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ABSTRACT. Letp andq be analytic functions in the unit dis€ = {z : |z| < 1}, with p(0) =

q(0) = 1. Assume thatv and¢ are real numbers such thak § < 1, +9 > 0. Let 3 and~y be

complex numbers witl# # 0. In the present paper, we investigate the differential subordination
s

‘ @) 1 e o 4 2 .
WE [p)+ ] <) [0+ 50| sen

and as applications, find several sufficient conditions for starlikeness and univalence of functions
analytic in the unit dis&.
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1. INTRODUCTION

Let .4 be the class of functiong, analytic inE, having the normalizatiofi(0) = f/(0)—1 =
0. Denote byA4’, the class of functiong which are analytic in® and satisfyf(0) = 1 and
f(2) #0, z € E. Furthermore, lett(«), St andK denote the usual subclassesffonsisting
of functions which are starlike of order,0 < « < 1, starlike (with respect to the origin) and
convex inE, respectively.

For the analytic functiong andg, we say thatf is subordinate tg in £, written asf(z) <
g(z)in E (or simply f < g), if gis univalentinE, f(0) = ¢(0), andf(E) C g(FE).

Lety : D — C (C is the complex plane) be an analytic function defined on a domain
D c C2. Further, letp be a function analytic iZ with (p(2), zp'(z)) € D for z € E, and leth
be a univalent function i’. Thenp is said to satisfy first order differential subordination if

(1.1) U(p(2),2p'(2)) < h(2), 2 € E, ¢(p(0),0) = h(0)
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2 SUKHJIT SINGH AND SUSHMA GUPTA

A univalent functiong is said to be the dominant of the differential subordinatjon](1.1), if
p(0) = ¢(0) andp < ¢ for all p satisfying [1.1). A dominanj of (1.1) that satisfie§ < ¢ for
all dominants; of (1.]) is said to be the best dominant[of {1.1).

The fascinating theory of differential subordination was put on sound footing by Miller and
Mocanu [6] in 1981. Later, they used it (e.g. see [3], [7] and [10]) to obtain the best dominant
for the Briot-Bouquet differential subordination of the type

zp'(2)
(1.2) p(z) + Bp(2) + < Nh(z), z€F,
which was first studied by Ruscheweyh and Singh [29]. The observation that the differential
subordination[(1]2) had several interesting applications to univalent functions led to its general-
ization in many ways (seel[8], [16]).
In the present paper, we consider a generalization of the form

a L(Z) ’ 2))* 1q(z L(Z)
1.3)  (p(2)) p(z)+ﬂp(z)+7} =< (q(2)) [Q( )Jrﬁq(z)+7

wherea, ¢ are suitably chosen real numbefs,y € C, 5 # 0. Using the characterization of a
subordination chain and a beautiful lemma of Miller and Mocanu [6], we determine conditions
on ¢ under which it becomes best dominant of differential subordinafion (1.3), S¢¢tion 3. In
Sectiorj 4, we apply our results to find several new sufficient conditions for starlikeness, strongly
starlikeness and univalence of functigne A. Large number of known results also follow as
particular cases from our results.

The motivation to study the differential subordinatipn|1.3) was provided by the&lass v >
0, of ~v-starlike functions defined by Lewandowski et al. [4], defined as under:

H(y) = {f € A:Re (%S))M {1 + Zf,/;(j)r >0,z € E}

Recently, Darus and Thomas [2], too, investigated the di&sg and proved that the functions
in this class are starlike.

Finally, we define few classes of analytic functions, which will be required by us in the
present paper.

Miller, Mocanu and others studied extensively (e.g. seé [11], [L2], [L4], [15]land [17]) the
class ofa-convex functions)/,,, « real, defined as under

Ma:{fEA:Re {(1—a)2;;i§)+a<1+%g)>] >0, zeE}

wherel&2) £ ¢in B. They proved thadl, ¢ Ms C Stfor0 < a/f < 1andM, C M, =
K fora > 1.
In [30], Silverman defined the following subclass of the class of starlike functions:

1+ 2f"(2)/f'(2)
Gy = { cA:
= I
N. Tuneski ([22], [31], [32]) dedicated lot of his work to the study of this class and obtained
some interesting conditions of starlikeness.

