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Abstract

Let p and ¢ be analytic functions in the unit disc £ = {z : |z| < 1}, with p(0) =
q(0) = 1. Assume that e and ¢ are real numbers such that 0 < 0 <1, a 44 >
0. Let 5 and v be complex numbers with 5 # 0. In the present paper, we
investigate the differential subordination

P [p6)+ 3| < )

E. Some Applications of a First
order Differential Subordination

[

ot ) 0
o]

Ba(z) +1

and as applications, find several sufficient conditions for starlikeness and uni- SL el e ST

valence of functions analytic in the unit disc E.
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Let A be the class of functiong, analytic in £/, having the normalization
f(0) = f'(0)—1 = 0. Denote by4’, the class of functiong which are analytic
in £ and satisfyf(0) = 1 andf(z) # 0, z € E. Furthermore, lebt(«), St and
K denote the usual subclassesAtonsisting of functions which are starlike
of ordera,0 < a < 1, starlike (with respect to the origin) and convex#n
respectively.

For the analytic functiong and g, we say thatf is subordinate tg in F, Some Applications of a First
written an(Z) < g(z) in E (or simply f < g), if g is univalent inF, f(()) = order Differential Subordination
9(0), andf(E) C g(E).

Lety : D — C (Cisthe complex plane) be an analytic function defined on a
domainD c C?2. Further, lep be a function analytic i’ with (p(z), zp'(2)) €

Sukhijit Singh and Sushma Gupta

D for = € E, and leth be a univalent function it£. Thenp is said to satisfy Title Page

first order differential subordination if Contents

(1.1) Y(p(2), 20 (2)) < h(z), =€ B, ¢(p(0),0) = h(0) « dd
< 4

A univalent functionyg is said to be the dominant of the differential subordina-

tion (1.2), if p(0) = ¢(0) andp < ¢ for all p satisfying (.1). A dominantq Go Back

of (1.1) that satisfiegj < ¢ for all dominantsg of (1.1) is said to be the best Close

dominant of (..1). _
The fascinating theory of differential subordination was put on sound footing Quit

by Miller and Mocanu §] in 1981. Later, they used it (e.g. sed,[[ /] and [L(]) Page 3 of 34

to obtain the best dominant for the Briot-Bouquet differential subordination of
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the type

zp'(2)
(1.2) p(z) + ———— < h(z), z€E,
=) Pp(z) +7 )
which was first studied by Ruscheweyh and Sing#}.[ The observation that the
differential subordinationl(2) had several interesting applications to univalent
functions led to its generalization in many ways (sde[[L©]).
In the present paper, we consider a generalization of the form

Some Applications of a First

0 ’ 6 order Differential Subordination
o 2p'(2) o 2q'(2)
(1.3) (p(2))* |p(2) + 3p(2) +7] < (q(2)) {Q(Z) + Bq(z) +~ Sukhjit Singh and Sushma Gupta
=h(z), z€E,

. . Title Page
wherea, § are suitably chosen real numbers, v € C, g # 0. Using the g
characterization of a subordination chain and a beautiful lemma of Miller and Contents
Mocanu ], we determine conditions opunder which it becomes best dom- pp S
inant of differential subordinationL(3), Section3. In Section4, we apply our
results to find several new sufficient conditions for starlikeness, strongly star- < 4
likeness and univalence of functigne .A. Large number of known results also Go Back

follow as particular cases from our results.

The motivation to study the differential subordinatidn3) was provided by
the classH (v),vy > 0, of y-starlike functions defined by Lewandowski et al. Quit
[4], defined as under:

Close

Page 4 of 34

’ I—y " v
H(’y) _ {f c A : Re (Zf (Z)> [1 + Zf (Z):| > 07 z € E} . J. Ineq. Pure and Appl. Math. 5(3) Art. 78, 2004
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Recently, Darus and Thomas]| too, investigated the cladg(~) and proved
that the functions in this class are starlike.

Finally, we define few classes of analytic functions, which will be required
by us in the present paper.

