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Abstract
The main purpose of this note is to characterize the operators S € ker A4 pNC}
which are orthogonal to the range of elementary operators, where S is not a
smooth point in C; by using the p—directional derivative.
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Let £/ be a complex Banach space. We first define orthogonality.ikVe say
thatb € E is orthogonal ta: € E if for all complex A there holds

(1.1) la+ Abl[ = o]

This definition has a natural geometric interpretation. Narmiely; if and
only if the complex ling{a + \b | A € C} is disjoint with the open balk (0, ||a]|),
i.e, if and only if this complex line is a tangent one

Note that ifb is orthogonal ta:, thena need not be orthogonal tolf F is a
Hilbert space, then fronmil(1) follows (a, b) = 0, i.e, orthogonality in the usual
sense. This notion and first results concerning the orthogonality in linear metric
space was given by G. Birkhoff].

Next we define the von Neumann-Schatten clagsefl < p < o0). Let
B(H) denote the algebra of all bounded linear operators on a complex separable
and infinite dimensional Hilbert spaé¢é and letl” € B(H ) be compact, and let
s1(X) > s9(X) > --- > 0 denote the singular values &f i.e., the eigenvalues

of |T| = (T*T)% arranged in their decreasing order. The operatis said to
belong to the Schattgn-classeg’), if

171, = [Z s;(T)"

P
J=1

—[tr(TY]7, 1<p<o,

wheretr denotes the trace functional. Hen€g is the trace clasg}; is the
Hilbert-Schmidt class, and, is the class of compact operators with

1Tl = 51(T) = sup | Tf]|
=
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denoting the usual operator norm. For the general theory of the Schatttasses
the reader is referred ta .

Recall that the nornj- || of the B-spacé/ is said to be Gateaux differentiable
at non-zero elementsec V if

i Nl =zl _
R>t—0 t

Re D, (y),

for all y € V. HereR denotes the set of all realB¢ denotes the real part and
D, is the unique support functional (in the dual sp&c@ such that| D, || = 1
andD,(z) = ||z||. The Gateaux differentiability of the norm atimplies that

x is a smooth point of the sphere of radius||. It is well known (see [] and
references therein) that for< p < oo, C, is a uniformly convex Banach space.
Therefore every non-zefb € C, is a smooth point and in this case the support
functional of 7" is given by

TP UX*

DT(X> =tr —
(Ao

forall X € C, (1 < p < o), whereT' = U |T'| is the polar decomposition of
T.

In [1] Anderson proved that il is a normal operator on Hilbert spaég
thenAS = S A implies that for all bounded linear operat&rthere holds

(12) IS+ AX — XA| > [|S]|.

This means that the range of the derivation: B(H) — B(H) defined by
da(X) = AX — X Ais orthogonal to its kernel. This result has been generalized
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in two directions, by extending the class of elementary mappings

E:B(H)— B(H Z A; X B,
and .
E:B(H)— B(H);E(X)=Y AXB; - X,

=1
where(A4,, Ay, ..., A,), (B, Bs, ..., B,) aren—tuples of bounded operators S el o nereone
on H and by extending the inequality.@) to C,-classes with. < p < oo, see .

Salah Mecheri and

[ ]1 [ ]1 [ ] and [ ] Messaoud Bounkhel

The Gateaux derivative concept was used/i [5], [6], [€], [9] and [15]
and, in order to characterize those operators for which the range of a derivation

is orthogonal. In these papers, the attention was directég-tdasses for some Title Page
p> 1. Contents
The main purpose of this note is to characterize the operaters’; which pp >
are orthogonal to the range of elementary operators, wHesenot a smooth
point in C; by using thep-directional derivative. < 4
Recall that the operatd is a smooth point of the corresponding sphere in Go Back
C, if and only if eitherS'is injective orS™* is injective. ——
It is very interesting to point out that this result has been dorg, olasses
with 1 < p < oo but, at least to our acknowledge, it was not given, till now, for Quit
C,-classes. Page 5 of 15
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p-directional differentiable at non-zero elements V if

tePyll —
N e N

R>t—0

for all y € V. Therefore for every non-zer6 € C; which is not a smooth
point, the support functional df is given by

Dy (8) = Re {e“tr(U"Y)} + QY Pllc, ,

forall X € Cy, whereS = U |S| is the polar decomposition of, P = P, x,
Q - lerX*-
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Let ¢ : B(H) — B(H) be a linear map, that igi(aX + gY) = a¢(X) +
Bo(Y), for all a, 5, X, Y, and satisfying the following condition:

tr(Xo(Y)) =tr(¢p(X)Y), forall X, Y € C.
Let S € C; and put
U={X e B(H): p(X) e C}.
Letvy : U — C defined by
P(X) =5+ o(X).
Theorem 2.1.[17] Let V € (4. Then,
15+ ¢(X)lley = 19(S) ey, forall X e ¢,

if and only ifU* € ker ¢, wherey(V) = Ul (V)].

As a first consequence of this result we have the following theorem.

Theorem 2.2.Let S € C Nker ¢. The following assertions are equivalent:

1.
15+ o(X)lley = [|S]ley, forall X e €,

2. U* € ker ¢, whereS = U|S)|.
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Our main purpose in this paper is to use the general result in Thebiem
order to characterize all those operatdrg C N ker ¢ which are orthogonal
to Ran(¢ | C4) (the range ob | C;) wheng is one of the following elementary
operators:

1. Eap: B(H) — B(H) defined by

Eap(X)=> AXBi - X,

i=1

Some Variants of Anderson’s

whereA = (A, Ay, ..., A,) andB = (By, Bs, ..., B,) aren-tuples of Inequality in  C; —Classes
operators inB(H ).

