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Abstract

We establish abstract inequalities that give, as particular cases, many previ-
ously established Holder-like inequalities. In addition to unifying the proofs of
these inequalities, which, in most cases, tend to be technical and obscure, the
proofs of our inequalities are quite simple and basic. Moreover, we show that
sharper inequalities can be obtained by applying our results.
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Letn > 2 be a fixed integer and let;, b, € R, i = 1,2,...,n, be such that
a? =Y ", ar > 0andbi — >, b7 > 0, whereR is the set of real numbers.
Then

1 1
=2 1=2 =2

This inequality was first considered by Aczél and Vargh [t was proved in
detail by Aczél [I], who used it to present some applications of functional equa-
tions in non-Euclidean geometry. Inequality. ) was generalized by Popovi-
ciu [9] as follows. Letp > 1, ]13 +$ =1,a;,b; >0,i=1,2,...,n, with

af =3¢ ,al >0andb] — > ", b > 0. Then

K3 3

(1.2) <a§’ - Z“f> (b‘{ - Zb;?) <arh — Y aby.
=2 =2 =2

This is the “Holder-like” generalization ofL(1). A simple proof of (L.2) may

be found in [.(]. Also, Chapter 5 in§] contains generalizations of ).

For a fixed integen > 2 andp(+ 0) € R, the authors in] introduced the
following definition:

-

(1.3) P, (x) := (3521’ — ixf) P T € Ry,
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where

Y
v
L
8
[alis1
Y
v
8
=Ry

(1.4) Rp:{x:(xl,...,a:n):xi A }
if p> (<)0.

There they presented inequalities foy from which they deduced, among other
things, the inequalitiesl(1) and (L.2).

Finally, in [9] the authors introduced the following definitions, which gener-
alize (L.3) and (L.4). Letn be a positive integery, > 2, and letM be a one-to-
one real-valued function whose domain is a subs&.ofhen, fora € R,

Ra,M: {CL’: (Il,xg,...,l’n)ixl >O,

X

(—) € Domain (M) fori=2,... n,

xy
and |a — zn: M <£)
i=2 1

€ Range (M) }
and, forz € R, v,

Donr () = 2 M [a - i M (%)] .

There the authors obtained generalizations of inequalitiéy 4nd (L.2) and of
the inequalities inf].
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Itis our aim in this paper to establish inequalities (see Theofefrend?2.2)
that give, as particular cases, all the inequalities mentioned above. In addition
to unifying the proofs of these inequalities, which, in most cases, tend to be
technical and obscure in the sense that it is not clear what really makes them
work, the proofs of our inequalities are quite simple and basic. Moreover, we
show that sharper inequalities can be obtained by applying our results.
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Let R, » and®, 5, be as defined above and tet> 2 be an integer.

Theorem 2.1. Let M,, M, ..., M,, be one-to-one real-valued functions de-
fined inR and let M be a real-valued function defined diomain (M;) x

-+« X Domain (M,,) and satisfying, for allt,, ..., %),
(2.1) M (ty,to, . t) < (2) D or My (t),
k=1

whereo, 09, . .. 0, are fixed real numbers. Then

Doy, (1) Do, M, (JJm)}

(2.2) M

T11 Tm1

<(>) fjo—kak —ij (xl
1 L1

1=2
for all oy, € R satisfyingR,, r, # 0 and allzy, € Ry, ar k=1, ..
Proof. Using (2.1) and the definition of0,,, s, (zx), we obtain

M {q)al,Ml (1) o, M, (xm)}

T11 Tm1

Generalized Inequalities for
Indefinite Forms

Fathi B. Saidi

Title Page

Tmi
) ) Contents
Tml

44 44
< >
Go Back
Close
Quit
Page 6 of 15

J. Ineq. Pure and Appl. Math. 4(5) Art. 95, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:fsaidi@sharjah.ac.ae
http://jipam.vu.edu.au/

_ iokak - iiakm (x‘“)

k=1 i=2 k=1 Tkl
- - L1 L
< (> ORQy — M e .
<@ 20 (G 1)
This ends the proof. O

Theorem?2.1, besides giving a unified and much simpler proof, is more gen- _ —
eral than many previously established inequalities. Indeed, as is shown below Ge“erl";‘]'('jzeeﬂdni't’;eggfmes for
in the remarks following Corollarng.2, these inequalities can be obtained as

consequences of Theorenl with appropriate choices for th&/,,'s and with Fathi B. Saidi
M (ty, ... tm) =TT te-

Moreover, since inequality?2(2) is sharper wheneveY! is larger (smaller), Title Page
we can obtain sharper inequalities each time we keep the 38/savhile mod- Contents
ifying M so that the surfacg, ., = M (t4,...t,,) in R™"! is distinct from and
is between the two surfaces,.; = P (t1,...,tm) = [[1o tx @ndt,, 1 = 44 44
S(t1,... tm) ==Y 4y 0k My (tx). In other words, each time we chosé # < >
P, S such that, for everyt, ..., t,) € Domain (M;) X - - - x Domain (M,,),

Go Back
(2.3) [[te< ) Mt tw) <(2)D orMi (t). Close
k=1 k=1 Quit
The closerM gets taS, the sharper the inequality is. Clearly, the optimifris Page 7 of 15
M (ty,...,ty) = >/, oMy (t;), in which case equality is attained iA.g).
But the idea is to choose an that satisfies4.3) while being simple enough 3. Ineq, Pure and Appl. Math. 4(5) Art, 95, 2003
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not that simple. Nevertheless, any choiceléfsatisfying €.3) will give a new
inequality, strange as it may look.

