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ABSTRACT. In this paper a Cauchy problem for holomorphic differential operators of Fuchsian
type is investigated. Using Ovcyannikov techniques and the method of majorants, a necessary
and sufficient condition for existence and uniqueness of the solution of the problem under con-
sideration is shown.
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1. INTRODUCTION

We introduce the method of majorants [2]] [5], and [8], which plays an important role for
the Cauchy problem in proving the existence of a solution. This method has been applied
by many mathematicians, in particular [1]) [3], and [4] to study Cauchy problems related to
differential operators that are a “natural” generalization of ordinary differential operators of
Fuchsian type, and to generalize the Goursat probleéem [8]. We also give a refinement of the
method of successive approximations as in the Ovcyannikov Theorem given in [7]. Combining
these two methods, we shall prove the theorem [6].
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2. NOTATIONS AND DEFINITIONS

Let us denote

r = (xo,21,...,7,) = (7g,2") € R x R", wherez' = (zy,...,2,) € R",
g = (507517 SR 7§n) = (§07§/> € R x Rn! Where§/ - (517 ce 7571) € Rn!
a = (ag,a,...,q,) = (ap,a) € N x N*, wherea' = (ay,...,a,) € N,
We use Schwartz’s notations
= agtal e = g0 (@), 2] = Jwo[* |a [T -
al = oplag!-a, lol =g+ a1 + -+ ay,
B < ameans’; <q;forallj=0,1,...,n,
olel 0
D* = ——————=DgD{"---Dy",whereD, = —,0<j<n.

Oz 0%} ...85; Ox;
Forke N, 0<k<m,

max[0,g +1— (m— k)] =[ag+1— (m— k)],

m!

( 7]”? > _ m’ C,))=4G—-1)..(j —q+1),

by conventionCy(j) = 1, and the gradient ap with respect ta: will be denoted by

gradip(z) = (0%5;? . 5;;35?) |

We denote a linear differential operator of orderP(z; D) by >, <, aa(2)D*.

Definition 2.1. Let £ be ann + 1 dimensional holomorphic differentiable manifold. Lebe
a holomorphic differentiable operator ovErof ordermy in a, and of order< mq, neara. Let
S be a holomorphic hypersurface éfcontaininga, let m be an integer> m,, and lety be a
local equation of5 in some neighborhood af, that is, there exists an open neighborhébadf
a such that:

Ve € Q, gradp(x) #0, 2 € QNS <= p(z) = 0.
If o € Z andY is a holomorphic function of, for = € Q\S, we denote by
h(Y)(z) = " " (@)h(Y ™) (2)
and byH_? (z, £) the principal symbol of this differential operator.
(¢)
Ths(a) = inf{o € Z: VY holomorphic function in a neighborhodtiof a,

VreQnsS, lim hZMH(Y)(z) = O}
xz—b,x¢S
denotes the Fuchsian weight/ofn a with respect toS.

(i7)
m s(a) = inf {0 €Z: lim ¢ ™ (2)H " (z; gradp(z)) = 0}

x—b,x¢S

is the Fuchsian principal weight éfin a with respect tas.
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(447)
Tns(a) = inf {o € Z: VQ,VY,Vb € QNS, J})mis[hgl+1(Y)(x) —Y(2)hZ M (1)(z)] = }

denotes the reduced Fuchsian weight @ « with respect taS.

A differential operator: is said to be a Fuchsian operator of weighh « with respect toS if
the following assertions are valid:

(H —0) 7 5 is finite and constant and equaheara € S,

(H—-1) m5(a) =T,

(H — 2) 7~'h75'(a) S T—1.
A Fuchsian characteristic polynomial is defined to be a polynoial A\ of holomorphic
coefficients iny € S by

CAy) = lim o™ (2)h(p*)(2).

z—y,r¢S
Set
Ci(Ay) =C(A+mns(a),y), VAEC, Vy € S.

Remark 2.1. If we choose a local card for which(z) = z, anda = (0,...,0), we get
Baouendi-Goulaouic’s definitions][1].

Remark 2.2. The numberr, s(a) is independent om which is greater or equal ta.

