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Abstract

In this paper, a class of inequalities for products of positive numbers are gener-
alized.
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1. Introduction and Main Results
In 1987, H.-Sh. Huang [2] proved the following algebraic inequality for prod-
ucts:

(1.1)
n∏

i=1

(
1

xi

+ xi

)
≥
(

n +
1

n

)n

,

wherex1, x2, . . . , xn are positive real numbers with
∑n

i=1 xi = 1.
In 2002, X.-Y. Yang [4] considered an analogous form of inequality (1.1)

and posed an interesting open problem as follows.

Open Problem.Assumex1, x2, . . . , xn are positive real numbers with
∑n

i=1 xi =
1 for n ≥ 3. Then

(1.2)
n∏

i=1

(
1

xi

− xi

)
≥
(

n− 1

n

)n

.

In [1], Ch.-H. Dai and B.-H. Liu gave an affirmative answer to the above
open problem.

In this article, by using the arithmetic-geometric mean inequality, inequali-
ties (1.1) and (1.2) are refined and generalized as follows.

Theorem 1.1. Let x1, x2, . . . , xn be positive real numbers with
∑n

i=1 xi = k
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andk ≤ n, wherek andn are natural numbers. Then we have form ∈ N

n∏
i=1

(
1

xm
i

+ xm
i

)
≥
(

nm

km
+

km

nm

)n
(

n∏
i=1

nxi

k

)m(k2m−n2m)

k2m+n2m

(1.3)

≥
(

nm

km
+

km

nm

)n

.

Theorem 1.2. Let x1, x2, . . . , xn be positive real numbers with
∑n

i=1 xi = k
for k ≤ 1 andn ≥ 3. Then form ∈ N we have

n∏
i=1

(
1

xm
i

− xm
i

)
≥
(

nm

km
− km

nm

)n
(

n∏
i=1

nxi

k

)m
n
−m

3

(1.4)

≥
(

nm

km
− km

nm

)n

.

Remark 1.1. Choosingm = 1 andk = 1 in Theorem1.1and Theorem1.2, we
can obtain inequalities(1.1) and (1.2) respectively.
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2. Lemmas
To prove Theorem1.1and Theorem1.2, we will use following lemmas.

Lemma 2.1. Letx1, x2, . . . , xn be positive real numbers with
∑n

i=1 xi = 1 and
n ≥ 3. Then

(2.1)
n∏

i=1

(
1

xi

− xi

)
≥
(

n− 1

n

)n
[

n∏
i=1

(nxi)

] 1
n
− 1

3

.

Proof. From the conditions of Lemma2.1and by using the arithmetic-geometric
mean inequality, we have for1 ≤ p, q ≤ n andp 6= q

(1− xp)(1− xq) = 1− xp − xq + xpxq(2.2)

=
∑
k 6=p,q

xk + xpxq

=
∑
k 6=p,q

xk

n
+ · · ·+ xk

n︸ ︷︷ ︸
n

+ xpxq

≥ [n(n− 2) + 1]

[∏
k 6=p,q

(xk

n

)n

xpxq

] 1
n(n−2)+1

= (n− 1)2

[(
1

n

)n(n−2)
(∏

k 6=p,q

xk

)n

xpxq

] 1
(n−1)2
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= (n− 1)2

(
1

n

)n(n−2)

(n−1)2

(
n∏

k=1

xi

) n
(n−1)2

(xpxq)
1

1−n

then

(2.3)
n∏

i=1

(1− xi) ≥ (n− 1)n

(
1

n

)n2(n−2)

2(n−1)2

(
n∏

i=1

xi

)n2−2n+2

2(n−1)2

.

By the arithmetic-geometric mean inequality, we obtain

n∏
i=1

(1 + xi) =
n∏

i=1

 1

n
+ · · ·+ 1

n︸ ︷︷ ︸
n

+xi


≥

n∏
i=1

{
(n + 1)

[(
1

n

)
nxi

] 1
n+1

}

= (n + 1)n

(
1

n

) n2

n+1

(
n∏

i=1

xi

) 1
n+1

.

(2.4)

Utilizing (2.3) and (2.4) yields
n∏

i=1

(
1

xi

− xi

)
(2.5)

=

[
n∏

i=1

(1− xi)

][
n∏

i=1

(1 + xi)

]
n∏

i=1

1

xi
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≥ (n− 1)n(n + 1)n

(
1

n

)n2(n−2)

2(n−1)2
+ n2

n+1

(
n∏

i=1

xi

)n2−2n+2

2(n−1)2
+ 1

n+1
−1

=

(
n− 1

n

)n
[

n∏
i=1

(nxi)

]−n3+3n2−2n+2

2(n+1)(n−1)2

.

From the arithmetic-geometric mean inequality and
∑n

i=1 xi = 1 for n ≥ 3,
we have

(2.6) 0 <
n∏

i=1

(nxi) ≤

(
n∑

i=1

xi

)n

= 1.

Sincen ≥ 3, it follows that

−n3 + 3n2 − 2n + 2

2(n + 1)(n− 1)2
=

1

n
− 1

3
− n(n− 3) (n2 + 2n + 8) + 10n + 6

6n(n + 1)(n− 1)2

<
1

n
− 1

3
≤ 0.

