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Abstract

We establish abstract inequalities that give, as particular cases, many previ-
ously established Hölder-like inequalities. In addition to unifying the proofs of
these inequalities, which, in most cases, tend to be technical and obscure, the
proofs of our inequalities are quite simple and basic. Moreover, we show that
sharper inequalities can be obtained by applying our results.
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1. Introduction
Let n ≥ 2 be a fixed integer and letai, bi ∈ R, i = 1, 2, . . . , n, be such that
a2

1 −
∑n

i=2 a2
i ≥ 0 andb2

1 −
∑n

i=2 b2
i ≥ 0, whereR is the set of real numbers.

Then

(1.1)

(
a2

1 −
n∑

i=2

a2
i

) 1
2
(

b2
1 −

n∑
i=2

b2
i

) 1
2

≤ a1b1 −
n∑

i=2

aibi.

This inequality was first considered by Aczél and Varga [2]. It was proved in
detail by Aczél [1], who used it to present some applications of functional equa-
tions in non-Euclidean geometry. Inequality (1.1) was generalized by Popovi-
ciu [8] as follows. Letp > 1, 1

p
+ 1

q
= 1, ai, bi ≥ 0, i = 1, 2, . . . , n, with

ap
1 −

∑n
i=2 ap

i ≥ 0 andbq
1 −

∑n
i=2 bq

i ≥ 0. Then

(1.2)

(
ap

1 −
n∑

i=2

ap
i

) 1
p
(

bq
1 −

n∑
i=2

bq
i

) 1
q

≤ a1b1 −
n∑

i=2

aibi.

This is the “Hölder-like” generalization of (1.1). A simple proof of (1.2) may
be found in [10]. Also, Chapter 5 in [6] contains generalizations of (1.2).

For a fixed integern ≥ 2 andp(6= 0) ∈ R, the authors in [5] introduced the
following definition:

(1.3) Φp(x) :=

(
xp

1 −
n∑

i=2

xp
i

) 1
p

, x ∈ Rp,
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where

(1.4) Rp =

{
x = (x1, . . . , xn) : xi ≥ (>) 0, xp

1 ≥ (>)
n∑

i=2

xp
i

}
if p > (<)0.

There they presented inequalities forΦp from which they deduced, among other
things, the inequalities (1.1) and (1.2).

Finally, in [9] the authors introduced the following definitions, which gener-
alize (1.3) and (1.4). Let n be a positive integer,n ≥ 2, and letM be a one-to-
one real-valued function whose domain is a subset ofR. Then, forα ∈ R,

Rα,M =

{
x = (x1, x2, . . . , xn) : x1 > 0,(

xi

x1

)
∈ Domain (M) for i = 2, . . . , n,

and

[
α−

n∑
i=2

M

(
xi

x1

)]
∈ Range (M)

}
and, forx ∈ Rα,M ,

Φα,M (x) = x1M
−1

[
α−

n∑
i=2

M

(
xi

x1

)]
.

There the authors obtained generalizations of inequalities (1.1) and (1.2) and of
the inequalities in [5].
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It is our aim in this paper to establish inequalities (see Theorems2.1and2.2)
that give, as particular cases, all the inequalities mentioned above. In addition
to unifying the proofs of these inequalities, which, in most cases, tend to be
technical and obscure in the sense that it is not clear what really makes them
work, the proofs of our inequalities are quite simple and basic. Moreover, we
show that sharper inequalities can be obtained by applying our results.
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2. Generalized Inequalities
Let Rα,M andΦα,M be as defined above and letm ≥ 2 be an integer.

Theorem 2.1. Let M1, M2, . . . ,Mm be one-to-one real-valued functions de-
fined in R and letM be a real-valued function defined onDomain (M1) ×
· · · ×Domain (Mm) and satisfying, for all(t1, . . . , tm),

(2.1) M (t1, t2, . . . , tm) ≤ (≥)
m∑

k=1

σkMk (tk) ,

whereσ1, σ2, . . . σm are fixed real numbers. Then

(2.2) M

[
Φα1,M1 (x1)

x11

, . . . ,
Φαm,Mm (xm)

xm1

]
≤ (≥)

m∑
k=1

σkαk −
n∑

i=2

M

(
x1i

x11

, . . . ,
xmi

xm1

)
for all αk ∈ R satisfyingRαk,Mk

6= ∅ and allxk ∈ Rαk,Mk
, k = 1, . . . ,m.

