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1. Introduction

In harmonic analysis, the uncertainty principle states that a function and its Fourier
transform cannot be simultaneously sharply localized. A quantitative formulation
of this fact is provided by the Heisenberg uncertainty principle, which asserts that
every square integrable functignon R verifies the following inequality

(1.1) (/_:O x2|f(x)|2dac) (/_:o AQI?(A)PdA) > i (/_:O a:2|f(:c)!2d;c>2,

where
- 1

+o0
o= [ s

is the classical Fourier transform.

Generalizations of this result in both classical and quantum analysis have been
treated and many versions of Heisenberg-Weyl type uncertainty inequalities were
obtained for several generalized Fourier transforms (Se€14], [10]).

In [2], by the use of th@?-analogue differential operator studied irl], Bettaibi
et al. introduced a new-analogue of the classical Dunkl operator and studied its
related Fourier transform, which isgganalogue of the classical Bessel-Dunkl one
and called the-Dunkl transform.

The aim of this paper is twofold: first, we prove a Heisenberg uncertainty princi-
ple for theq-Dunkl transform and next, we state for this transform two local uncer-
tainty principles leading to a neyrHeisenberg-Weyl type inequality.

This paper is organized as follows: in Sectidnwe present some preliminary
notions and notations useful in the sequel. In Sectiome recall some results and
properties from the theory of theDunkl operator and the-Dunkl transform (see
[2]). Section4 is devoted to proving a Heisenberg uncertainty principle forgthe
Dunkl transform and as consequences, we obtain Heisenberg uncertainty principles
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for the ¢>-analogue Fourier transformi2, 11] and for theq-Bessel transform2].
Finally, in Sectiorb, we state, for thg-Dunkl transform, two local uncertainty prin-
ciples, which give a new Heisenberg-Weyl type inequality forgi@unkl transform.
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2. Notations and Preliminaries

Throughout this paper, we assumec]0, 1[, and refer to the general referen& [
for the definitions, notations and properties of thashifted factorials and the-
hypergeometric functions.

We writeR, = {£¢" : n € Z}, R, + = {¢" : n € Z},
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21)  0,(f)(z) =
lir% 0 (f)(x) (in R,) if z=0. Gt
cer . 44 44
We remark that iff is differentiable at, thenlim, ., 9,(f)(2) = f'(2).
A repeated application of thg-analogue differential operator is denoted by: < 4
n n P 5 0of 22
Nf =1 O f =0, 1). —
Go Back
The following lemma lists some useful computational properties, of -
Full Screen
Lemma 2.1.
Close

1. For all functionsf onR,,

8qf(2) _ fe(q_lz) - fe(2> fo<2> — fo(qz) :2Upr3?e gnlgeaqpupq"gdes

(1-q)z (1-q)z ~’ mathematics
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2. For two functionsf andg onR,, we have
e if fis evenand is odd,

0,(f9)(2) = q0,(f)(q2)g(2) + f(qz)9,(9)(2)
)

= 04(9)(2) f(2) + a9(q2)9,(f)(g2);
* if J andg are even, e
Ahmed Fitouhi, Ferjani Nouri
9y(f9)(2) = 94(F)(2)g(q™"2) + F(2)0,(9)(2). 2t Sana Guesm
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[11, 12])
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provided the sums converge absolutely.
Theg-Gamma function is given by (se8]]

(4 @)oo -
D(2) = 222 (1 — ¢)t 7, r#0,—1,-2, ...
q( ) (4%; q>oo< q) £
e S,(R,) the space of functiong defined orR, satisfying

Pomg(f) = sup 2™ f ()| < +oo
z€ERy

Vn,m € N,

and
im0 f(x) (in R,) exists

z—0 ¢
o LR = {1 [f g = suser, |£(@)] < o0}
d Lg,q(RQ) = {f : Hf“p,a,q = (f_oooo ‘f(l’)’p’l"%y—i_ldql'); < oo} ;

o L) = {1 Wl = (2 FG@P I d0) < o).