Miller, Mocanu and others studied extensively (e.g. seg [17], [14], [15]
and [L7]) the class ofx-convex functions)/,,, « real, defined as under

Ma:{feA:Re {(1—04)””(2)+a(1+zfu(z))] >0, zeE}

f(z) f'(2) _. .
Some Applications of a First
where /) 7é 0in E. They proved that\/, C Mgz C Stfor0 < a/f <1 order Differential Subordination
and)M,, C Ml K fora > 1. Sukhjit Singh and Sushma Gupta
In [30], Silverman defined the following subclass of the class of starlike
functions: Tile P
L+ 2/"(2)/1'(2) —
Qb:{fEA:‘ zf’(z)/f(z) -1 <b, zeFE;. CarmiEE
N. Tuneski (7], [21], [27]) dedicated lot of his work to the study of this class 4« >
and obtained some interesting conditions of starlikeness. P >
Another class which is of considerable interest and has been investigated in Go Back
many articles (£3], [27]), consists of functiong € A which satisfy Close
! 1
Re {%(Z)) (1+Z]{T<§))] >0, zcE. Quit
z z
Page 5 of 34

It is known that the functions in this class are starlike, too. We observe that
all the classes mentioned above consist of algebraic expressions involving the

. . . . J. Ineq. Pure and Appl. Math. 5(3) Art. 78, 2004
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We shall need the following definition and lemmas.

Definition 2.1. A functionL(z,t), z € E andt > 0 is said to be a subordi-
nation chain if L(-, ¢) is analytic and univalent ire for all t > 0, L(z,-) is
continuously differentiable of), co) for all z € £ and L(z,t,) < L(z,ts) for
all 0 <t <.

Lemma 2.1 (24, p. 159]). The function.(z,t) : E x [0,00) — C of the form
L(z,t) = a1(t)z + --- withay(¢t) # 0forall t > 0, andtlim lai(t)] = oo, is
said to be a subordination chain if and only if there exist constans (0, 1]
and M > 0 such that

(i) L(z,t)is analytic in|z| < r for eacht > 0, locally absolutely continuous
int > 0 for each|z| < r, and satisfies

1L(z, )] < Mlay(t)], for [z| <7, t =0,

(i) there exists a functiop(z, t) analytic in E for all ¢t € [0, c0) and measur-
able in]0, oo) for eachz € E, such thatRep(z,t) > 0forz € E, t > 0

and
OL(z,t) OL(z,t)

ot =z 0z p(Z,t)7
in |z| < r, and for almost alk € [0, o).

Lemma 2.2. Let F' be analytic inE and letG be analytic and univalent i
except for pointg, such thatim, .., F'(z) = oo, with F(0) = G(0). If F £ G
in E, then there is a pointy, € F and(, € dF (boundary ofF) such that
F(|Z < ‘ZO’) C G(E), F(ZU) = G(Co) andZOF/(Zo) = mC()G/(Co) form > 1.

Some Applications of a First
order Differential Subordination
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Lemma2.2is due to Miller and Mocanud].

Lemma 2.3. Let f € A be such thaf’(z) < (1 +az) in E, where0 < a < 1.

Then / .
1
z2f'(2) - +z  .eE
f(2) 11—z
< 2sin(mp/2) .
where( < a < Trteosn D
Lemma 24 Letf € A be SUCh thaIf/(Z) =< (1 + CLZ) |n E, Whereo <a S % Some Applications of a First

order Differential Subordination

Then we have

z2f'(z) 3a
o<1+ (2

Lemma2.3and Lemma&?.4 are due to Ponnusamy and SingfiJland Pon- Title Page
nusamy P5], respectively.
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Definition 3.1. Let o and § be fixed real numbers, with < 6 < 1, + 6§ >
0. Further, let3 and v be complex numbers such that=# 0. Then, by
R(«, 3,7, d), we denote the class of functiomg A’, such that the function

= (p(2)* [ p(= ) ’ = z
P = 0 () + 5 ) L PO =50, € E

is well defined in&.