5
=h(z), z€E,

—1‘<b,z€E}.

Another class which is of considerable interest and has been investigated in many articles
([23], [27]), consists of functiong € A which satisfy

[ (5

>0, ze€k.
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SOME APPLICATIONS OF AFIRST ORDERDIFFERENTIAL SUBORDINATION 3

It is known that the functions in this class are starlike, too. We observe that all the classes men-
tioned above consist of algebraic expressions involving the analytic representations of convex
and starlike functions.

2. PRELIMINARIES
We shall need the following definition and lemmas.

Definition 2.1. A function L(z,t), z € F andt > 0 is said to be a subordination chairYif-, t)
is analytic and univalent iy for all ¢ > 0, L(z, -) is continuously differentiable off), o) for
all z € FandL(z,t;) < L(z,t) forall 0 < t; < t,.

Lemma 2.1([24, p. 159]) The functionL(z,t) : E x [0,00) — C of the formL(z,t) =
ar(t)z + --- witha,(t) # 0 forall ¢ > 0, andtlim lai(t)| = oo, is said to be a subordination
chain if and only if there exist constants: (0, 1) and M > 0 such that
(i) L(z,t) is analytic in|z| < r for eacht > 0, locally absolutely continuous ih> 0 for
each|z| < r, and satisfies
|L(z,t)| < Mlay(t)|, for |z| <r, t>0,
(i) there exists a functiop(z, ) analytic in E for all ¢ € [0, c0) and measurable if0, o)
for eachz € F, such thaRe p(z,¢t) > 0forz € E, t > 0and
OL(z,t)  0L(2,1)
at =z (92 p(Z, )7
in |z|] < r, and for almost alk € [0, c0).

Lemma 2.2. Let F be analytic inE and letG be analytic and univalent i except for points
(o such thatlim, .., F'(z) = oo, with F/(0) = G(0). If F £ G in E, then there is a point
2o € Eand(, € OF (boundary ofE) such thatF'(|z| < |z|) € G(E), F(z0) = G(¢) and
ZoF,(Zo) = mCOG’(Q)) for m > 1.

Lemmd 2.2 is due to Miller and Mocanu [6].

Lemma 2.3. Let f € A be such thaf’(z) < (1 + az) in E, where0 < a < 1. Then

2f'(2) (1+z>“ .
i i) el

< _2sin(mu/2)
where0<a_\/m

Lemma 2.4. Let f € A be such thaf’(z) < (1 + az) in E, where0 < a < 1. Then we have

fﬁg><1+(2%@)z

Lemma[2.8 and Lemma 2.4 are due to Ponnusamy and Singh [26] and Ponnusamy [25],
respectively.

3. MAIN RESULTS

Definition 3.1. Let o andd be fixed real numbers, with < 6 < 1,a + § > 0. Further, let
£ and~y be complex numbers such that# 0. Then, byR(«a, 3,7, d), we denote the class of
functionsp € A’, such that the function

P@%ﬂﬂ@f(ﬂ@ —ﬁﬂﬁ—),Pm»:mm,zeE,

T B(z) 1
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4 SUKHJIT SINGH AND SUSHMA GUPTA

is well defined inE.

For fixeda andd, wherea + 6 > 0,0 < § < 1 and for givens, v € C with 3 # 0, the class
R(a, 3,7, ) is non-empty, as the functignz) = 1 + p,2", wherez € E, p, € C andn € N,
belongs toR(«, 3,7, ).

We are now in a position to state and prove our main theorem.