Salah Mecheri and

2. Ay p: B(H) — B(H) defined by Messaoud Bounkhel
Aup(X)=AXB - X,

Title Page
whereA and B are operators i3 (H ). Contents
3. 6045 : B(H) — B(H) is defined by <« >
o4p(X)=AX — XB, < S
whereA and B are operators i3 (H). Go Back
4. Eyp: B(H) — B(H) is defined by Close
Eyp(X) = Z A X B; Qut
i1 Page 8 of 15

whereA = (A, Ay, ..., A,) andB = (B4, Bs, ..., B,,) aren -tuples of
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Note that all the elementary operators recalled above satisfy the assumptions
assumed on our abstract general map

Let us begin by proving our main results for the elementary operator

Theorem 2.3.LetA = (A, Ay, ..., A,), B = (B, Bs, ..., B,) ben-tuples of
operators inB(H) such that

ker E4 g|Cy C ker Ey« p<|Ch.

Assume that Some Variants of Anderson’s
Inequality in C;—Classes
CA* * A CR* * Salah Mecheri and
(1) Y AA<L Y AA<L ) BB <land) BB <1 e
i=1 i=1 =1 i=1
and letS = U |S| € C,. ThenS € ker E4 p if, and only if, Title Page
1S+ Eas(X)|, = [IS]; . Contents
forall X € C,. « dd
. < 2
Proof. Let S € ker E4 5|Cy. Then it follows from Theoren2.1that
Go Back
2.2 Eis(X)|, >
(22) IS + Ean(X)ll, > 1IS], o
forall X e ¢, if and only if U* € ker E4p. The hypothesiker E4 5 C Quit
ker E 4« g+, implies thatU* € ker E4« g+-. Note thatU* € ker E,p C E————
ker E4- g+ if and only if age o
(23) tT(U*EA7B(X)) — O — tT(U*EA*7B* (X)) J. Ineq. Pure and Appl. Math. 4(1) Art. 24, 2003
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ChoosingX € (] to be the rank one operator y it follows from (2.3) that if

(2.2) holds then
=1
= (Z BU" Az, y) — (Utzy) =0
=1

and
(Z BJU*A;-*fc,y> — (Urz,y) =0
i=1

forall z,y € H or

It is known that if}""  B,Bf <1, > BfB; < landEpp(S) = 0 =

E% 5(9), then the eigenspaces corresponding to distinct non-zero eigenvalues

of the compact positive operat#|” reduces eacl; see (B, Theorem 8], [ 5,
Lemma 2.3]). In particulafS| commutes with each; for all 1 < i < n. Hence
(2.2) holds if and only if,

Ex5(S) =0=E} g(5).

]

Now, we prove a similar result for the operatdr, 5. Note that in this case

we don’t need the conditior2(1).
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Theorem 2.4.Let A and B be two operators irB(H) such that

ker Ay g|Cy C ker Ay« p«|Cy

and assume thaf = U |S| € C4. ThenS € ker A, 5|C; if and only if,

(2.4) 15+ Aas(X)l; = 151,

forall X e C;.

Proof. Let S € ker A, 5|Cy. Then it follows from Theoren2.1that
1S+ Aa (X)), = [IS]];,

forall X € ¢ ifand only if U* € ker A, . By the same arguments as in the
proof of the above theorem, it follows th&t.§) holds if and only if

AUB=U=A"UB* or B'U'A*=U"= BU"A.

Multiplying at right by |S| we get

(2.5) AUB|S| = U|S| = A*UB*|S).

Now asS € ker Ay p|Cy C ker Ay« g-|Ch, i.e.,
ASB=S=A*SB*A or B*S*A*=S5"= BS*A,

then
BS*S = BS*ASB = S*SB, i.e.,,B|S| = |S|B.
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We also getd|S| = |S|A4, that is, both operatord and B commute with|S]|.
Thus, @.5) is equivalent to

AU|S|B =U|S| = A*U|S|B*, ie.,ASB=S=A"SB".
ThusS € ker Ay p. O

Remark 2.1. The above theorem is still true if we consider instead\afg
the generalized derivatio, 5(X) = AX — X B. Itis still possible to char-
acterize the operator§ € ker ¢4 5 N C; which are orthogonal tdvan(¢ 5),

Some Variants of Anderson’s

whereg, p = AXB + CXD. In [15] Shulman stated that there exists a nor- Inequality in  C1 —Classes
mally represented elementary operator of the foxni , A, X B; with n > 2 R
such that ast’ > 1, i.e. the range and the kernel have non trival intersec- Messaoud Bounkhel
tion. Hence Theorerfi.1 does not hold in the case whekg,  is replaced by
bap =3 AXB; Title Page
Corollary 2.5. Let A, B be normal operators itB(H) and letS = U |S| € C. -
ThenS € ker Ay g, if and only if,
44 44

||‘S(_|'AA7B<AX)H1Z HSHl? < >
forall X e C;. Go Back
Proof. If A, B are normal operators the Putnam-Fuglede theorem ensures that Close
ker Ay p C ker A% 5 [ Quit

’ ul

Corollary 2.6. Let A, B in B(H) be contractions and le§ = U |S| € (.

P 12 of 15
Thens € ker A g, if and only ff, age teo

HS + AA,B<X) ||1 2 HS”l , J. Ineq. Pure and Appl. Math. 4(1) Art. 24, 2003
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forall X € C;.

Proof. It is known [14, Theorem 2.2] that ifA and B are contractions anfl €
Cy, thenker A4 p C ker A% 5 and the result holds by the above theorem(]

Remark 2.2. The above corollaries still hold true when we considgrs in-
stead ofA 4 5.
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