Therefore, by the monotonicity of the exponential function, we obtain

(2.7)

[
n∏

i=1

(nxi)

]−n3+3n2−2n+2

2(n+1)(n−1)2

≥

[
n∏

i=1

(nxi)

] 1
n
− 1

3

.

Combining inequalities (2.5) and (2.7) leads to inequality (2.1).
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Lemma 2.2. Letx1, x2, . . . , xn be positive real numbers with
∑n

i=1 xi = 1 for
n ≥ 3 andm a natural number. Then

(2.8)
n∏

i=1

(
1

xm
i

− xm
i

)
≥
(

nm − 1

nm

)n
[

n∏
i=1

(nxi)

]m
n
−m

3

.

Proof. Using the arithmetic-geometric mean inequality, we obtain

m−1∑
j=0

x2j
i =

m−2∑
j=0

 x2j
i

n2(m−j−1)
+ · · ·+ x2j

i

n2(m−j−1)︸ ︷︷ ︸
n2(m−j−1)

+ x2m−2
i

≥

[
m−1∑
j=0

n2j

]x
2(m−1)
i

m−2∏
j=0

(
x2j

i

n2(m−j−1)

)n2(m−j−1)


∑m−1
j=0 n2j

=
n2m − 1

n2(m−1)(n2 − 1)
(nxi)

∑m−1
j=0

[2(m−j−1)]n2j∑m−1
j=0

n2j
.

(2.9)

Hence

1

xm
i

− xm
i =

(
1

xi

− xi

)
x1−m

i

m−1∑
j=0

x2j
i

≥
(

1

xi

− xi

)
x1−m

i

n2m − 1

n2(m−1)(n2 − 1)
(nxi)

∑m−1
j=0

[2(m−j−1)]n2j∑m−1
j=0

n2j

=

(
1

xi

− xi

)
n2m − 1

nm−1(n2 − 1)
(nxi)

(m−1)
∑m−1

j=0
n2j−

∑m−1
j=1

2jn2j∑m−1
j=0

n2j
,

(2.10)
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and then

(2.11)
n∏

i=1

(
1

xm
i

− xm
i

)

≥ nn(1−m)

[
n2m − 1

n2 − 1

]n
[

n∏
i=1

(
1

xi

− xi

)][ n∏
i=1

(nxi)

] (m−1)
∑m−1

j=0
n2j−

∑m−1
j=1

2jn2j∑m−1
j=0

n2j

.

In the following, we prove that forn ≥ 3

(2.12)
(m− 1)

∑m−1
j=0 n2j −

∑m−1
j=1 2jn2j∑m−1

j=0 n2j
≤ (m− 1)

(
1

n
− 1

3

)
.

Form = 1, the equality in (2.12) holds. Form ≥ 2, we have

(m− 1)
∑m−1

j=0 n2j −
∑m−1

j=1 2jn2j∑m−1
j=0 n2j

− (m− 1)

(
1

n
− 1

3

)
(2.13)

=
(m− 1)

(
4
3
− 1

n

)∑m−1
j=0 n2j −

∑m−1
j=1 2jn2j∑m−1

j=0 n2j

=
(m− 1)

(
4
3
− 1

n

)∑m−2
j=0 n2j −

∑m−2
j=1 2jn2j∑m−2

j=0 n2j

−
(m− 1)

(
1
n

+ 2
3

)
n2(m−1)∑m−2

j=0 n2j
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=
(m− 1)

[
n2(m−1)−1

n2−1

(
4
3
− 1

n

)
−
(

1
n

+ 2
3

)
n2(m−1)

]
−
∑m−2

j=1 2jn2j∑m−2
j=0 n2j

<
(m− 1)

[
1
8

(
4
3
− 1

n

)
n2(m−1) −

(
1
n

+ 2
3

)
n2(m−1)

]
−
∑m−2

j=1 2jn2j∑m−2
j=0 n2j

=
(m− 1)

(
− 9

8n
− 1

2

)
n2(m−1) −

∑m−2
j=1 2jn2j∑m−2

j=0 n2j

< 0.

Hence inequality (2.12) holds.
Considering inequality (2.6) and the monotonicity of the exponential func-

tion and combining inequality (2.11) with (2.12) reveals

(2.14)
n∏

i=1

(
1

xm
i

− xm
i

)

≥ nn(1−m)

(
n2m − 1

n2 − 1

)n
[

n∏
i=1

(
1

xi

− xi

)][ n∏
i=1

(nxi)

](m−1)( 1
n
− 1

3)

.

Substituting inequality (2.1) into (2.14) produces
n∏

i=1

(
1

xm
i

− xm
i

)
≥ nn(1−m)

(
n2m − 1

n2 − 1

)n(
n− 1

n

)n

(2.15)

×

[
n∏

i=1

(nxi)

] 1
n
− 1

3
[

n∏
i=1

(nxi)

](m−1)( 1
n
− 1

3)
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=

(
nm − 1

nm

)n
[

n∏
i=1

(nxi)

]m( 1
n
− 1

3)

.

