X,
respectively.
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Proof. From Lemma 31 and Algorithm 3.1, it follows that there exjgts, ;1 —u.,) € J (w41 —
u,,) such that

1 = tall® = g (uns1) = g(un) + tinir = wn = (9(tns1) — g(ua))|*
< llg(unsr) = glun) |
+ 2(uns1 = tn = (9(uns1) = g(un)), j(tUni1 — un))
< Nlg(uns1) = g(ua) II* + 2l — wnll* — 2k Junsr — ]|,

which implies that

”un-‘rl unH = 9k — ||g(un+1)_g(un)H27
that is
(3.2 it =l € < lg(r0) = )]

Now, using Assumptiop 3|1, we have

1g(tnt1) — glun)||
= || Prcun) [9(n) = N (W, Yn)] = Prc(un—1)[9(ttn—1) = PN (w1, yn1)] |
< 1 Prcuny [9(n) = pN (W, yn)] = Prcun) [9(un—1) = pPN (wn—1, yn-1)]
+ ||PK(un)[g(un71) - /)N(wnfb ynfl)] - PK(unﬂ)[g(un*l) - pN(wn,l, ynfl)]H

< llg(un) = g(un—1) = p(N(wn, yn) = N(wWn—1, yn-1)) || + v[tn — tn—1]|

< [lg(un) = g(un-1)Il + PN (Wn, yn) = N(wn—1, yn-1) || + vt =t

< 0lfun — up—1| + pIN (wn, yn) — N(wn-1, )|

B.3)  + ol N(wn-1,yn) = N(wn-1, yn) |l + vlun — tn].

Using the Lipschitz continuity oft/(-, -) with respect to the first argument add-Lipschitz
continuity of 7', we have

HN(wnayn) - N<wn717 yn)‘

< Bllwy, — w1l
< BM(T (un), T (un-1)) + €"[|ttn — tn-1]|)

(3.4) < B+ €")|[un — un—]-

In a similar way,

[N (wn—1,9n) = N(Wn1, Y1)l < VY0 = Y1l
<YMV (un), V(un-1)) + " [|tin — un-1l|)
<~

(3.5) (0 +&")lun — unll

From (3.2) —[(3.p) we have
O+ ) +p{Bu+yn+ (B+n)e "}H

1 =l < ok — 1 — U1 ||
(3.6) = (") |t — tn]l,
where
(3.7) o(e) = (0+7) +p{Br+n+ (B+me"}

V2k -1
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Sincel < ¢ < 1, it follows that
6+ )+ p(Bu+n)

V2k —1 ’
From 3.1), we havé < 1. Consequently, the sequenie, } is a Cauchy sequence . Since
X is a Banach space, there exists X, such that,, — u asn — oo.

From (3.4) and[(3]5) we see that,, y, are Cauchy sequences I, that is, there exist
w,y € H such thatw, — w, y, — y. Now by using the continuity of the operators
N,T,V,g, Pk and Algorithn{ 2.1, we have

9(u) = Prwlg(u) — pN(w,y)].
Finally, we prove that € T'(u) andy € V(u). In fact, sincew € T'(u,,) we have
d(w, T(u)) < |lw = wn]| + d(wn, T'(u))
< w = wall + M (T (un), T (u))

< lw = wn| + pllun = ulf — 0, asn — oo,

(3.8) (") — 0 = (

asn — o0.

which implies thati(w, T'(u)) = 0, and sincel’(u) is a closed bounded subset¥f it follows
thatw € T'(u). In a similar way, we can also prove that V (u).

By Lemma[ 2.2, it follows thafu, w,y) is a solution of the multivalued quasi variational
inequalities problem (211), and, — u,w, — w,y, — y strongly in X, the required
result. OJ
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