For fixeda andy, wherea + 6 > 0,0 < 6 < 1 and for givens, v € C with
B # 0, the classk(«, 3,7, ) is non-empty, as the functignz) = 1 + p, 2",
wherez € E, p, € Candn € N, belongs toRk(«, 3,7, 6).

We are now in a position to state and prove our main theorem.

Theorem 3.1.For a functiong € R(a, 3,7, d), analytic and univalent irf, set

BZ‘(’;()‘?W = (z). Suppose thaf satisfies the following conditions:

(i) Re(fq(z) +v) >0, =ze€ E,and

(i) Re[3228) 480 >0, zeP.

If p € R(«, 3,7, d) satisfies the first order differential subordination

o L(’Z) ' 2))*| q(z L(Z) 5
1) @) (p(z)+5p(z)+’y) = ld=) (q( >+5‘1(Z>+7)
= h(z),

h(0) = 1,

Some Applications of a First
order Differential Subordination
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forall z € E. Thenp < ¢q andq is the best dominant of differential subordina-
tion (3.1). All the powers chosen here are the principal ones.

Proof. Without any loss of generality, we assume thas univalent onk. If
not, then we can replace ¢, and h by p.(z2) = p(rz),q.(z) = q(rz) and
h,(z) = h(rz), respectively, wher® < r < 1. These new functions satisfy
the conditions of the theorem d&h We would then prove thai. < ¢,, and by
lettingr — 1, we obtainp < g.

We need to prove thatis subordinate t@ in E. If possible, suppose that
p A qin E. Then by Lemma&.2, there exist points, € E and(, € JF such
thatp(|z| < [z]) C q(E), p(z0) = q(¢o) andzop'(20) = mCoq' (o) for m > 1.
Now

) 1 (i [t + 2@ T

@2) ()" o) + 5% BalCo) + 7

Consider the function

(
= (g(2)*(g(z) + 1+ 1)Q(2))°
=1l+a(t)z+---.

Asq € R(a, 8,7,9),S0L(z,t) is analytic inE for all ¢ > 0 and is continuously
differentiable on0, co) for all z € E.

a(t) = {%} _=d0) {a +5 <1 + @1—12)] |

Some Applications of a First
order Differential Subordination
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Sincegq is univalent inE, ¢’(0) # 0 and in view of condition (i),5 + v # 0.

Thus,a,(t) #0 andtlim lai(t)| = oco. Moreover,

Lepy (@) (g + (1)’

alt) () oo (14 12)]

B+

Taking limits on both sides

) (2 + (G + 05)

Lzt
tlim (Lt) = tlim T
B (O 5[% 5<%+6+v>]
When0 < § < 1,
L
lim (#.1) =
t=o0 ay(t)

Thus, there exists a positive constassuch that
|L(z,t)| < €|lay(t)], t > 0.
Wheno = 1, we have

LD (4(2)°QC)
= all)  q0)/F+

= QS(Z), (SaY)'

In view of condition (ii), it is obvious thad is a normalized starlike (with re-
spect to the origin), and hence, univalent function. By the Growth theorem for

Some Applications of a First
order Differential Subordination
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univalent functions I8, p. 217], the functiory is bounded for alk, |z| < r,
wherer € (0, 1]. Thus, we conclude that far < 6 < 1, there exist constants
Ky > 0andr € (0, 1] such that

IL(z,)| < Kolai(t)], |2] < ro, t € [0, 00).

Now OL (st
Bl (ge)ratal) + (0 + 00 Q).
DL/0: () 2) + (L4 DQE) | =(g() + (L + Q)
®9 Tra “sam 0 ewm T Qo)
_(« ; azq(z)  2Q'(2)
= (5+1) )+ )+ o) (§00) 4 22

In view of conditions (i)) and (ii), we obtain

20L/0z
E
Re(@L/6t>>0’ zek,

fora+6 > 0and0 < § < 1. Thus, all the conditions of Lemma1 are
satisfied. Therefore, we deduce tligt, ¢) is a subordination chain. In view of
Definition 2.1, L(z,t;) < L(z,ty) for 0 < t; < t5. SinceL(z,0) = h(z), we
getL((o,t) ¢ h(E) for |{;| = 1 andt > 0. Moreover,h is univalent inE so
that the subordinatior8(1) is well-defined. In view of §.2), we can write

