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Abstract

In this paper, a class of inequalities for products of positive numbers are gener-
alized.
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In 1987, H.-Sh. Huang’] proved the following algebraic inequality for prod-
ucts:

(1.1) 11 (xi +a:i) > <n+ %)n

=1
wherezy, x,, ..., z,, are positive real numbers wifh)" | z; = 1.
v . N . . Generalizations of a Class of
In 2002, X.-Y. Yang J]] considered an analogous form of inequalify1j Inequalities for Products

and posed an interesting open problem as follows. ,
Shan-He Wu and Huan-Nan Shi

Open Problem. Assumey, x, . . ., z,, are positive real numbers with’" | z; =
1 forn > 3. Then Title Page
"1 1\" Contents
(1.2) H (— — a:l) > <n — —) .
i1 \ i n 44 42
4 | 4

In [1], Ch.-H. Dai and B.-H. Liu gave an affirmative answer to the above
open problem. Go Back
In this article, by using the arithmetic-geometric mean inequality, inequali-

. . : Close
ties (L.1) and (L.2) are refined and generalized as follows.
Quit
Theorem 1.1. Letxy, o, ..., =, be positive real numbers with"” | z; = k&
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andk < n, wherek andn are natural numbers. Then we have fare N

m(ka_nQ’m)

La! . nm k" (oo T

i=1 \7i i=1
S n™m N EmA\"
—\km nm)

Theorem 1.2.Letzy, zo, ..., z,, be positive real numbers with'!"  x; = k
for £ < 1andn > 3. Then form € N we have

m_ m

co ()= (5-5) ()

=1 =1
()
> ——-— .
—\ k™ nm
Remark 1.1. Choosingn = 1 andk = 1 in Theoreml.1and Theorem..2, we
can obtain inequalitie$1.1) and (1.2) respectively.
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To prove Theorem.1and Theoreni.2 we will use following lemmas.

Lemma 2.1. Letxy, zo, .. ., x, be positive real numbers with)}" | z; = 1 and
n > 3. Then

(2.1) :1 (xl - x) > (n - %)n [; (nwi)]

K2 K3

1
n

1
3

Proof. From the conditions of Lemnia 1and by using the arithmetic-geometric
mean inequality, we have far< p,q < n andp # ¢

22) (1—-z,)1—2zy)=1—2,—x,+ xp24
= Z Tk + Tpy

k#p,q

x x
k#p,q

n

> [n(n —2) +1]

1
(wk)n n(n—2)+1
| | — Ty
n p~q

k#p,q

1 n(n—2) n ﬁ
= (n — 1)2 (E) H Tk TpZy
k#p,q
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n-z o\ iy
1) -1 (=) 1
=17 (1) (H ) (1)
k=1

then

2
n2(n72) n<—2n+2

(2.3) ﬁ (1—) > (n—1)" <l) 212

. n
=1

By the arithmetic-geometric mean inequality, we obtain

n

- 1 1
E(1+xi):g T

n

(2.4) >ﬁ{n+1 {(1)%}}

2 1

— (1) (%) - (f[l x) o

Utilizing (2.3) and @.4) yields

(2.5) H <$l — x)

n 2(n—1)2
=)
=1
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2
ng(n72) 2 n 72n+2+ 19

1)\ 2r—1)2 AT n 2(n—1)2 " ntl
>(n—1)"(n+1)" (ﬁ) (H Iz>
=1

—n3+3n2 —2n+2

n ] 2(nt1)(n—1)2

From the arithmetic-geometric mean inequality 31{ | z; = 1 for n > 3,

we have

(2.6) 0< H (nx;) < (i: xl> = 1.

i=1
Sincen > 3, it follows that

—n®+3n° —2n+2
2n+1)(n—-1)2

n(n—3)(n*+2n+8)+10n + 6
6n(n+1)(n —1)2

Therefore, by the monotonicity of the exponential function, we obtain

7n3+3n2 —2n+2

n 2(n+1)(n—1)2 n

i=1 =1

3=
ol

Combining inequalities4.5) and @.7) leads to inequality4.1).
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Lemma 2.2. Letzy, xs, . .., x, be positive real numbers with_ | z; = 1 for

n > 3 andm a natural number. Then

(2.8) lj (xim —x;n> > (nm _ nim)n ilj(na:i) o

Proof. Using the arithmetic-geometric mean inequality, we obtain

. m—1_2j
n2(m—j—1) Zj:O n

29 m—1 m—2 2j
(2:9) S n2| | 2m=1D H L
= | < i | n2(m—j—1)
Jj=0 Jj=0
> H2(m =12
an -1 7=0

= 77161 n23

= ] (nz;) i

Hence

T 2(m—j—1)In

i p2m=1)(n2 — 1)(

_ m—1 25 m—1,. 25
(m 1)2]':0 n Zj:l 2jn

Sity n%

2m
(2.10) > <i _ xl> plem M T 1 nz;) S n2i
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and then

(2.11) ﬁ (mim - x;">

_ m—1 25 m—1,. 27
(m I)Zj:(J n Zj:l 2jn

s (S22 T (2 )] [fTe)

i=1 =1

In the following, we prove that fon > 3

(2.12)

m— 1) p2 STl g2
( )ZJ_O 23_1 .] S (m_ 1) <1

Yo

Form = 1, the equality in .12 holds. Form > 2, we have

(2.13) (m— 1) 30y n® — 3700 2jn¥ m—1) (1 1)