Proof. Using (2.1) and the definition ofΦαk,Mk
(xk), we obtain

M

[
Φα1,M1 (x1)

x11

, . . . ,
Φαm,Mm (xm)

xm1

]
≤ (≥)

m∑
k=1

σkMk

(
Φαk,Mk

(xk)

xk1

)

=
m∑

k=1

σk

[
αk −

n∑
i=2

Mk

(
xki

xk1

)]
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=
m∑

k=1

σkαk −
n∑

i=2

m∑
k=1

σkMk

(
xki

xk1

)
≤ (≥)

m∑
k=1

σkαk −
n∑

i=2

M

(
x1i

x11

, . . .
xmi

xm1

)
.

This ends the proof.

Theorem2.1, besides giving a unified and much simpler proof, is more gen-
eral than many previously established inequalities. Indeed, as is shown below
in the remarks following Corollary3.2, these inequalities can be obtained as
consequences of Theorem2.1 with appropriate choices for theMk’s and with
M (t1, . . . , tm) :=

∏m
k=1 tk.

Moreover, since inequality (2.2) is sharper wheneverM is larger (smaller),
we can obtain sharper inequalities each time we keep the sameMk’s while mod-
ifying M so that the surfacetm+1 = M (t1, . . . tm) in Rm+1 is distinct from and
is between the two surfacestm+1 = P (t1, . . . , tm) :=

∏m
k=1 tk and tm+1 =

S (t1, . . . , tm) :=
∑m

k=1 σkMk (tk). In other words, each time we choseM 6=
P, S such that, for every(t1, . . . , tm) ∈ Domain (M1)×· · ·×Domain (Mm),

(2.3)
m∏

k=1

tk ≤ (≥) M (t1, . . . tm) ≤ (≥)
m∑

k=1

σkMk (tk) .

The closerM gets toS, the sharper the inequality is. Clearly, the optimumM is
M (t1, . . . , tm) :=

∑m
k=1 σkMk (tk), in which case equality is attained in (2.2).

But the idea is to choose anM that satisfies (2.3) while being simple enough
to yield a “nice inequality”. This, of course is most useful when theMk’s are
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not that simple. Nevertheless, any choice ofM satisfying (2.3) will give a new
inequality, strange as it may look.

To further clarify the above remarks, we establish the following consequence
of Theorem2.1, in which it is apparent that previous inequalities are particular
cases and that Theorem2.1does indeed lead to sharper inequalities:

Theorem 2.2. Let M1, M2, . . . ,Mm be one-to-one real-valued functions de-
fined inR and satisfying, for all(t1, . . . , tm)∈Domain(M1)×· · ·×Domain(Mm),

(2.4)
m∏

k=1

tk ≤ (≥)
m∑

k=1

σkMk (tk) ,

whereσ1, σ2, . . . , σm are fixed real numbers. Letµ be any real-valued func-
tion defined onDomain (M1)× · · · ×Domain (Mm) and satisfying, for every
(t1, . . . , tm),

0 ≤ µ(t1, . . . , tm) ≤ 1.

Then

(2.5)
m∏

k=1

Φαk,Mk
(xk) ≤ (≥)

((
m∑

k=1

σkαk

)
m∏

k=1

xk1 −
n∑

i=2

m∏
k=1

xki

)

−
n∑

i=2

(
1− µ

(
x1i

x11

, . . . ,
xmi

xm1

))

×

(
m∑

k=1

σkMk

(
xki

xk1

)
−

m∏
k=1

xki

xk1

)
m∏

k=1

xk1

for all αk ∈ R satisfyingRαk,Mk
6= ∅ and allxk ∈ Rαk,Mk

, k = 1, . . . ,m.
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Proof. For simplicity of notation, let

α :=
m∑

k=1

σkαk, P (Φ) :=
m∏

k=1

Φαk,Mk
(xk)

xk1

, Pi(x) :=
m∏

k=1

xki

xk1

,

S(Φ) :=
m∑

k=1

σkMk

(
Φαk,Mk

(xk)

xk1

)
, Si(x) :=

m∑
k=1

σkMk

(
xki

xk1

)
,

µ(Φ) := µ

(
Φαk,Mk

(xk)

xk1

, . . . ,
Φαk,Mk

(xk)

xk1

)
, µi(x) := µ

(
x1i

x11

, . . . ,
xmi

xm1

)
.

Let

M (t1, . . . , tm) :=
m∏

k=1

tk + (1− µ (t1, . . . , tm))

(
m∑

k=1

σkMk (tk)−
m∏

k=1

tk

)
.

ThenM satisfies the inequalities in (2.3). Therefore we may apply Theorem
2.1to obtain

P (Φ) + (1− µ (Φ)) (S (Φ)− P (Φ))

≤ (≥) α−
n∑

i=2

(Pi(x) + (1− µi(x)) (Si (x)− Pi(x))) .