3. MAJORANTS
The majorants play an important role in the Cauchy method to prove the existence of the solu-
tion, where the problem consists of finding a majorant function which converges.
Let o be a multi-index oN"™! and £/ be aC-Banach algebra, we define a formal series by

u(z) = Z ua%,

aeNntl
whereu,, € E.
We denote by[[z]] the set of the formal series inwith coefficients inE.

Definition 3.1. Let u(z), v(z) € EJ[z]], and\ € C. We define the following operations in
Ef«]] by

@

(@) u(x) + 0(z) = 0(r) = S perpues (i + 0055,
(0) M) = 3 s (Auta) 2,

(©) u(@)v(z) = 3 enm+t Zogﬂga (g) uﬁva*5§'
Definition 3.2. Let

and

be two formal series. We say thdtmajorizesu, written U (z) > u(x), providedU, > ||u,||
for all multi-indicesa.
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Definition 3.3. Let

:L,Clt
u(z) = > ta— € Efa]]
aeNn+l ’
We define the integro-differentiation of z) by

«

T
D“u(l’) = Z uOé-‘r,U»J?
a>[—pl+ '
for p € 2", and[—pl+ = ([—pol+, [—pal+, - [—oa]4)-

(@) Let A be a finite subset of"*!, P(z; D) is said to be a formal integro-differential
operator ove®[[z]] if for u(z) € E[[x]],

P(z;D) = Z a,(x)D*u(x),

HEA
wherea,,(z) € E[[z]].
(b) Let
P(x;D)= Y Au(x)D"
peznt1
and
P(z; D) = Z a,(x)D"
peZNt1

be formal integro-differential operators ovef{z|| and E'[[x]| respectively.
We sayP(x; D) majorizesP(x; D), writtenP(z; D) > P(x; D), providedA,,(z) > a,(z) for
all multi-indicesp € Z"*!.
Definition 3.4. Consider a family{u’};c;, w/ € El[[z]]. The family {v/},c; is said to be
summable if for anyy € N**1, 3, = {j € J : uJ, # 0} is finite.
Theorem 3.1.Letv € E[[y]],(y = (v1,.-,ym)), V € R[[y]] such thatV(y) > v(y). Let
w(z) € Elfz]]forj =1,...,m,u) = 0,andU’(z) € R[[z]] for j = 1,...,m, U] = 0 such
thatU(z) > u(z) forall j =1,...,m. Then

V(U (z),...,U™=)) > v (u'(2),...,u™(z)).
Proof. Seel[7]. O

Definition 3.5. If u(z) € E[[z]], we denote the domain of convergence:dfy

o(u) = {x cx € C"wu(n) = Z ||ua||% < oo} :

a>0
Theorem 3.2. (majorants): If U(z) > u(x), then
o(U) C o(u).
The above theorem is practical because, if the majorant dé(iesconverges fofz| < r then
u(z) converges fofz| < r. Let us construct a majorant series through an example.
Letr = (rg,71,...,7,) @and letu(x) be a bounded holomorphic function on the polydisc
P,={r:2eC" |z;|<r; foralj=01,...,n}

Let M = sup ||u(z)]|, then it follows from Cauchy integral formula thiat, || < Zal.
$6Pr

If we let U, = £al, thenU(z) majorizesu(z).
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Theorem 3.3.Leta;,0 < ¢ < m,be holomorphic functions near the origin @* that satisfy
the following condition

> Cil(j)ai(0) #0, VjEN, (a, =1),
=0

then there exists a holomorphic functighnear the origin inC” such that
1 A(x)
m . / << m -\ )
Zizg Ci(j)ai(z") Zi:o Ci(J)

VjeN

Proof. If we write

2o Gild) Xt Gild) 1

O DNad@) S Co()as(0) ] — S G @ (0)—ai )
Y GUa) - T Gla0) 1 - Saluet

then we have

NP 31 < 16) BN )
i=00 3 o Cilf)ai(0) j=00 Cpn(f)am(0)

= 1.
Therefore, there exists a constaht> 1 such that
Let B(2’) be a common majorant tq(0) — a;(z’) foralli = 0,1, ..., m with B(0) = 0, that is
> im0 Ci(4)(ai(0) — a;(2)) > im0 Cilj) ‘
>ico Ci(d)ai(0) > i Ci(4)ai(0)
< OB(2)).