For the particular case = 2, we denote by-; -) the inner product of the Hilbert
spaceL?, ,(R,).
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3. The ¢-Dunkl Operator and the ¢-Dunkl Transform

In this section, we collect some basic properties of ¢Haunkl operator and the
g-Dunkl transform introduced ir2] which will useful in the sequel.
Fora > —%, theg-Dunkl operator is defined by
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Aaq(f)(@) = 04 [Ha ()] () + [2a + 1],
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Ha,q : f = fe + fo L fe + q2a+1f0‘
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It satisfies the following relations:

e Fora=—3,A0g =0, Title Page
o A, ,livesS,(R,) invariant. Contents
o If fisodd them\, ,(f)(z) = ¢***'9,f(x) + [2a+1],2 and if f is even then A 44

Aag(f)(@) = 0y f (). < >
e Foralla € C, A, 4[f(ar)] = al,4(f)(ax). Page 8 of 22
e For all f andg such that/">* A, ,(f)(2)g(z)|z|>**'d,x exists, we have Go Back
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AT
2a + 2],
is the unique solution of the-differential-difference equation:

{ Aa,q(f) = iAf
f(0) =1,

wherej, (+; ¢*) is the normalized third JacksonjsBessel function given by

(3.2) V9 Jo (A ) + Jar1(AT; ¢°)

0 n(n+1)

R N 1) g
B3 alnd) = 2V G e

The functiony{"!(x), has a unique extension © x C and verifies the following
properties.

(1= q)z)™

o Yox (2) = 93" (ax) = ¥g1(N),  Va,z,A € C.

ax

e Forallz, A e R,,

(3.4) 2 (@) <

(¢ @)oo
The¢-Dunkl transforms7)? is defined orL}, (R,) (see P]) by

+oo

FRHO) =52 [ fapei@)lal* d,a,

where
(I +q)

T Ta(a+1)
It satisfies the following properties:
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e Fora = —3, Fy? is theg®-analogue Fourier transforify; ) given by (see

[12,11])
Fn ) = (1+—Q)1/2 +°0 (z)e(—idz; ¢*)d,x
REETFICY o
¢ On the even functions spack;* coincides with thej-Bessel transform given
by (See 2]) Uncertainty Principles for
400 the g-Dunkl Transform
Foa NN = g [ S@)ia(Oai)a™ e e

vol. 10, iss. 2, art. 42, 2009
e Forallf e L} (R,), we have:

ey 2604, Title P.
(3.5) 1E5 (Dl < ot kb
1470 Contents

e Forallf e L (R,),suchthatf € L] (R,), <« >
(3.6) Fp'(Aagf)(A) = iAFR(f)(A) < >
and Page 10 of 22
(3-7) Aa,q(ngq(f» = _Z-ng(xf» Go Back

e The¢-Dunkl transformF7;? is an isomorphism froni?  (R,) (resp.S,(R,)) Full Screen
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4. g-Analogue of the Heisenberg Inequality

In this section, we provide a Heisenberg uncertainty principle foytbenkl trans-
form. For this purpose, inspired by the approach giverlLlj, [we follow the steps

of [1], using the operatat,, , instead of the operatal,, and consider the operators

Lag(f)(x) = fo(x) + ¢** 2 fo(qr) and Qf(z) = zf(x),

and theg-commutator:

[Da,qv Q]q = Da,q@ - QQDa,qa

where
Da,q = La,qAa,q'

The following theorem gives a Heisenberg uncertainty principle fortBeinkl
transform#s .

Theorem 4.1.For f € §,(R,), we have

2a+1

q
4.1
W e

200 + 1]
Alf 1B+ (1 —a- B 1R
< N2 lamalle S ) (@) 2

Proof. By LemmaZ.1 and simple calculus, we obtain
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Then, using the Cauchy-Schwarz inequality and the properties gfthenkl oper-
ator, one can write

. . 20+ 1],
Ll + P (1 ) Nl

[Dag: Qlaf; )]
DagQf = ¢QDayf; )] < (Dag@F; /)l + ¢ {QDayf; )l
Dag(@fe+2fo); F)I + ¢ Dagf; 2 f)]
Aaq fe) + " Aag(2fo)(q2); £
+q [{@* P Aag(f) (a2) + Aag(fo) (@) 2f)]