Theorem 3.1.For a functiong € R(«, 3,7, §), analytic and univalent i, setﬁ;‘({;()z_g7 = Q(2).
Suppose thaj satisfies the following conditions:
(i) Re(fq(z) +v) >0, =ze€ E,and

(i) Re [f;zg(zf n —zg(gﬂ >0, 2¢kE.

If p € R(e, 3,7, 0) satisfies the first order differential subordination

) 0
o z2p'(2) ) a( 2q'(2) )
3.1 z < (q(z z2)+ ———"—1| =h(2), h(0)=1,
@D e (0 + 550 ) =< (@) (o) + 5 ) = hee), o)
forall z € E. Thenp < ¢ andgq is the best dominant of differential subordinatipn {3.1). All the
powers chosen here are the principal ones.

Proof. Without any loss of generality, we assume thas univalent orE. If not, then we can
replacep, ¢, andh by p,(z) = p(rz),q.(z) = q(rz) andh,.(z) = h(rz), respectively, where
0 < r < 1. These new functions satisfy the conditions of the theorerik.oWe would then
prove thatp, < ¢., and by letting- — 1, we obtainp < g¢.

We need to prove thai is subordinate tg in E. If possible, suppose that £ ¢ in E.
Then by Lemma 2]2, there exist poinis € E and(, € dF such thap(|z| < |z|) C ¢(E),

p(20) = q(Co) andzop’(z0) = moq'(¢p) for m > 1. Now

a 2op!(20) 5_ o méoq' (Co) 1°
8D ) [plan) + ]~ (gl o) + et (&) |

Consider the function

= (q(2))*(q(2) + (1 +1)Q(z
=1l+a(t)z+---

Asq € R(a, 3,7,0), SOL(z,t) is analytic inE for all ¢ > 0 and is continuously differentiable
on|[0,00) forall z € F.

ar(t) = PL;; t)LO — 4(0) {a +5 (1 + ﬁl—j_fm |

Sincegq is univalent inE, ¢’(0) # 0 and in view of condition (i)5 + v # 0. Thus,a;(t) # 0
andtlim la;(t)| = co. Moreover,

ey @) (g + 0+ )’
at) g0 o+ (1+42)]

B+
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Taking limits on both sides

tli}’g(-) La/(lzgt;) - tli>oo / 1-6 | @« 1 %4’1
(O 246 (++ 55 )]
When0 < § < 1, Loy
Z’
tliglo a(l(t)) =0

Thus, there exists a positive constassuch that
|L(z,t)| < €lay(t)], t > 0.
Wheno = 1, we have

Lz t) _ (4(2)*Q(z)
e O O T E i
In view of condition (ii), it is obvious thad is a normalized starlike (with respect to the origin),
and hence, univalent function. By the Growth theorem for univalent functions [18, p. 217], the
function¢ is bounded for alt, |z| < r, wherer € (0, 1]. Thus, we conclude that for< 6 < 1,

there exist constants, > 0 andr, € (0, 1] such that
|L(z,t)] < Kolai(t)|, |2| < ro, t € [0, 00).

Now oL
GO (gealaz) + (14 0QE)QL)
L) azxd(2) (qz)+ (1 +0Q(2)  2(q(2)+ (1 +1D)Q(2))
33) OLJot — & q(2) Q) : A=)
a azd(z)  2Q'(2)
= (5+1) Ba() +7) + 1 +0) (5 =) QR )

In view of conditions (i)) and (ii), we obtain
20L/0z
E
Re(@L/@t) >0, zelk,
fora+6 > 0and0 < § < 1. Thus, all the conditions of Lemma 2.1 are satisfied. Therefore, we
deduce thaf(z, t) is a subordination chain. In view of Definitipn 2.1(z,¢,) < L(z,t,) for
0 <t; <ty SinceL(z,0) = h(z), we getL(¢y,t) ¢ h(F) for |(s| = 1 andt > 0. Moreover,h
is univalent inE so that the subordinatiop (3.1) is well-defined. In view{of|(3.2), we can write

umm“p%m~@ﬂﬁlr=u@m—w¢mm
Bp(z0) + 7 ’ ’

which is a contradiction tg (3.1). Henge< ¢ in E. This completes the proof. O

Remark 3.2. From [3.3), we observe that the condition (i) in Theofen} 3.1 can be omitted in
casex + 0 = 0.