Rearranging the terms, we get

P (Φ) ≤ (≥)

(
α−

n∑
i=2

Pi(x)

)
−

(
n∑

i=2

(1− µi(x)) (Si (x)− Pi(x))

)
− (1− µ(Φ)) (S(Φ)− P (Φ)) .
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Since the inequalities in (2.3) hold, we may drop the last term to obtain

P (Φ) ≤ (≥)

(
α−

n∑
i=2

Pi(x)

)
−

(
n∑

i=2

(1− µi(x)) (Si (x)− Pi(x))

)
.

Multiplying both sides by
∏m

k=1 xk1, which is positive, we obtain the result
(2.5). This ends the proof.
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3. Applications
Let p1, p2, . . . , pm 6= 0 be real numbers satisfying1

p1
+ 1

p2
+ · · ·+ 1

pm
= 1. It is

well known that

(3.1)
m∏

k=1

tk ≤
m∑

k=1

1

pk

tpk

k ,

for every (t1, . . . , tm) ∈ Rm
+ := (0,∞)m, if and only if all pi’s are positive.

Inequality (3.1) is known as Hölder’s inequality.
Also, one has the following reverse inequality to (3.1):

(3.2)
m∏

k=1

tk ≥
m∑

k=1

1

pk

tpk

k ,

for every(t1, . . . , tm) ∈ Rm
+ , if and only if allpi’s are negative except for exactly

one of them, [9] and [11].
SettingMk (t) := tpk , σk = 1

pk
, andαk = 1, k = 1, . . . ,m, in Theorem2.2,

we obtain immediately the following corollary:

Corollary 3.1. Letp1, p2, . . . , pm 6= 0 be real numbers satisfying1
p1

+ 1
p2

+ · · ·+
1

pm
= 1 and letµ be any real-valued function defined onRm

+ and satisfying, for
every(t1, . . . , tm),

(3.3) 0 ≤ µ(t1, . . . , tm) ≤ 1.
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If all pi’s are positive (allpi’s are negative except for exactly one of them), then

(3.4)
m∏

k=1

(
xpk

k1 −
n∑

i=2

xpk

ki

) 1
pk

≤ (≥)

(
m∏

k=1

xk1 −
n∑

i=2

m∏
k=1

xki

)

−
n∑

i=2

(
1− µ

(
x1i

x11

, . . . ,
xmi

xm1

))

×

(
m∑

k=1

1

pk

(
xki

xk1

)pk

−
m∏

k=1

xki

xk1

)
m∏

k=1

xk1

for all xk ∈ R1,tpk , k = 1, . . . ,m.

Dropping the last term in (3.4), we obtain Corollary 1 of [5]:

Corollary 3.2. Letp1, p2, . . . , pm 6= 0 be real numbers satisfying1
p1

+ 1
p2

+ · · ·+
1

pm
= 1. The inequality

(3.5)
m∏

k=1

Φpk
(xk) ≤ (≥)

m∏
k=1

xk1 −
n∑

i=2

m∏
k=1

xki

holds for allxk ∈ Rpk
, k = 1, . . . ,m, if and only if allpk’s are positive (allpk’s

are negative except for exactly one of them).

Note that inequality (3.4) is sharper than inequality (3.5). Choosingµ ≡
1, (3.4) gives (3.5). But any other choice ofµ, satisfying (3.3), will give a
sharper inequality. Of course, one may chooseµ ≡ 0 to obtain the sharpest
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inequality from (3.4). But, by keepingµ in (3.4), we give ourselves the freedom
of choosingµ in such a way as to make the last term in (3.4) as simple as
possible. This is a trade we have to make between the sharpness of inequality
(3.4) and its simplicity.

Finally, we note that inequalities (1.1) and (1.2) are particular cases of in-
equality (3.5) and, consequently, of inequality (3.4).

We conclude by noting that from Páles’s paper [7] and from Losonczi’s pa-
pers [3] and [4] it follows that inequalities (3.1) and (3.2), written in the form

m∏
k=1

tk − 1 ≤ (≥)
m∑

k=1

tpk

k − 1

pk

, (t1, t2, . . . , tm) ∈ Rm,

are equivalent to

(3.6) Mn,1

(
m∏

k=1

xk

)
≤ (≥)

m∏
k=1

Mn,pk
(xk), n ∈ N, xk ∈ Rn

+,

k = 1, 2, . . . ,m,

wherexk := (xk1, xk2, . . . , xkn), k = 1, 2, . . . ,m, and

Mn,p(x) := Mn,p(x1, x2, . . . , xn) :=


(∑n

j=1

xp
j

n

) 1
p

if p 6= 0,

n
√

x1x2 · · ·xn if p = 0.

Inequality (3.6) was completely settled by Páles, [7, corollary on p. 464].
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