< [(Aaq(@fe); A+ [Aag(@fo) (q2); £

+ @ (Ao (fo)(gr); 2 f)] + g [(Aag(fo) (@) 2 f)]
= [(Aag(@fe); Al + @ [Aag(@fo(a)); £

+ " [(Aag(fe(@)); 2 )] + a[{Dag(fo) (x); 2)]
< 2 fellzadlzF5 (Hllzaq + 0 2 foll2aall#F5 ()20

+ ¢l e fellzaall#Fp (Hllza + dlzfoll2aal e Fp* (204
<A +a+¢"" +)leflzadlleF ()20

which achieves the proof. O

/\/\/\/\

As a consequence, we obtain a Heisenberg-Weyl uncertainty principle fgi-the

analogue Fourier transform (by taking= —1/2) and thez-Bessel transform (in the
even case).
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Corollary 4.2.
1. For f € §4(R,), we have

q 2 Ty 2
@2 el B < el AT e

2. For an even functiorf € S,(R,), we have

Uncertainty Principles for
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5. Local Uncertainty Principles

In this section, we will state, for the-Dunkl transform, two local uncertainty prin-
ciples leading to a new Heisenberg-Weyl type inequality.

Notations: For £ C R, and f defined ornR,, we write

ai= dit and |El, = [ [t*Td,t,
/E fode = [ FOxedgt and |2 /E g

whereyg is the characteristic function @&.

Theorem 5.1.1f 0 < a < a + 1, then for all bounded subsefs of R, and all
felL?,(R,),wehave

(5.1) JIFS DOFIAR 4 < Ko I 2"
where
N :< s (a+1a)>5fl( at1 )2
we \/[2(0z+1—a)]q a a+1l—a
and o = oot

Proof. Forr > 0, let x, = x[., the characteristic function df-r,r] andy, =

1 — X
Then forr > 0, we have, sincé - x, € L;(R,),

1/2
( [IEsr oz qu)
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= [1F57(f) - xell20
< NER(S - xo)xellzeq + IED(f - Xr)XEl2,000
< BLPIFS(f - xo)lloog + 1ER(f - X2

Now, on the one hand, we have by the relatiérb and the Cauchy-Schwartz in-
equality,

”Fg’q(f'Xr)Hoo,q < ga,q |f - Xr”l,a,q
= Ea,quiaXr : xafHI,a,q

< 504,(1 |$_aXr||2,a,qHxaf“?,aﬂ

T(a—i—l)—aHxaf

2,a,q-

T V2(a+1-a),
On the other hand, sincg € L2 (R,), we havef - X, € L2 (R,) and by the
Plancherel formula, we obtain
IFR (fXr) 2.0 = 1 - Xr
= [[27Xr - 2° fll2,0.0
< ”x_a;r”oo,q maf||27a,q
<2 fll2au-

2,a,q

So,

([imsrenopapes qu)§

1
: |[Eldreti=e + T‘“) 12 fl2.00q

<
N (\/[2(04+1 —a)ly
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The desired result is obtained by minimizing the right hand side of the previous
inequality overn- > 0. [

Corollary 5.2. For o > —%, 0 <a<a+1landb > 0, we have for allf €
Li,q(Rq)’

(5.2) 11550 < Kapala Flls o N FS (IS

2,09 — " ,&L,q D ||270¢aq7 Uncertainty Principles for

) the g-Dunkl Transform
with Ahmed Fitouhi, Ferjani Nouri
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wherekK, , is the constant given in Theoreinl. Title Page
Proof. Forr > 0, we putt, =] —r,r[NR, andE, the supplementary df, in R,. Contents
We haveE, is a bounded subset &, and|E,|, < 2[;2122 Then the Plancherel « N
formula and the previous theorem lead to
< »
— a,q
||f||2a,q ||F ( ) ,q Page 16 of 22
-/ PR+ L IFB O EOIAE —
< 2Ka,a|ET|§+1 12 fl3.0q + 7 2NN FRU )50 Full Screen
K, . ol a _ o Close
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Theorem 5.3.For o > —1 anda > a + 1, there exists a constarit] , . such that
for all bounded subsets of R, and all fin L7, (R,), we have