20p!(20)

5
) +7] L(¢o,m — 1) & h(E),

(p(20))* |p (20) +

Some Applications of a First
order Differential Subordination
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which is a contradiction to3(1). Hencep < ¢ in E. This completes the proof.
0

Remark 3.1. From (3.3), we observe that the condition (i) in Theor&m can
be omitted in case + ¢ = 0.

Settinga = 0 andy = 1 in Theorem3.1, we obtain the following result on
Briot-Bouquet differential subordination (also se®{

Corollary 3.2. Let3,v € Cwith 5 # 0. Letq € R(0,3,,1), be a univalent
function which satisfies the following conditions:

(i) Re(Bq(z) +v) >0, z € Fand
(ii) log(Bq(z) + ) is convex ink.

If an analytic functiorp € R(0, 3,~, 1) satisfies the differential subordina-
tion ()
2q'(z

=qz)+ 57~

D Baz) +

(2) +L(Z)

Bp(2) + “€ 5

thenp < ¢ in E.
Takinga = § = 1 and~y = 0, Theorem3.1 provides the following result
(also seef] and [21]):

Corollary 3.3. Let 3 be a complex numbefi # 0. Letq € R(1,,0,1), be
convex univalent irf for whichRe 3¢(z) > 0, z € E. If an analytic function

p € R(1,3,0,1) satisfies the differential subordination
Bp*(2) + 21/ (2) < B (2) + 2¢'(2), 2 € E,

thenp < ¢ in E.

Some Applications of a First
order Differential Subordination
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Writing a = —1,8 = 1,7 = 0 andd = 1 in Theorem3.1, we obtain the
following result of Ravichandran and Darusd:

Corollary 3.4. Letq € A’ be univalent inE such thatf]%'((j)) is starlike inE. If
p € A’ satisfies the differential subordination

thenp(z) < ¢(z2) in E.

Some Applications of a First
order Differential Subordination
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In this section, we obtain sufficient conditions for a function to be starlike,

strongly starlike and univalent iA.

Theorem 4.1. Let«a and§ be fixed real numbers, with< § < 1, « + 0> 0.
Let A\, Re A > 0, be a complex number. Fgrandg € A, letG(z) = %S) be a
univalent function which satisfies

(i) Re+G(z) > 0in E; and

(i) Re[(3-1)258 +1+ 52| >0, 2 € B

Then, iff € A satisfies the differential subordination
dw»a[_ 2f'(2) ( zﬂ@ﬂ5
(F) L0750 7

<(jgy?h_wﬁg+xg+?gvr’zeﬂ

zf'(2) zg'(2) s
then, o) < ) in E.

Proof. The proof of the theorem follows by writing z) = Z}C(S) q(z) = %S)

G =1/xandy = 0in Theorem3.1 u

Letting\ = 1 anda = 1—4¢ in Theorem4. 1, we obtain the following general
subordination theorem for the classée$tarlike functions.

Some Applications of a First
order Differential Subordination
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Theorem 4.2. Letd, 0 < § < 1, be fixed and lef andg € A. Assume that

G(z) = Zﬁ(g) IS univalent inE which satisfies the following conditions:

(i) ReG(z) > 0i.e. g is starlike inE; and

(i) Re[(3-2) 88 +1+:58] >0, z¢ .

Then the differential subordination
22\ 2f"(2)\°
@y (537) (450
2g'(2)\" 29"(2)\°
<(g<z>) (“ g'<z>)’ Fe b

implies thatzL &) (j) < (()) in .

Foré = 1,a = 0, Theorem4.1 gives the following subordination result.