<O, VjeN.

< B(z')

It follows from Theoreni 3]1 that
1 1
| SO0 ww) S T-CB@)
Yoo Ci(§)ai(0)

Choosing themd(z') = —-~—~, the desired conclusion easily yields. O
1-CB(z')

Corollary 3.4. Under the conditions of Theorem B.3, there exist two positive real numbers
M > 0andr > 0 such that

Lo M
Ci(g, )~ G+D™ 1—rt()

Vj e N,
wheret(z') = Y"1 ;.

Proof. The proof is similar to the proof of the Theor¢m|3.3, it suffices to observe that

i—oo Y o Ci()ai(0)
then apply the following theorem. O
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Theorem 3.5.If A(z') is holomorphic near the origin il€”, there existM > 0 and R > 0

such that:
M

forall 2’ € {«’: >, | z; |< R}.

Proof. Seel[8]. O

4. STATEMENT OF THE MAIN RESULT

Theorem 4.1(Main Theorem,) Leth be a Fuchsian holomorphic differential operator of weight
Th.s(a) in a with respect to a holomorphic hypersurfasgassing througha, of a holomorphic
differential manifoldE of dimensiom + 1, andy a local equation ofS in some neighborhood
of a. Then the following assertions are equivalent:

i) forall A > 7, 5(a), C(\,2") #0
i) for all holomorphic functionsf and v in a neighborhood ofi, there exists a unique
holomorphic function: solving the Cauchy problem

(4.1) hw) = f
u—v = (’)(gpfhﬁ(“)).

If we choose a local card such thatr) = 2, anda = (0, ..., 0), then we obtain the Baouendi-
Goulaouic’s Theorem [1], it = 0, we obtain Cauchy-Kovalevskaya Theorem, and i 1,
we obtain Hasegawa’s Theorem [3].

The following theorem gives a relationship between a Fuchsian operator of arbitrary weight and
a Fuchsian operator of weight zero.

Theorem 4.2.Leth be a Fuchsian holomorphic differential operator of weight(a) in a with
respect to a holomorphic hypersurfadepassing throughz, of a holomorphic differentiable
manifold £ of dimensiom + 1, andy a local equation ofS in some neighborhood af If we
define the operatok; by

Y — hy(Y) = h(Y pns@),

thenh, is a Fuchsian holomorphic differential operator of weight zera irelative to a holo-
morphic hypersurfacé.

If C (respectively’;) denotes the Fuchsian polynomial characteristié gfespectively:;), then
Ci(Ay) =C(A+ms(a),y), VA€C, Vy e S

Proof. (1) We look for the Fuchsian weight éf in a with respect taS.
Let m > mg, wheremy is the order of:, then

M@ (V") (@) = @ @)h(Y ) (a)
s (@D =(m4mns(@) (1) b (Y MRS (@) (),

consequentlyy, s(a) = 0.
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(2) We look for the principal Fuchsian weight bf in a relative toS.
In the local cardp(z) = zp anda = (0,...,0), it is the exponent of, in the
coefficient of Di* of h,. In this local card

Py(u) = P(z5°"u)
= akDI(afo Fu) + ..
— ODg)nu+ e

(the points indicate the terms that have the order of differentiation with respegt to
less tharmm,). Hence

(3) If m > my, then
lim @mest O™ (@) [h (V™) (2) = Y (2)h (0™) ()]

1‘—>b1‘$5
= lim o @AY ") (@) — Y ()h(e" ) ()
=l OO @) (Y ) () ¥ () () )

= 0, by hypothesis.
Finally, we have
ps @O @) (M) (@) = o M) h(M ) (2)
s (D=5 (@) () b (TR (@) ()
which tends t@ (\ + 7, s(a), y) asx tends toy andz ¢ S.
This concludes the proof of the Theorem. O

5. FORMAL PROBLEM

If we choose a local card for which(z) = zy anda = (0,...,0) the Cauchy problenj (4.1)
becomes[(5]1) below. We devote this section to formal calculations by looking for solutions as
power series of the problerh (5.1) below connected with a Fuchsian opétatoD) of order

m and weightn — k with respect tary atzy = 0.