S n no 3
(m—1) (5 — ) X5 n™ = Y7 2jn¥
- X0
_ (m—1) (5 - 3) 37 n¥ - S 20
i n
_m =G+ F)ntmY
>y
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(m = 1) 5= (5= ) = G+ ) ] - S 2

n2—1 n
= m—2_ 9
ijo n
1 /(4 1 2(m—1 1 2 2(m—1 m—=2¢ . 2j
- (m—1) [§ (5 — ) ?" Y = (5 +3) n?" V] = 3007250
Yo
= 1) (- - Y — e
Yty
Generalizations of a Class of
< 0. Inequalities for Products
Hence inequalityZ.12) holds. Shan-He Wu and Huan-Nan Shi
Considering inequality4d.6) and the monotonicity of the exponential func-
g Ineq y y p
tion and combining inequality?(11) with (2.12) reveals Title Page
. 1 Contents
2.14 — =z
SRR
i=1 4 44 | 4
n n (mfl)(ffé)
a1 [P =1\ 1 " < >
> )(n2—1> H(x——xl) H(na:,) :
i=1 ¢ i=1 Go Back

Substituting inequality4.1) into (2.14) produces Close

& 1 2m _ 1\" 1\" .
215 [] (_m _ I;n) g (n - ) (n . _) Quit
i e " Page 10 of 16
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The proof is complete. O]

Lemma 2.3.Letzy, zo, .. ., z, be positive real numbers with | z; =k <1
for n > 3. Then for any natural numben, we have

u 1 Generalizations of a Class of
(2-16) H (_m - xzm) Inequalities for Products
im1 \ i
1 _n m jom non fom m Shan-He Wu and Huan-Nan Shi
n i
N YL E— - .
(=) (i) T(E-5) .
=1 Title Page
Proof. It is easy to see that Contents
"o/ nogm em T n — p2m <44 (33
2.17 S— o) = [ —
e (G- (F-5) e 1
Define Go Back
)18 _1 1 — 2m Close
(2.18) f@) =l Quit
forz € (0,k), m > 1 andk < 1. Direct calculation shows that Page 11 of 16
2m(1 — kQW)IQm_l J. Ineq. Pure and Appl. Math. 5(3) Art. 77, 2004
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2ma?m=D(1 — k™)
(1 — 22m)2(f2m — g2m)2
+ 2ma®™ (™ — 2™ 4+ 1 — 2%™)]

(2.20) f"(z) = [(2m — 1)(1 — &™) (K" — 2*™)

> 0.

This means thaf is convex in the interval0, k). Using Jensen’s inequality],
we obtain

1—96 1—[12 13%]
2.21 — — > 1 e

2m
zl 1:|

forany0 < z; < k < 1landi € N. Usingzz;l x; = kin (2.21), it follows that

(2.22) 1T o 2 | e |
i=1 v n2m
therefore
i 1\ " /n™ k™\"
2.23 ol ———— > (™ - — oo
Substituting 2.17) into (2.23 leads to £.16). The proof is complete. O
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Proof of Theoreni..1. Using the arithmetic-geometric mean inequality, we ob-

tain
1 1 1 xn i
— + I = + ot —
" ! n2mgn n2mgn - k2m k2m
7’;2:" ka
1
2m k.2m "2M p2m
(3-1) om o 1 " :L’;n RS Generalizations of a Class of
> (n +k ) 5 2mm L2m Inequalities for Products
(2
1 Shan-He Wu and Huan-Nan Shi
_ (n2m + ka) (k—2mk2mn—?mn2mxmk2m—mn2m> E2m 4 n2m
1 Y
Title Page
therefore
Contents
(1 . «“ 3
im1 \i 4 4
m(EQm_32m>
e T kST AT Go Back
n _ 2m 2m Kk2mn2m
> (n2m 4 k2m) (k 2mk?m, —2mn ) + H 2 ’
il Close
thatis Quit
Page 13 of 16
7n(k2m7n2m)
u 1 nm o k" () T
3
(33) H <_m + :C:n) Z (_m _m) H J. Ineq. Pure and Appl. Math. 5(3) Art. 77, 2004
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From>_" , z; = k and the arithmetic-geometric mean inequality, it follows
that

(3.4)

nn:ci nl'i "

and then, considering < n, we have

nl(kZm_an)

nm N\ (Leona | n™  Em™\"
oo > ()
<km+nm) (g p ) = (km+nm)

Inequality (L.3) is then deduced by combining.@) and @.5. This completes
the proof of Theorem..1 ]

(3.5)

Proof of Theoremi.2. Applying > | % = 1 to Lemma2.2, we have

L_m
3

n Em :n - 1 n n . %_
H(ﬁ_i_m>2<” —n—m) (an>

i=1 ¢ =1

(3.6)

Substituting inequality3.6) into Lemma2.3 gives
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Since

(3.8) 0<]] ”]‘:
=1

and® — 7 <0,we have

n

o (fn-) (I

=1

pletes the proof of Theorem?2

nr;

k

X

nm

km

km

nm

)

Combining 8.7) and @.9), we immediately obtain inequalityL.(4). This com-

O
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