Theorem 4.3.Let \,Re A > 0, be a complex number. Far € A, letG(z) =

Zj(g) be univalent inZ and satisfy the following conditions:

() Re lG(z) >0, z € E; and
(ii

Some Applications of a First
order Differential Subordination
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If an analytic functionf € A satisfies the differential subordination

2 ') 2f"(2)
4.2) (1- ) ot A (1 + )
< (1- A)Zjé’;) A (1 i Zgg,((s)) . :€E,

zf'(2) zg'(2)
thenz 22 @ S e in E.

Remark 4.1. We observe that whekis a positive real number, Theorefn3
provides a general subordination result for the clags.

Puttingd = A = 1,a = —1 in Theorem4.1, we obtain the following general
subordination result for the clags:

Theorem 4.4. For a functiong € A, set?2Z) — G(z). Suppose that(z) is a

univalent function which satisfies o)
2:G'(z)  2G"(z)
1-— FE.
Re Gl2) + Gl2) >0, z€

If an analytic functionf € A satisfies the differential subordination

L+ 2f"2)/f'(2) | 1+429"(2)/9()
f'(2)/ f(2) g(=)/g9(z)

)inE.

z€eF,

(2)
then o = g(z

Takmg& = 1,a = 0andX = 1 in Theorem4.1, we obtain the following
Marx-Strohhacker differential subordination theorem of first type (alsoge [

Some Applications of a First
order Differential Subordination
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Corollary 4.5. Letg € A be starlike inE. Suppose thaf% = G(z) is

univalent andog G(z) is convex inE. If an analytic functionf € A satisfies
the differential subordination

'), )

f'(2) g(2)

1+

z e F,

2f'(2) 29'(2) ;
then o = g N E.

Writing « = § = A = 1 in Theorem4.1, we have the following subordina-
tion result:

Corollary 4.6. Letg € A be starlike inE. Set2 ) = G(z). Assume that is
convex univalentirk. If f € A satisfies the diféerential subordination
29'(z) | 279" ()

f(z) 2 ()
&) e e e

z2f'(2) 29'(2) ;
then—f(z) < S in E.

Settingp(z) = f'(2), ¢(z) = ¢'(z) and = ; andy = 0 in Theorem3.1,
we obtain

2.1

, z€l,

Theorem 4.7.Leta andd be fixed real numbers, with< 6 < 1anda+4§ > 0.
LetA € CwithRe A > 0. Assume thaj € A satisfies the following conditions:

(i) Res ¢'(2) >0, z € E; and

(i) Re[(3-1) 2 +1+ 28] > 0in .
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If f € A satisfies the differential subordination

(DI () +A2f" ()] = (9'(2)° (g (2))* + Azg" (2)]),
forall z € E, thenf'(z) < ¢'(2)in E.

Writing o = 6 = 1 in Theorem4.7, we obtain the following result:
Corollary 4.8. Let\ € CwithRe A > 0. Letg € A be such that
(i) Re1¢'(2) >0, z € Eand
(ii) ¢’ is convexink.
If f € A satisfies the differential subordination
f2(2) + Azf"(2) < §%(2) + M\2¢"(2), z€E,
thenf’(z) < ¢'(z) in E.
Takingd = A = 1, = —1 in Theorem¥.7, we obtain the following result:

Corollary 4.9. Letg € A be such thafg?;% is starlike inE. If an analytic func-
tion fs
f(0) = 0, satisfies the differential subordination
2f"(2) _ 29"(2)
f2(z) g% (2)

thenf’(z) < ¢'(z) in E.

z € F,

Some Applications of a First
order Differential Subordination

Sukhijit Singh and Sushma Gupta

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 18 of 34

J. Ineq. Pure and Appl. Math. 5(3) Art. 78, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:sukhjitprotect T1	extunderscore d@yahoo.com
mailto:
mailto:sushmagupta1@yahoo.com
http://jipam.vu.edu.au/

Settinga = 0 andd = 1 in Theorem4.7, we get:

Corollary 4.10. Let A be a complex numbédRe A > 0. Letg € A be such that
() Re %g’(z) >0,z€ F,and
(i) logg'(z) is convex ink.