We decompose this operator in the following form
P(z; D) = Pn(z; Do) — Q(z; D),

where
k
Z‘Dozzamp / PDmP
p=0
QD)= 3 2 D3 (g0, ') D).

ap<m,|a|<m
with a,, = 1 andp(ag) = [ag + 1 — (m — k)]

Theorem 5.1. If the coefficients of,,(x; Do) andQ(z; D) are holomorphic functions near the
origin in C**1, then the following conditions are equivalent

1) ForallintegersA > m — k # 0,
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i) For any holomorphic Cauchy data, 0 < j < m —k — 1, near the origin inC" and for
each holomorphic functiofi near the origin inC"**, there exists a unique holomorphic
solutionu near the origin inC**! solving Cauchy problem

(5.1) P(z; Dyu(z) = f(z)
Diu(0,2') = wi(2)), 0<j<m—k—1.
Suppose that the solutiar{z, 2’) has the fornd ™, uj(x’)%.
The problem is to determing; (') for all 7 > 0. It is easy to check the following statements:
If

(oe] . ,’L‘J
ulzo,2') =Y uy(x )7?
§=0
and
ST
oo, ') = 3wl 1
©n=0
then
9] J ] .Q?j
(5.2) u(zo, 2" )v(z0,2") = Z [ ( D ) uj—p(x/)vp(x,)] f(l)
j=0 Lp=0 J:
D / - / ng)
(5.3) Diu(zo, ') = Y ujip(e )ﬁ
=0
/ S . ! xj
(5.4) zoDyu(zo, ') = Z[Cq(J)ujerfq(x )]j_(')
j=0 '
and by conventiom;, = 0 for & < 0.
By using [5.2),[(5.8), and (§.4), one can check easily that
/ - . / / 'rj
Py(; Do)u(zo, ') = Y _[D(j, & )ttjpm—r (2 >]7?,
=0 '

whereD(j,z') = Z?:o am—q(2")Cr—,(7) which can be written in terms @f(j, 2') as
C(j+m—k,2)

D(j.2) =
and we have
/ - C(] +m — ]{J,IIJ/) / 17{)
) P, (x: D = A —.
59) mls Do)t ) e {ka(j tm—k) " +(o) J!

Similarly, if aq(zo, ') = 3200 a%(a') %2, then

v=0 "«

o0

(5.6) Q(z;D)u(zo.z’)==> | > Chan(i)
m,|a|<

7=0 ap<

J+ao—p(ao) ji+a _N(a ) "
x ) ( ’ » ’ )ai(x’)D%Uj+ao—u<ao>—p($') 2.
p=0
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Finally, if f(zq,2") = iojfj (x/)ji?, then by usingS).6), and by identifying the coefficients
§=0
of P(x; D)u(x) = f(z) we get the following expression

. /
Cotm-kz) Ujm—i(2")
Om_k(j +m — ]C) J
JHao—p(ao) i+ g — “(a )
—— Y G X (I e
ap<m,|a|<m p=0

X Dg,,uj+a0_u(a0)_p(x/) + fj ()
forall j € N.
Lemma 5.2. Let P(\;2) = >,", ax(2')AF, (a,, = 1), be a polynomial im\ with continuous

coefficients on some neighborho%obf the origin inC™.
If P(5;0) # 0forall j € N, there exists a neighborhodd of the origin such thaf(j; z') # 0
forall 2’ € Vandallj € N.

Proof. We havelP(\;2')| > |A|™ — |1 ar(a)AE|. LetM = max |ax(2’)| then

0<k<m—1l,2’'eV

If [\| > 1, then
M
P\ 2 1— .
|P(A;2')| > =1
If 2/ € V and|)\| > 2M + 1, then
1
|P(\;2')| > 5

In other words, ifj is an integer such that> 2M + 1 andx’ € V then
P(j;2") #0.
Now letj € N such tha) < ;7 < 2M + 1. SinceP(j;0) # 0, then by continuity, there is a
neighborhood of the origifY; such thatP(j; z') # 0 for all 2" € V.
In conclusion we choosE = (No<;<2m+1V;) NV, and we have
P(j;a') #0
forall 2/ € V and allj € N, as required. O

Corollary 5.3. There exists a neighborhodd of the origin such tha€ (j +m — k, z) # 0 for
all 2/ € V and allj € N, and the induction formula