Settingae = 0 ando = 1 in Theoreni 3.]1, we obtain the following result on Briot-Bouquet
differential subordination (also see€ [7]):

Corollary 3.3. Let3,v € Cwith 3 # 0. Letq € R(0,3,7,1), be a univalent function which
satisfies the following conditions:

(i) Re(Bq(z) +7) >0, z € E and
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6 SUKHJIT SINGH AND SUSHMA GUPTA

(i) log(Bq(z) + ) is convex ink.
If an analytic functiorp € R(0, 3,, 1) satisfies the differential subordination
z2p'(z 2q' (2

Bp(z) + Ba(x)++ ° €5

thenp < ¢in E.
Takinga = 6 = 1 andvy = 0, Theorenj 3]l provides the following result (also see [5] and
[21]):

Corollary 3.4. Let 3 be a complex numbe# # 0. Letq € R(1,/3,0, 1), be convex univalent
in £ for whichRe 8q(z) > 0, z € E. If an analytic functiorp € R(1, 3,0, 1) satisfies the
differential subordination
Op°(2) + 20/ (2) < B¢*(2) + 2¢/(2), z€E,
thenp < ¢in E.
Writing o = —1,5 = 1,7 = 0 andd = 1 in Theorenj 3.JL, we obtain the following result of
Ravichandran and Darus [28]:

Corollary 3.5. Letq € A’ be univalent inE' such that‘zq;—((j)) is starlike inE. If p € A’ satisfies
the differential subordination

thenp(z) < ¢(z) in E.
4. APPLICATIONS TO UNIVALENT FUNCTIONS

In this section, we obtain sufficient conditions for a function to be starlike, strongly starlike
and univalent in¥.

Theorem 4.1. Leta and¢ be fixed real numbers, with< 6 < 1,a+d > 0. LetA\,Re A > 0,
be a complex number. Fgrandg € A, letG(z) = %S) be a univalent function which satisfies
(i) ReG(z) > 0in E; and
r o 2G' (z) 2G" (2)
(i) Re[(3-1)258 +1+ 58] >0, 2 € B
Then, iff € A satisfies the differential subordination

(&) {ﬂ INEA (G (1 . Zf”(Z))r

f(2) f(2) f'(2)
a / I g
zg’(Z)) [ 29'(%) ( zg (2))]
< (1T =A +A(1+ , z€el,
( 9(2) =% 9(z) g(z)

zf'(z)  29'(2) ;
then, o < eey ML
Proof. The proof of the theorem follows by writing(z) = Z}Céf) ,q(2) = Zj(i‘j) ,6=1/\ and
v =0inTheorem 3. O

Letting A = 1 anda = 1 — ¢ in Theorenj 4.]1, we obtain the following general subordination
theorem for the class @tstarlike functions.

Theorem 4.2.Letd, 0 < § < 1, be fixed and lef andg € A. Assume thaf(z) = %S) is
univalent inE which satisfies the following conditions:
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SOME APPLICATIONS OF AFIRST ORDERDIFFERENTIAL SUBORDINATION 7

() ReG(z) > 0i.e. g is starlike inE; and

i _ G'(2) (=)

(i) Re[(3-2) 58 +1+:582] >0, z¢ .
Then the differential subordination

@ (75) (55 <(G5) (7). e
implies thatzf (2) o 20G)jn g,

(2) 9(z)
Ford = 1,a = 0, Theorenj 41 gives the following subordination result.