If f € A satisfies the differential subordination

2f"(2)
f'(2)

zg"(2)
g(z)’

')+ A <d(=)+ A ek,

thenf'(z) < ¢'(2) in E.

A function f € A is said to be strongly starlike of ordet 0 < o < 1, if

2f'(2)
f(2)

Let the class of all such functions be denotedSgy).

ConsiderG(z) = (££)*,0 < p < 1. Leta, § and\ be fixed real numbers

suchthat < <1,a+ 6 > 0andX > 0. Then

QT
27

arg ze k.

(i) Re+G(z) > 0in E; and
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. o 2G (= 2G" (2 a 2pz 22
(i) Re [(3 — 1) G(i)) +1+ G,(i))} = Re [31—2_% + }J_FZQ >0, z€e L.
Thus, all the conditions of Theoreml are satisfied. Therefore, we obtain
the following result:

Theorem 4.11.Let«, 6 and X be fixed real numbers such thak § < 1, o +
0 > 0and )X > 0. For areal numbernu,0 < p < 1,if f € A satisfies the
differential subordination

5 Some Applications of a First
(Zf/<z))a |:<1 . )\) Zf/(Z) + )\ (1 + Zf”(z)):| ordgltngiffeprgrlligllosnjbgr(?inalliison
/
f(Z) f(Z) f (Z) 5 Sukhijit Singh and Sushma Gupta
T+2\"T/1+2\"  2\uz
“\1c 1 - =l
& & o Title Page
thenf € S(u). Contents
Remark 4.2. Theoremd.11can also be written as: <« Y
Leta, 0, A and i be fixed real numbers such thak § < 1, a4+ >0, A >0 < >
and0 < p < 1. If an analytic functionf in A satisfies
/( ) /( ) N( ) 5 Go Back
2f'(2)\“ zf'(z z2f"(z v
1—A A1 < —, ]
o (F) o0 (55 | <%
Quit
thenf e S(i), where Page 20 of 34
- 2 5 arctan ( tan " Au
R R e (e i
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Deductions.
Writing A = 1 anda = 1 — ¢ in Theorem4.11, we obtain the following result,
essentially proved by Darus and Thomaks |

(). Let),0 < 6 < 1,andu,0 < u < 1, be fixed real numbers. Let € A

satisfy
(L) (1 LY < (122 e

thenf e S(u), where

1
(1 — M)(lfﬂ)/Q(l + Iu)(lJFU)/Q cos %

20
v = (1-6)u+— arctan {tan il
s 2
Lettinga = 0 andd = 1 in Theorem4.11, we get the following result of
Mocanu [.5]:

(i). LetA, A > 0andu,0 < p < 1, be fixed real numbers. If € A satisfies
the differential subordination

A1) () 2 e

thenf € S(u).

ForA =0, a = —1 andé = 1, Theorem4.11gives the following result of
Ravichandran and Darusd):
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(iii). Foru,0 < pu < 1, afixed real number, lef € A satisfy

L+ 2/"(2)/f'(2)
2f"(2)/ f(2)

forall z € E. Thenf € S(u).

2uz(1 — z)P=t

<1
* (14 z)ntt

Writing « = 0 andd = A = 1 in Theorem4.11, we obtain the following
result of Nunokawa and Thomas(]:

(iv). Foru,0 < p < 1, afixed real number, let € A satisfy

zf"(z2) 1+2\"
w g <)

forall z € E. Thenf € S(u), where

2 arctan |tan 7 & a
UV = — arctan an — .
T 2 (1 — Iu)(l—.u)/Q(l + M)(l""#)/Q CcoS %

Takinga = 6 = A = 1in Theorem4.11, we obtain the following result of
Padmanabhar’{]:

(V). Foru,0 < u < 1, afixed real number, let € A satisfy

o () < () 1GE) a2

forall z € E. Thenf € S(u).
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ConsiderG(z) = &% —1 < a < 1. Then, for|a| <4, 0 < 4§ < 1andX > 0,
we have

(i) ReG(z) > x(5%) > 0in E; and

(i) Re[(5—1) G5 +1+°5] > Re[1-9) (e —1] > 0, z €
FE.