The proof is complete.

Lemma 2.3. Letx1, x2, . . . , xn be positive real numbers with
∑n

i=1 xi = k ≤ 1
for n ≥ 3. Then for any natural numberm, we have

(2.16)
n∏

i=1

(
1

xm
i

− xm
i

)
≥
(

nm − 1

nm

)−n(
nm

km
− km

nm

)n n∏
i=1

(
km

xm
i

− xm
i

km

)
.

Proof. It is easy to see that

(2.17)
n∏

i=1

(
1

xm
i

− xm
i

) n∏
i=1

(
km

xm
i

− xm
i

km

)−1

= knm

n∏
i=1

1− x2m
i

k2m − x2m
i

.

Define

(2.18) f(x) = ln
1− x2m

k2m − x2m

for x ∈ (0, k), m ≥ 1 andk ≤ 1. Direct calculation shows that

(2.19) f ′(x) =
2m(1− k2m)x2m−1

(1− x2m)(k2m − x2m)
,
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f ′′(x) =
2mx2(m−1)(1− k2m)

(1− x2m)2(k2m − x2m)2
[(2m− 1)(1− x2m)(k2m − x2m)(2.20)

+ 2mx2m(k2m − x2m + 1− x2m)]

≥ 0.

This means thatf is convex in the interval(0, k). Using Jensen’s inequality [3],
we obtain

(2.21)
1

n

n∑
i=1

ln
1− x2m

i

k2m − x2m
i

≥ ln
1− [ 1

n

∑n
i=1 xi]

2m

k2m −
[

1
n

∑n
i=1 xi

]2m

for any0 < xi < k ≤ 1 andi ∈ N. Using
∑n

i=1 xi = k in (2.21), it follows that

(2.22)
n∏

i=1

1− x2m
i

k2m − x2m
i

≥

(
1− k2m

n2m

k2m − k2m

n2m

)n

,

therefore

(2.23) knm

n∏
i=1

1− x2m
i

k2m − x2m
i

≥
(

nm − 1

nm

)−n(
nm

km
− km

nm

)n

.

Substituting (2.17) into (2.23) leads to (2.16). The proof is complete.
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3. Proofs of Theorems
Proof of Theorem1.1. Using the arithmetic-geometric mean inequality, we ob-
tain

1

xm
i

+ xm
i =

1

n2mxm
i

+ · · ·+ 1

n2mxm
i︸ ︷︷ ︸

n2m

+
xm

i

k2m
+ · · ·+ xm

i

k2m︸ ︷︷ ︸
k2m

≥ (n2m + k2m)

[(
1

n2mxm
i

)n2m (
xm

i

k2m

)k2m
] 1

k2m+n2m

= (n2m + k2m)
(
k−2mk2m

n−2mn2m

xmk2m−mn2m

i

) 1
k2m+n2m

,

(3.1)

therefore

(3.2)
n∏

i=1

(
1

xm
i

+ xm
i

)

≥
(
n2m + k2m

)n (
k−2mk2m

n−2mn2m
) n

k2m+n2m

(
n∏

i=1

xi

)m(k2m−n2m)

k2m+n2m

,

that is

(3.3)
n∏

i=1

(
1

xm
i

+ xm
i

)
≥
(

nm

km
+

km

nm

)n
(

n∏
i=1

nxi

k

)m(k2m−n2m)

k2m+n2m

.
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From
∑n

i=1 xi = k and the arithmetic-geometric mean inequality, it follows
that

(3.4)
n∏

i=1

nxi

k
≤

(
n∑

i=1

xi

k

)n

= 1,

and then, consideringk ≤ n, we have

(3.5)

(
nm

km
+

km

nm

)n
(

n∏
i=1

nxi

k

)m(k2m−n2m)

k2m+n2m

≥
(

nm

km
+

km

nm

)n

.

Inequality (1.3) is then deduced by combining (3.3) and (3.5). This completes
the proof of Theorem1.1.

Proof of Theorem1.2. Applying
∑n

i=1
xi

k
= 1 to Lemma2.2, we have

(3.6)
n∏

i=1

(
km

xm
i

− xm
i

km

)
≥
(

nm − 1

nm

)n
(

n∏
i=1

nxi

k

)m
n
−m

3

.

Substituting inequality (3.6) into Lemma2.3gives

n∏
i=1

(
1

xm
i

− xm
i

)
≥
(

nm − 1

nm

)−n(
nm

km
− km

nm

)n n∏
i=1

(
km

xm
i

− xm
i

km

)

≥
(

nm

km
− km

nm

)n
(

n∏
i=1

nxi

k

)m
n
−m

3

.

(3.7)
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Since

(3.8) 0 <
n∏

i=1

nxi

k
≤

(
n∑

i=1

xi

k

)n

= 1

and m
n
− m

3
≤ 0, we have

(3.9)

(
nm

km
− km

nm

)n
(

n∏
i=1

nxi

k

)m
n
−m

3

≥
(

nm

km
− km

nm

)n

.

Combining (3.7) and (3.9), we immediately obtain inequality (1.4). This com-
pletes the proof of Theorem1.2.
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