Theorem 4.3.Let A\, Re A > 0, be a complex number. Fgre A, letG(z) = %(5) be univalent
in £ and satisfy the following conditions:

() Re 1G(z) >0,z€ FE;and
(i) 2% (Z is starlike inE.
If an analytlc functionf € A satisfies the differential subordination
2f'(2) ( f”(Z)> 29'(2) ( zg”(Z))
4.2 1—A +A <(1-=A +A(1+ , 2€ULl,
@2) =N 7 ) STV /)

2f'(2) 2g'(2)
thenZ 22 N ON < o in E.

Remark 4.4. We observe that whekis a positive real number, Theor¢m|4.3 provides a general
subordination result for the clags,.

Puttingd = A = 1,a = —1 in Theorenj 4.]1, we obtain the following general subordination
result for the clas§,:

Theorem 4.5. For a functiong € A, set% = ((z). Suppose thaf7(z) is a univalent
function which satisfies
2:G'(z)  2G"(2)
G(2) G(2)
If an analytic functionf € A satisfies the differential subordination
L+2/"(2)/f"(z)  1+29"(2)/g'(2)
< , Z€EFl,
2f"(2)/f(2) 29'(2)/9(2)

) )
7o < g NE.

Takingd = 1,a = 0 andX = 1 in Theorenj 4.]1, we obtain the following Marx-Strohhacker
differential subordination theorem of first type (also see [9]):

Re |1 —

>0, z€e F.

Corollary 4.6. Letg € A be starlike inE'. Suppose thai;fé%)) = ((z) is univalent andog G(z)
is convex ink. If an analytic functionf € A satisfies the differential subordination

A1)y )

ST 72

ze F,

2f'(2) zg'(2)
thenZ 22 N ON < o in E.

Writing a = 0 = A = 1 in Theorenj 4.1, we have the following subordination result:
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Corollary 4.7. Letg € A be starlike inE. Set% = (G(z). Assume thatr is convex univalent

in E. If f € A satisfies the differential subordination
ZACO IR HONEIONERIC)
f(z) f(z) 9(2) 9(2)

() 22
e < g NE

Settingp(z) = f'(2), q(z) = ¢/(z) and@ = } andy = 0 in Theorenj 3.1, we obtain

Theorem 4.8. Let o andé be fixed real numbers, with< § < 1anda + 6 > 0. Let\ € C
with Re A > 0. Assume thag € A satisfies the following conditions:

(i) Re: ¢'(2) >0, z € E;and

(i) Re[(3-1) & +1+ 28] > 0in .

, z€FE,

then

9" (2)
If f € A satisfies the differential subordination

(@)U () + A2 f"(2)]" < (9'(2)* 19 (2))* + Azg" ()],
forall z € E, thenf'(z) < ¢'(2) in E.

Writing o = § = 1 in Theorenj 4.8, we obtain the following resuit:

Corollary 4.9. Let\ € C withRe A > 0. Letg € A be such that
(i) Re5g'(z) >0, z € Fand
(i) ¢'is convexink.
If f € A satisfies the differential subordination
f2(2) + X2f"(2) < ¢%(2) + A\zg"(2), z€E,
thenf’(z) < ¢'(z) in E.
Takingd = A = 1, = —1in Theorenj 4.8, we obtain the following result:

Corollary 4.10. Letg € A be such thatZg‘Z;'((j)) is starlike in £. If an analytic functionf,
f(0) = 0, satisfies the differential subordination
2f'(2) _ 29"(2)
f2(2)  g%(z)’

z e F,

thenf'(z) < ¢'(2) in E.
Settinga = 0 andd = 1 in Theorenj 4.8, we get:

Corollary 4.11. Let A be a complex numbéeRe A > 0. Letg € A be such that
(i) Re1g'(z) >0, z € E, and
(i) logg'(z) is convexink.
If f € A satisfies the differential subordination
2f"(2)
f'(2)

zg"(2)