To further clarify the above remarks, we establish the following consequence
of Theorem?2.1, in which it is apparent that previous inequalities are particular

cases and that Theoretl does indeed lead to sharper inequalities:

Theorem 2.2. Let M;, M, ...

fined inR and satisfying, for allt,, . . ., t,,) € Domain(M;)x- - -x Domain(M,,),

(2.4) Htk < (>) ZUkMk (te),
k=1 k=1
whereoy, 0,,...,0,, are fixed real numbers. Let be any real-valued func-

tion defined orDomain (M) x - - - x Domain (M,,) and satisfying, for every
(t1y ey tm),

Then
2.5) []®am (@) < (=) ((Z O'kak> [z - H$m>
k=1 k=1 k=1 =2 k=1

(S (22) -T2 ) T

k=1 k=1

, M,, be one-to-one real-valued functions de-
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Proof. For simplicity of notation, let

- 1 oy, (1) T Tk
o= oray, P(®) = —hk v 2 Pi(x) = ’
2o PO =P e =1
S(®) : iakMk (w) , Si(x) : iak]\/[k (xkl) ,
1 L1 = Ti1
D, 0, (l’k) D, 0, (%)) (3711 xmz)
D) = ek L S L, e ) () = ey . . "
) = (R T e el el
Let
Fathi B. Saidi
M (ty, ...ty Htk+ (1—pu(ty,.. ..t (ZakMk ty) — Htk>
Title Page
Then M satisfies the inequalities i2 (3). Therefore we may apply Theorem Contents
2.1to obtain
<4< 44
P(®)+ (1 —p(P))(S(2) - P (D)) < >
<(2) =Y (B(@) + (1 — (@) (Si (x) = Pi(2))) . ColEaes
=2 Close
Rearranging the terms, we get Quit
- Page 9 of 15
P(®) < (> (a -3 Pla ) ( (1= () (Si () B(az))) e
=2 (1 ((D)) (S((p) P(@)) J. Ineq. Pure and Appl. Math. 4(5) Art. 95, 2003
— — N — .
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Since the inequalities ir2(3) hold, we may drop the last term to obtain

P(®) < (>) (04 - Z B(l‘)) - <Z (1 = pui()) (S (x) = Pz-(x))> :

=2

Multiplying both sides by[[,~, =1, which is positive, we obtain the result
(2.5). This ends the proof. m
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Letpi,pa, ..., pm # 0 be real numbers satisfying + L +--- + -L = 1. Itis

well known that

1
3.1 th <y Pk
- [[n<30

for every (t1,...,t,) € R := (0,00)™, if and only if all p;’s are positive.
Inequality B.1) is known as Hdlder’s inequality.
Also, one has the following reverse inequality 81):

(3.2) [Tt=> itﬁk,

forevery(ty,...,t,) € R, ifand only if all p;'s are negative except for exactly
one of them, ] and [L1].

SettingM,, (t) := tP*, o3, = pik anda, =1,k =1,...,m, in Theoren?.2,
we obtain immediately the following corollary:

1
Pm

Corollary 3.1. Letpy, ps, - .., pm # 0 be real numbers satisfying + - +-- -+
i = 1 and letx be any real-valued function defined Bff* and satisfying, for
every(ty,...,tm),

(3.3) 0 < pulty, .. tm) < 1.
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If all p;’s are positive (allp;’s are negative except for exactly one of them), then

(3.4) ;ﬁ <x§f; - zn: a;g’;) " (H Ty — Z 1T a:k)

=2 k=1
_Z(l_ ($1z o iBmz))
Z11 Tm1

% e _ Tk Generalized Inequalities for
Lk1 Indefinite Forms
1 Pk z

Tk1

k=1 k=1
Fathi B. Saidi
forall z, € Ry, k=1,...,m.

Dropping the last term in3(4), we obtain Corollary 1 off]: Title Page
CoroIIary 3.2. Letpy, pa,. .., pm # 0 be real numbers satisfying + L+ -+ Contents
-- =1 The inequality pp >

. < >
(3.5 H D, (1) H Tp1 — Z H T Go Back
k=1 =2 k=1
Close
holdsforallz, € R, , k =1,...,m, ifand only if allp,’s are positive (allp;’s Quit
are negative except for exactly one of them).

. . . . ] ] Page 12 of 15
Note that inequality %.4) is sharper than inequality3(5). Choosingu =

1, (3.4) gives (3.5. But any other choice ofi, satisfying @3.3), will give a o — Iy ————
sharper inequality. Of course, one may chopse:= 0 to obtain the sharpest http://jipam.vu.edu.au
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inequality from (3.4). But, by keeping: in (3.4), we give ourselves the freedom
of choosingu in such a way as to make the last term $14f as simple as
possible. This is a trade we have to make between the sharpness of inequality

(3.4) and its simplicity.

Finally, we note that inequalitied (1) and (L.2) are particular cases of in-

equality 3.5 and, consequently, of inequalit$.4).

We conclude by noting that from Pales’s papdrdnd from Losonczi’s pa-
pers [}] and [4] it follows that inequalities §.1) and @3.2), written in the form

[[te-1<>))_ 22— (t.ta,... . tm) €ER™,
k=1 =1 Pk

are equivalent to

(3.6) My, (H SUk) <(>) H M, (zr),n € N, 2, € RY,
k=1 k=1
k=1,2,...,m,
wherezy, := (zg1, Tr2, - - -, Trn), k= 1,2,...,m, and

hSA

Z741:1 % if p 7é 07
M"J’(x) = Mn,p(«rl, To, ... ’,’L‘n) = ( J >

Vrixe - x, If p=0.

Inequality 3.6) was completely settled by Péles, Eorollary on p. 464].
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