5.3 qu A 2a+1d A < E 1) a 2QT+1
( ) ‘ | ‘ ‘ aaq‘ ‘Oé HfHQ(x,q HLIZ' fHZ,a,q'

The proof of this result needs the following lemmas.
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Lemma 5.5.Suppose > a+1,thenforallf € L? (R,) suchthat®f € L? (R,),
we have

e ENTRTE o
(5.5) [fllaq < Ksll fllzae® 2% fllaag
where
o 1 % Uncertainty Principles for
_ _ 2atl), & “ 2(at) a+ )
= Ksla, o) [(‘1 GEn) e K?] - e
and Sana Guesmi
Proof. For s € R,, define the functiory; by f;(z) = f(sz),z € R,. vol. 10, iss. 2, art. 42, 2009
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[ fsll1aq = 5_2(a+1)||f||1,a,q, ||z f5||g7a7q = 8_2(0‘+a+1)||$a f||§’a7q. Title Page
Replacement of by f, in Lemmab5.4 gives: Contents
1F1 g < Ko [TV FIB g + 8™V )2 Fl50] - 14 >

Log(r) Log(r) ¢ >
Now, for all > 0, puta(r) = =22 — E (—) .We haves = 1~ ¢ R, and

Log(q) Log(q) g
r < s <. Then, forallr >0, Page 18 of 22

2(at1) Go Back
r —a a
||f||ia7q < K, [(5) ||f g,a,q + r2le +1)HJ; f g,%Q] . Full Screen
Close
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Proof of Theoren®.3. Let E be a bounded subset Bf,. When the right hand side
of the inequality is finite, Lemma. 4implies thatf € L,(R,), so,F;?(f) is defined
and bounded oRR,. Using Lemmab.5, the relation §.5) and the fact that

JIES DO, <] B Lo 1P ) e
we obtain the result with N
q-Dunkl Transform
—% Ahmed Fitouhi, Ferjani Nouri
y 4(1 + Q) 2 and Sana Guesmi
a,0,q F2 ( 1)((]; q)go 3 vol. 10, iss. 2, art. 42, 2009
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_ 8(1—¢q)(1+q)* 2D a4 ‘ g2 (14 a+1 _
F32(O‘+ (g 9)% a+1 a—a—1 Title Page
(q2a’ q2a7 _q2a+2’ _q2(a—a—1); q2a)oo Contents
(q%F2, qMa—a=l) —q2e, —1;¢%0) «“ »
OJ < »
Corollary 5.6. For o > —#,a > o+ 1 andb > 0, we have for allf € L2 (R,), Page 19 of 22
(a+b) a o, a Go Back
(56) ||f||2aq — aboc”x f||2aq||>\bF q( )||27o¢,q7
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wherek, , . is the constant given in the previous theorem. e TEEEL
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Proof. The same techniques as in Coroll&ry give the result. ]

The following result gives a new Heisenberg-Weyl type inequality fortbeinkl
transform.

Theorem 5.7.For a > —3,a # 0, we have forallf € L2 (R,),

(5.7) 1130 < Kallzf 200 INFE() 200
the g-Dunkl Transform
. h Ahmed Fitouhi, Ferjani Nouri
wit K f 0 and Sana Guesmi
o Lla T a> vol. 10, iss. 2, art. 42, 2009
Kii, if a<O0.
Proof. The result follows from Corollaries.2 and5.6, by takinga = b = 1. O Title Page
Remarkl. Note that Theorend.1 and Theoren®.7 are both Heisenberg-Weyl type Gt
inequalities for the-Dunkl transform. However, the constants in the two theorems <« >
are different, the first one seems to be more optimal. Moreover, Thebremstrue
for everya > —1 and uses botlf and f,, in contrast to Theoreri1.7, which is true < >
only for o # 0 and uses only. Page 20 of 22
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