£12) + A eR

<4d(z)+ A

z e F,

thenf’(z) < ¢'(z) in E.
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4.1. Conditions for Strongly Starlikeness. A function f € A is said to be strongly starlike of
ordera, 0 < a < 1,if
!
) <—, z€ek.

arg s
f(z) 2
Let the class of all such functions be denotedigy).
ConsiderG(z) = (22)».0 < u < 1. Leta, § and )\ be fixed real numbers such that

1—2

0<d<1l,a+0d>0andX > 0. Then
(i) ReG(z) > 0in E; and
(i) Re[(3-1)258 +1+ G| =Re[$2% + 25| >0, z¢ B
Thus, all the conditions of Theorem #.1 are satisfied. Therefore, we obtain the following
result:

aT

Theorem 4.12.Let «, 6 and X be fixed real numbers such that< 6 < 1, aa+ 6 > 0 and
A > 0. For areal numben, 0 < u < 1, if f € A satisfies the differential subordination

(75 To- st o2 ()] = () [ v ]
thenf € S(u).

Remark 4.13. Theoreni 4,12 can also be written as:
Let o, 0, A andp be fixed real numbers suchthak 6 < 1,a4+d >0, A > 0and0 < pu < 1.
If an analytic functionf in A satisfies

0

Sf(2)\° 2f(2) 2f"(2) un
w (7)) o9 (T <5
thenf € S(u), where
2 p Au
v =apt oarctan (ta“ 2 T )R ) cos “—> '

Deductions.

Writing A = 1 anda = 1 — § in Theoren{ 4.12, we obtain the following result, essentially
proved by Darus and Thomas [2]:

(). Letd,0 < 6§ <1,andu,0 < u < 1, be fixed real numbers. Lgt € A satisfy

(5O (14 Y < (1) s

thenf € S(u), where

W
(1 — M)(l_ﬂ)p(l + #)(1-1-“)/2 CcoS %
Lettinga = 0 andd = 1 in Theorenj 4.12, we get the following result of Mocanul [15]:

(if). LetA, A > 0andu,0 < p < 1, be fixed real numbers. If € A satisfies the differential
subordination

o Fer (1o ) < (22) 2 e

thenf € S(u).

26
v=(1-0)pu+ — arctan [tan % +
T
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ForA =0, a = —1 ando = 1, Theorenj 4.12 gives the following result of Ravichandran and
Darus [28]:

(iii). Foru,0 < u < 1, afixed real number, lef € A satisfy
1+2f"(2)/f'(2) 2pz(1 — 2)P
2f'(2)/ f(2) (1+z)rt!
forall z € E. Thenf € S(u).

Writing o = 0 andd = A = 1in Theorenj 4.12, we obtain the following result of Nunokawa
and Thomas [20]:

(iv). Foru,0 < p < 1, afixed real number, let € A satisfy

L4 2 (1+z)”7

f'(2) 1—2z
forall z € E. Thenf € S(u), where
Feron [ “ |
v = —arctan |tan — + — =1 -
s 2 (1 _N>(1 H)/2(1+M>(1+H)/2 COS%

Takinga = 6 = A = 1in Theoren| 4.12, we obtain the following result of Padmanabhan
[23]:
(V). Foru,0 < u < 1, afixed real number, lef € A satisfy

2f'(2) 1+zf”(z) . T+2\"[/1+2 ”+ 212 |
f(2) f'(2) 1—=2 11—z 1—22
forall z € E. Thenf € S(u).
4.2. Conditions for Starlikeness. ConsiderG(z) = 1% —1 < a < 1. Then, for|a| <
0, 0 <é <land)\ > 0, we have
(i) ReG(z) > (5*) > 0in E; and
(i) Re [(% -1 & +1+ zg/(gﬂ >Re[(1-92) (- 1] >0, z€E.
ThusG satisfies all the conditions of Theorems|4.1. Therefore, we obtain:

Theorem 4.14.Let|a| < 6§, 0 < 6 < 1 be fixed and\ be a real numberh > 0. If f € A
satisfies the differential subordination

(F5) la-»FG o (7))
_<<1+az)a{1+()\+a)z+ Aaz 1°

Y

1—=2 11—z 1+az

where—1 < a < 1, thenf € St(5%).