Thus( satisfies all the conditions of Theoredmd. Therefore, we obtain:

Theorem 4.12.Let|a| < 4§, 0 < § < 1 be fixed and\ be a real number\ > 0.
If f € A satisfies the differential subordination

(zf’(z))‘* -2 (14 Zf”(Z))r

f(z) f(z) f’(zg 5
() P

where—1 < a < 1, thenf € St(452).

Deductions.
TakingA =1, « = 1 — 6 anda = 0 in Theorem4.12, we obtain the following
result:
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(i). Let f € A satisfy

(%%?y4(1+3xgvé<(at?iégagL

Thenf € St(1/2).

Remark 4.3. For 6 = 1, Deduction(i) yields the well-known resultkx C
St(1/2).

Writing a = 0 andé = 1 in Theorem4.12, we obtain the following form of
the result of Mocanul[4]:

(ii). Let A be a real number, such that> 0. If f € A satisfies the differential
subordination

) ()
=70 “(“ ) ) )

where—1 < a < 1andz € E, thenzf'(2)/f(z) < (1 +az)/(1 — 2).

1+ (a+ M)z Aaz
1—2 1+az’

TakingA = § = 1 anda = —1 in Theorem4.12, we have the following
result:

(ii)). If f € A satisfies

L+ 2/"(2)/f'(2) (1+a)z
2f'(2)/ 1 (2) (1+az)*’

thenzf'(2)/f(2) < (1 +az)/(1 — 2).

<1+

—1<a<l1l, z€EFE,
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Remark 4.4. For a = 1, Deduction(iii) gives Theorem 3 in /] and Corollary
8in[28]. Theorem 3 (in case = 0) in [31] is improved by writinge = 1 — 2«
in above deduction.

For A = § = 1 anda = 0, we obtain from Theorem.12
(iv). Let f € A satisfy

2f"(z) 14+ (a+1)z az
f'(z) 11—z N 1+az

Thenzf'(z)/f(z) < (1 +az)/(1 - z2).
Takinga = 0 = A = 1 in Theoren¥.12 we obtain the following result:
(v). If f e Asatisfies
(1+a)z

/ " 2
z2f'(2) (1_’_2(}”/(2)){(1—#&2) :
f(z) f'(2) 1—2z (1-2)
forall zin Eand—1 < a < 1,thenzf'(2)/f(2) < (1 4+ az)/(1 — z).
Remark 4.5. Theorem 3 of Padmanabhand] corresponds ta: = 0 in deduc-
tion (v).
Writing a = 1 anda = 1 — § in Theorem4.12, we obtain:
Theorem 4.13.Letd, 1/2 < § < 1, be fixed. For\, A > 0, let f € A satisfy
zf’(Z))w [ 2f'(z) ( zf”(Z))] oy
1—A A1+ = it,
S RGRSE P )] 7

wheret is a real number witht| > 6°v/X (22)°* Thenf € St.

,—1l<a<l =ze€ek.

1+
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Proof. As the proof runs on the same lines as’ijy fo we omit it. O

Deductions.
For A = 1 in Theorem4.13 we obtain the following result which improves
the Theorem 2 of Darus and Thomas [

(). Leto, 1/2 < 6 < 1, be fixed. Letf € A satisfy
zf'<z>>” [ Zf”(Z)r ;
() 1l e

wheret is a real number wity| > §° (%)‘H/z. Thenf € St.

Writing 6 = 1 in Theoremé4.13 we get the the following result obtained by
Nunokawa [.9:

(if). Let A\, A > 0 be areal number. If € A satisfies the differential subordi-
nation 2) 102)
z z z z
1—A +A(1+ it,
-G (e ) #

wheret is a real number and| > /A(X + 2). Thenf is starlike inE.

Taking\ = § = 1 in Theorem4.13 we obtain the following result of Mo-
canu [L3]:

(iii). If f € A satisfies
zf"(2)
f(z)

where tis a real number ang > V3, thenf € St.

