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Abstract

In the present note we establish new Ceby3Sev-Griiss type inequalities by using
PecariC's extension of the Montgomery identity.
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For two absolutely continuous functiorfsg : [a,b] — R consider the func-
tional

b
119 = = [ T@e@ds

_ (bia/abf(x)dx) (ﬁ/abg(x)dx),

where the involved integrals exist. In 1882ebysev [] proved that iff, ¢’ €
Ly [a, b], then

1.1) 7(£,9) < 75 0= 0 [ 19
In 1935, Griss:] showed that
(1.2 T (f,0)| < § (M —m) (N =),

providedm, M,n, N are real numbers satisfying the conditienc < m <
M <oo,—c0o<n<N<ooforz € [a,b].
Many researchers have given considerable attention to the inequadlitigs (

(1.2) and various generalizations, extensions and variants of these inequalities

have appeared in the literature, to mention a few, €eg][and the references

cited therein. The aim of this note is to establish two new inequalities similar

to those ofCebysev and Griiss inequalities by usingdt&’s extension of the
Montgomery identity given inf.
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Let f : [a,b] — R be differentiable orja, b] and f’ : [a,b] — R is integrable on
[a, b]. Then the Montgomery identity holds]f

b b
bia/ f(t)dt—i—/ P(z,t) f (t)dt,

whereP(z,t) is the Peano kernel defined by

(2.1) f(z) =

e, a<t<u,
(2.2) P(z,t) =
%, r<t<b
Let w : [a,b] — [0,00) be some probability density function that is, an

integrable function satisfying” w (t)dt = 1, and W (t) = [w (z)dz for
t € [a,b], W(t) =0fort < a, andW( )= 1fort > b. In[ ]Pecarlc has given
the following weighted extension of the Montgomery identity:

(2.3) f(z) = / w(t) f (1) dt + / Py (e.1) ' () dt,

whereP, (x,t) is the weighted Peano kernel defined by
W),
(2.4) P, (z,t) =

a<t<ux,

Wit)—1, z<t<hb.
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We use the following notation to simplify the details of presentation. For some
suitable functons, f, g : [a, b] — R,we set

7w )= [ w)fa)gle)ds

~([wwrww) ([ wwowar).

and define||-||. as the usual Lebesgue norm én, [a,b] that is, ||| =

ess sup |h(t)|forh € Ly [a,b].
t€la,b]

Our main results are given in the following theorems.

la,b] — R be differentiable ona,b] and f’, ¢ :
[a,b] — [0,00) be an integrable

Theorem 2.1. Let f,g :
la,b] — R are integrable ona,b]. Letw :
function satisfyingf;w (t)dt = 1. Then

b
(2.5) T (w, £.9)] < I/l 1]l / w () H? (2) do,
where
b
(2.6) H(x):/ P, (z,1)| dt

for z € [a,b] and P, (z, t) is the weighted Peano kernel given By4).
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Theorem 2.2.Let f, g, f', ¢',w be as in Theorerd.1 Then

1 b
2.7) [T'(w, f,g)| < 5/ w () [lg (@) 1/l + 1F @) gl H () de,

whereH (z) is defined byZ.6).
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2.1 2.2
Proof of Theoren2.1. From the hypotheses the following identities hcigt [

b b
(3.1) f@) = [wwr@as [ P s o
b b
(3.2) gle) = [wt)g@dr+ [ Putet)g ®d
From (3.1) and (3.2) we observe that

1w~ [werroa [so- [wwsd

_ [/awa(a:,t)f’(t)dt} Uabpw(a;,t)g'(t)dt],

(3.3) f(x)g(x)—f<x>/ w<t>g<t>dt—g<x>/ w(t) (1) dt

+([woswa) ([ woooa)
_ {/:Pw(x,t)f’(t)dtl [/:Pw(x,t)g’(t)dt].

Multiplying both sides of 8.3) by w(x) and then integrating both sides of
the resulting identity with respect to from « to b and using the fact that

On Cebysev-Griiss Type
Inequalities via Pecari €'s
Extension of the Montgomery
Identity

B.G. Pachpatte

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 7 of 10

J. Ineq. Pure and Appl. Math. 7(1) Art. 11, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bgpachpatte@gmail.com
http://jipam.vu.edu.au/

fabw (t)dt = 1, we have

(3.4) Twmmzl%@ﬂ[muwfwﬂ

« Uabp (.1) g ()dt]d

From (3.4) and using the properties of modulus we observe that

T sol< [ww | [ 1R @onr o] [ [ 1reon o) o

gwuwm/ (2) H? (2) dz.

This completes the proof of Theorel O

Proof of Theoren2.2. Multiplying both sides of 8.1) and @.2) by w(z)g(z)
andw(z) f(x), adding the resulting identities and rewriting we have

(3.5) w(x) f(x)g(x)
_ % {w(x)g(:c)/a w(t)f(t)dter(x)f(x)/a w(t)g(t)dt}

_|_

mem[awwfwﬁ

DO | —

@ £ [ Pt 0]
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Integrating both sides of3(5) with respect tar from a to b and rewriting we
have

@8 Twro=3 [ v [ R r o

b
+w(x)f (m)/ P, (x,t) ¢ (t)dt| duz.
From (3.6) and using the properties of modulus we observe that
T (w, f.9)|

<5 [ w@ @l [1r@olr ol
b
Hf @I [ |Puteollo (t)]dt} "
1 b ’ , ,
= §/a w (@) [lg @)L Ol + 1f @) g O] H () da.

The proof of Theoren2.2is complete. O
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