Deductions.

TakingA = 1, « = 1 — § anda = 0 in Theorenj 4.14, we obtain the following result:
(). Let f € A satisfy

(R () < fesen
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Thenf € St(1/2).
Remark 4.15. For§ = 1, Deduction(i) yields the well-known resulti’ C St(1/2).

Writing o = 0 andé = 1 in Theoren] 4.14, we obtain the following form of the result of
Mocanu [14]:
(i). Let A be areal number, such that> 0. If f € A satisfies the differential subordination
z2f'(2) z2f"(2) 1+ (a+ M)z Aaz
o) e
where—1 < a < 1landz € E, thenzf'(2)/f(z) < (1 +az)/(1 — 2).
TakingA = 0 = 1 anda = —1 in Theorenj 4.T4, we have the following result:
(iii). If f € A satisfies
L+z2f"(2)/f'(2) <14 (1+a)z
2f'(2)/f(2) (1+az)?
thenzf'(2)/f(z) < (1 4+ az)/(1 — z).
Remark 4.16. For a = 1, Deduction(iii) gives Theorem 3 in [22] and Corollary 8 in [28].
Theorem 3 (in case = 0) in [31] is improved by writinge = 1 — 2« in above deduction.
ForA = ¢ = 1 anda = 0, we obtain from Theorein 4.114:
(iv). Let f € A satisfy
2f"(z) 1+ (a+1)z az
f(2) 1—=2 1+az
Thenzf'(z)/f(z) < (1 +az2)/(1 - z).
Takinga = 6 = XA = 1 in Theorenj 4.T4, we obtain the following result:
(v). If f € A satisfies
zf'(z) z2f"(2) 1+az\> (14a)z
o () < (F5)
forall zin Eand—1 < a < 1,thenzf'(2)/f(2) < (1 +az)/(1 — z).
Remark 4.17. Theorem 3 of Padmanabhan [23] corresponds+o0 in deduction (v).
Writing a = 1 anda = 1 — § in Theorenj 4.14, we obtain:
Theorem 4.18.Letd,1/2 < § < 1, be fixed. For\, A > 0, let f € A satisfy

(1Y 4 T (1 LY

(1=2)

, —1l<a<l z€ekFE,

14 ,—l<a<l1l, ze€k.

f(z) f(2) f'(2)
wheret is a real number witht| > 6°v/A (%)‘H/2 . Thenf € St.
Proof. As the proof runs on the same lines as in [1], so we omit it. O
Deductions.

For A = 1in Theorenj 4.18, we obtain the following result which improves the Theorem 2 of
Darus and Thomas|[2]:

(). Letd,1/2 < 6 < 1, be fixed. Letf € A satisfy
zf’(Z))H { zf”(Z)r :
(7)) ) o

wheret is a real number wit| > §° (2(;”—_1)571/2. Thenf € St.
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Writing 6 = 1 in Theorenj 4.18, we get the the following result obtained by Nunokawa [19]:
(i). Let A, A > 0 be areal number. If € A satisfies the differential subordination
2f'(2) ( Zf”(Z)) :
1—A +A(1+ it,
STE e )7
wheret is a real number and| > /A(X + 2). Thenf is starlike inE.

TakingA = § = 1 in Theorenj 4.18, we obtain the following result of Mocanul [13]:
(iii). If f € A satisfies

2f"(2)
f'(2)

where tis a real number ang > V3, thenf € St.