(57) Uj+m,k(l’/) = — CCleji—(jm—i_—mk_x{C)) Z Cy(ao) (j)

ag<m,|al<m

a @ 4+ g — Q o
XZJJr o—n(ao) (] Op :U’< 0) )GZ(I'I)DI/Uj+a0—#(a0)—p(37/) +f](x/>

yields for allz’ € V and all j € N.
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Under the conditions of the Theorém|5.1, there exists a unique formal series
/ - / x{)
u(zo,2') = Zuj(x )_,
— J!
J
solution of the problen] (5]1) since al}(2’) are uniquely determined by (5.7).

6. PROOF OF THE MAIN THEOREM

Let  be a differential operator of Fuchsian typedmvith respect toS of weight 7, s(a) and of
orderm. We want to solve[ (4]1) in some neighborhood:of

Setu — v = w and the problen{ (4/1) becomes
(6.1) h(w) = g,

w = O(p™sl),
whereg = f — h(v).
It follows from the second condition of (6.1) that there is a unique holomorphic fun&tiom
some neighborhood afsuch thaty = O(¢™s®) and findingU is equivalent to findingy.
U verifies

hUe™s@) = g,
i.e. U satisfies the equation

h(U) =y,

whereh, is a Fuchsian operator of weight zeradmelative toS (by Theoreny 42).

If we choose a local card such thatr) = 2, anda = (0, ..., 0); in this local card the equation
becomes

where
m
P = Z am—p( )2y DY (am = 1),
p=0
m—1
Q = - 'Igo—i_lD(a]‘OBm—oco;
ap=0
and

lo/|<m—ag

Let us denote b¢ (j+m—k, '), (respectively; (A, 2’)) the Fuchsian polynomial characteristic
of h, (respectively;). It follows from Lemmd 5.p that i€ (j,0) # O forall j € N, j > m — k,
then there is a neighborhoddof the origin inC” for whichC(j,2") # 0 for all 2’ € V and all

j €N, j>m—k .HenceP is one to one on the set of holomorphic functions at the origin.

If u(wo, ') =3 720wy (a:’)j—{,) then

o0 / ]
P‘lux = uj(x) ﬁ,
(@) ]Zocl(mfv’)ﬂ
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and the problend (6]1) is equivalent to the following problem
(6.2) U= (15—1 o Q) (U) + Uy,
where

Us =P '(g).

Asin [1], [4], [5], [7], and [&], a successive approximation method will be used in the following
sense.

LetU,; = (]5—1 o Q) (U,) + U, for p > 0, and set/, = U,+1 — U,. Then
Vo = (P70 Q) (V).

LetD = {(zo,2’) : (z0,2’) € C"*, |zo| < % and |zy| + - - - + |z,| < 1}, thenlj is holomor-
phic in some open neighborhood#h and there is a constant denotgd|| such that

1 1
oo 1 —st(a)’

Vyle) < IVall =

wheret(z') = Y " i, & > nﬂo, s = ;-, andno is some given number in the open interval
(0,1).

Lemma 6.1. There exists a constaif such that
xf 1

(6.3) Valz) < Vol (s' — s)m> 1—x& 1- s't(z")

forall s > s.

Proof. Clearly [6.3) holds fop = 0. Suppose€ (6]3) holds for, and let us prove it fop + 1.

We have
m—1

PoQ =% P o (a§" D Bumay).

ap=0

and we want to study the action of the operatBys ., xSOHDg‘O, andP~'on Vp.

1) We have
Bm—ao (ZIJ, Dr’) - Z Qag,af (‘rOv .T/)D;//
|o/|<m—apo
For alla such thata| < m there isM, for whicha,(z) < {2ep - .
Set
C (2: D) 1 1 Z v D
m—ag\Ls Pa/ ) = : ag,a Yy -
0 1—zgR 1—rt(z') 0’

lo|<m—ag

J. Inequal. Pure and Appl. Math2(2) Art. 24, 2001 http://jipam.vu.edu.au/
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By Definition[3.3, By, (2; Dar) < Cim—ao(; D). Let o be in the open interval
(s,s"), then
KP 1 ot 1
Bnay (V) (@) < VAl (0 —s)™ 1—Rxg 1—&mo 1—rt(a!)