1+

#it, z€F,
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Considerg/(z) = 2 —1 < a < 1. It can be easily checked that all the

1—2

conditions of Theoremd.7 are satisfied. Thus, we obtain the following result:

Theorem 4.14.Let |a] < 6,0 < 6 < 1, be fixed real numbers. Letbe a
positive real number. If € A satisfies the differential subordination

(f'(2)°°1(f"(2))? + Az f"(2))°
T4+az\*"°
“(7=%)

forall z € Eand—1 <a <1,thenf'(z) < (1+az)/(1—2)in E.

)

<1+az)2+)\(1+a)z
1

11—z z)?

b

Deductions.
Fora = 6 = 1, Theorem4.14gives the following result:

(). Let X be a positive real number. [f € A satisfies the differential subordi-
nation

(F/(2)? + \ef"(2) < (11+ “Z> +A%, e E,

forall z € Fand—1 < a < 1,thenf(z) < (14 az2)/(1 —z)in E.

Takinga = —1 andy = A = 1 in Theorem4.14, we obtain:
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(ii). If f € A satisfies

f'(z) | (1+a)e
PR “Trap P

thenf'(z) < (1 +a2)/(1 — 2).

In particular,a = 0 gives the following interesting result:

(). If f € A satisfies
zf—(z) <z, z€FE

(f'(2))?
thenRe f'(z) > 1/2forall zin E.

Writing o« = 0 andé = 1 in Theorem4.14, we get the following result:

(iv). Let X be a positive real number. [f € A satisfies

, 2f"(z)  14az A1+4a)z
PO T2 T a2

where—1 < a < 1,thenf’(z) < (1 +az)/(1 — z). Fora = 1, this result
can be expressed as (also sdg [

z€eF,

(v). Let X be a positive real number.ff € A satisfies

: ")
f(z)+ A 702) 7# it

wheret is a real number and| > /A(A + 2), thenRe f'(z) > 0in E.
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Writing ¢'(z) = 1 + az, 0 < a < 1, in Theoremd.7, then, for|a| < 4,
0 <4 <1landX > 0, we obtain:

(i) Re3¢'(z) > 0in E; and

(i) Re[(2—1) 28 +1+20] — Re [(1-2)L

+2]>0,z€E.
Thus, all the conditions of Theore#n7 are satisfied. Therefore, we obtain:

Theorem 4.15.Let|a| < 6,0 < § < 1, be fixed real numbers. Letbe a
positive real number. If € A satisfies the differential subordination

4.3)  (f')If () + A2 f"(2))° =< (1 +az)*°[(1+ az)® + haz]’,
where0 < a < 1, then|f'(z) — 1| < a.

Remark 4.6. Let f € A satisfy ¢.3). Then by Lemma.3, f € S(u), whereu
is given by ‘
0<a< 2sin(mp/2) ‘
/5 + 4 cos(mp/2)

Remark 4.7. For0 < a < 1/2, let f € A satisfy @.3). Then by Lemma.4,

z2f'(2) 3a
T <+ (2

)z, z€e k.

Deductions.

Fora = 6 = 1, Theorem4.15gives the following result:
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(). ForA\, A > 0, if f € A satisfies
(') 2f"(2) < (1 +az)*+Xaz,0<a <1, z€E,

then|f'(z) — 1| <ain E.

Writing o = —1 andd = A = 1 in Theorem4.15 we obtain:

(ii). If f € A satisfies

2f"(2) az
P (A taz)

then|f’(z) — 1] < ain E.

O<a<l, =z€UF,

Takinga = 0 andd = 1 in Theorem4.15 we obtain:

(iii). Let f € A satisfy

2f"(2) Aaz
! A 1 E
FE Ao < (a0 2€ B
where0 < a < 1 and\ is a positive real number. Theli'(z) — 1| < ain

E.

We note that results similar to the ones proved in Remarksind4.7 can
also be derived in the case of deductions (i), (ii) and (iii).
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