1+ #+it, z€FE,

4.3. Conditions for Univalence. Considerg’(z) = % —1 < a < 1. It can be easily

checked that all the conditions of Theorém|4.8 are satisfied. Thus, we obtain the following
result:

Theorem 4.19.Let|a| < 6,0 < § < 1, be fixed real numbers. Latbe a positive real number.
If f € A satisfies the differential subordination

1+az\*°
11—z

)

é
(1+az>2+)\(1+a)z

FE TP+ A < ) A

forall z € EFand—1 <a < 1,thenf'(z) < (14+az2)/(1 —z)in E.
Deductions.
Fora = § = 1, Theoren 4.7)9 gives the following result:
(). Let A be a positive real number. ff € A satisfies the differential subordination

i oxrta (22 22

forallz € Fand—1 < a < 1,thenf'(z) < (14 az)/(1—z)in E.
Takinga = —1 andd = A\ = 1 in Theorenj 4.19, we obtain:
(i). If f € A satisfies

ek,
1—=z2

2f"(2) - (1+a)z
(f'(2))?  (1+az)*
thenf'(z) < (1 +az)/(1 — 2).
In particular,a = 0 gives the following interesting result:
(iii). If f € A satisfies

ze b,

2f"(2)
<z, z€eF,
(f'())?
thenRe f'(z) > 1/2forall zin E.

Writing a = 0 andd = 1 in Theorenj 4.19, we get the following result:
(iv). Let X be a positive real number. [f € A satisfies
2f"(z)  1l+4az M1+ a)z
f'(2) 11—z (1+az)(1-2)
where—1 < a < 1, thenf'(z) < (1+az)/(1 —2). Fora = 1, this result can be
expressed as (also see [1]):

f'Z)+A

z el
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(v). Let X be a positive real number.ff € A satisfies
)
zZ)+ A
P20
wheret is a real number and| > /A(\ + 2), thenRe f/(z) > 0in E.

Writing ¢'(2) = 14+ a2, 0 < a < 1, in Theorenj 4]8, then, fdn| < 4,0 < § < 1 and\ > 0,
we obtain:
(i) Re3¢'(z) > 0in E; and
- o P ”(Z) P ”/(Z) . o a
(i) Re|(§-1) &+ 1+ 2] —Re[(1- %)k +5]>0,2€ F.
Thus, all the conditions of Theordm %.8 are satisfied. Therefore, we obtain:

# it,

Theorem 4.20.Let|a| < 6,0 < § < 1, be fixed real numbers. Latbe a positive real number.
If f € A satisfies the differential subordination

4.3) (N0 () + Azf"(2)) < (14 a2)*°[(1 4 az)? + Xaz]’,

where0 < a < 1, then|f'(z) — 1| < a.

Remark 4.21. Let f € A satisfy ). Then by Lemn@.ﬁ,e S(u), wherey is given by
O<af§¢éﬁ?§$ﬁbm‘

Remark 4.22. For0 < a < 1/2, let f € A satisfy [4.8). Then by Lemnja 2.4,

z2f'(2) ( 3a )z B
o St (5,) e

Deductions.
Fora = § = 1, Theoren 4.20 gives the following result:

(). ForA\, A > 0, if f € A satisfies
(') +A2f"(2) < (1 +az)*+ Xz, 0<a<1, z€E,
then|f'(z) — 1| < ain E.

Writing & = —1 andé = A = 1 in Theorenj 4.20, we obtain:
(ii). If f € Asatisfies
z2f"(2) L ez
(fz)?  (+az)*
then|f'(z) — 1| < ain E.

0<a<l, z€ek,

Takinga = 0 andé = 1 in Theorenj 4.20, we obtain:
(iii). Let f € A satisfy
z2f"(2) Aaz

1
702) < (I4az)+ T as’
where0 < a < 1 and\ is a positive real number. Theff/(z) — 1| < ain E.

We note that results similar to the ones proved in Renjarks 4.2 and 4.22 can also be derived
in the case of deductions (i), (ii) and (iii).

f'Z)+A

z e F,
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