/ 1
M, D% | —————
X 2. May x(l—aw))

la/|<m—aq
K? 1 xh 1
< Vall - e
(c—s)™ 1—Rxy 1—¢&uzg 1—rt(al)
|| /]!
o |
o' |<m—ap
One can check easily that
1 1 < 1 1
1—R£L'0 1—60.’130 1—5% 1—501}0
1 1

< . .
I—no 1—E&xo

By using [8], we obtain the following majoration

’all! < (m — 040)!
[1 — ot(a)]l'l+1 ™ [1 — gt (af)]m—eot!
hence
K? 1 2
Bin—ao(Vp) (@) < |[Voll (o0 —s)mp 1 Mo 1 §oTo
— o)l
L (o) s

T rt(@) 1= ot(a)|m—ooti

o/ |<m—ag

Again by [&], there existém_ao(a, b) such that

KP 1 ~ T
Binao(Vy) (@) < V0| e RoyCon-ao (@ 0) 7=
1 1 (m — ao)!

X .
1—st(x') 1—rt(x!) (s—o)m

whereR,, = Z|a,‘<m 0o Mag bl
If weleta > —0 then
1 1 1 1

: < :
1—st(z!) 1—rtx') 1—m 1—st)

Finally,
K? R, gm_ao (a,b) 1 xh
Bin-ao(p)(z) < [[Val| (o0 —s)mp ' (1 —mn9)? . (s —g)m—ao 1 st(x’) 1 —&gwg
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2) A straightforward computation leads to the following majoration

~

KP . R, ‘ Cin—ap(a,b)
o7 TP (& oy

25" D Bin-ao (V) () < Vo

—p—1 .
x [Z &7 Cao(j — 1ag T si(w)
=p+1
Set
wy(z) = 2§ DY By g (V, 25] (2,
hence
K? R, Cono (@ b) oy |
v . 0 i 0\™ . ¢)TP C’a 1) ——
W) < ol o T o e & ol = D T
If
Fp(l') == Z .CUO,
then
wy (")
F . N b,J
Y2 ({L‘ ) Cl(j7 ZE’)
It follows from Corollary[ 3.4 that
K? Ray  Coaola,b)
pyj(x) < || OH (0. _ S)mp (1 _ 770)2 (S/ _ U)mfao
Jopt 1 1
X . .
G+D)™ ™ 1—rt(z!) 1-—st(z')
K? R 0 L

v : : '
< || 0|| (U . S)mp (S/ _ O_)m—ao (p+ 1)m—ao 1 — S/t(.CE/)’

forall j > p + 1, whereR,, = %Em ao(a,b), hence

KP Ra, ", 1
S e N PRSI m%[ﬁjgp ]'T?%E

=p+1

K Ra, bt 1
(c—s)™ [(p+1)(s'—a)]" ™ 1—=Emxg 1—st(z!)
If we chooser such thats < 0 < s’ ands’ — o = “;';f then the following majoration
holds

< [[Voll

1 . 1 (b —a)*
(=)™ [p+1)(s =) " T (=)
and consequently

K " o 1
Ry (b—a)* - To : .
(s — s)mp+1) 1—&zg 1—8t(z)

Fy(z) < [IVol
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Finally
m—1 1
Kp m ~ fe% .ZU{)H_ 1
Vopr(z) < [Vl - (S/_S)m(p-l-l)e ’ OR“O(b_a) 0] 1 — &xo ' 1—st(a')
ap=
Choosing then

m—1
K=e¢m" Z Ry (b — a)®
ap=0
and yields easily the lemma.
If we impose|{yzo| < po < L andb(|z1| + - -+ + |z,|) < po < 1then

L | e

(s —s)m| (1= po)?
forallp € Nand alls’ > s.

If |z < ("”;(—5) where K’ > K, then the series of general terf) converges
normally and the sequence of general téfpnconverges uniformly to a holomorphic
function on some suitable choice of polydiscs centered at the origiiiir.

Since

vﬁa%+ﬁ==QXUﬁ-%g
then the limitU satisfies the equation
P(U)=QU)+g
thereforeh, (U) = g as desired.
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