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The order structure of the set of six operators connected with quadrature rules
is established in the class of 3—convex functions. Convex combinations of these
operators are studied and their error bounds for four times differentiable functions
are given. In some cases they are obtained for less regular functions as in the
classical results.
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1. Introduction

Folr f:[=1,1 — R we consider six operators approximating the integral mean
value
1) =y [ s
They are
c) =3 (f (—?) +10)+ f (?)) ,
Go(f) = 5 (f —?) + <§)> ,
Go(f) =5 f(0) + 15 (1 (—@) + (@ ) ,

L5(f) = F(0) + 56 (F-D + F) + 15 ( f -@) 7 (@)) ,
S(f) = S (F(=1)+ (1)) + 3 £(0)

All of them are connected with very well known rules of the approximate integra-
tion: Chebyshev quadrature, Gauss—Legendre quadrature with two and three knots,
Lobatto quadrature with four and five knots and Simpson’s Rule, respectively (see
e.g.B,78,09,10).
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Our goal is to establish all possible inequalities between the above operators in
the class of 3—convex functions and to give the error bounds for convex combina-
tions of the quadratures considered. As a consequence, we obtain the error bound
for the quadratureC; for four times differentiable functions instead of eight times
differentiable functions as in the classical result. We also improve similar results

obtained in §] for the quadrature§; and L.
Let I C R be aninterval. For the functiofi: I — R, a positive integek > 2
andzy, ...,z € I denote

1 1
T T
D(zy,...,zx; f) =
x’f_2 .. xi*
fx) oo flaw)

LetV(xy,...,zx) be the Vandermonde determinant of the terms involved. Then
D(x17"'7xk;f)
V(xla R ,l‘k)

is the divided difference of the functighof orderk. Recall thatf is calledn—convex
if

[T1,..., 28 f] ==

(@1, ..., Tpy2; f] >0

foranyxy,...,z,.2 € I. Thisis obviously equivalent to
D(xla--wanrQ;f) 2 0
foranyx,...,x,.2 € I suchthatr; < --- < z,,,. Clearly1—convex functions

are convex in the classical sense. More information on the divided differences, the
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definition and properties of convex functions of higher order can be fount & [
3,5].

In this paper only 3—convex functions are considered. By the above inequalities
the functionf : I — R is 3-convexff

D(zq,..., x5

(L.1) (1, f] = v((;l,...,;{) >0
foranyzy, ..., x5 € I, or equivalently, iff

1 1 1 1 1

I ) T3 Ty s

D(xy,... x5, f) = | 23 3 3 z; 22 >0
viooa3 oxy x4
flx1) flza) f(xs) flza) flas)

foranyzy,..., x5 € I suchthatr; < --- < 5.
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2. Inequalities Between Quadrature Operators
In [6, Lemma 2.1] the inequality
v (f(=u) + f(w) < u?(f(=v) + f(0) +2(0° =u®)f(0), O<u<v<1

was proved for a 3—convex functigh: [—1, 1] — R (this is a simple consequence
of the inequalityD(—v, —u, 0, u,v; f) > 0 obtained by 3—convexity). Denote y Quadraie Rules, inedualiies
the even part of, i.e.

f(z) + f(=x)

2
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fe(z) =

Then we have

Remarkl. If f:[—1,1] — R is 3—convex then the inequality Title Page
Content
(2.1) O fo) < WA f(0) + (0 =) £.(0) —
<« »
holds forany0 < u < v < 1.
< >
Let us also record
Remark?. If the functionf : [~1,1] — R is 3—convex then so i§.. PR EETE
This property holds in fact for convex functions of any odd order @j). [ Go Back
Remark3. If 7 € {C,Gs,Gs, L4, L5, S} thenT (f) =T (f.) forany f : [-1,1] — Full Screen
R.
cl
Now we are ready to establish the inequalities between the operators connected o€
with quadrature rules. journal of inequalities

in pure and applied
mathematics
issn: 1443-575k

Theorem 2.1.1f f : [-1,1] — R is 3—convex theg,(f) < C(f) < T(f) < S(f),
where7 € {G;, L4, L5}. The operatorgj;, £, and L; are not comparable (see the
graph on the following page).
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Proof. Let f : [-1, 1] — R be a 3—convex function. By Remarkhe functionf, is

3—convex. Then setting ir2(1) the appro

1. Go(f,) < C(f.) foru = 2, v = 32;

27

2. O(f.) < Gs(f.) foru = Y2, v = ¥I5,

5

3. Gs(fe) < S(fe) foru = @ v = 1 (this inequality was proved ir6[ Proposi-

tion 2.2));

priate values af v we obtain

4. Ly(f) < S(fe) foru = \/Tg v = 1 (this inequality was also proved i6]);

9

5. L5(fe) < S(fe) foru= 2, v =1.
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By Remark3 all the above inequalities hold fgh.
Now we will prove the inequality (f) < L5(f). Letp be the polynomial of de-

gree at mos? interpolatingf at four knots—1, —@, @ 1. Since[zy, ..., x5 p] =
0foranyzy,...,z5 € [—1, 1], the functiong := f — p is also 3—convex and

g(=1)=yg (—g) =9 (g) =9(1) =0.

It is easy to observe th&l(p) = L5(p) = Z(p). Then by linearity
C(f) < L5(f) <= Clg) < Ls(g).

By Remark3 it is enough to prové€(g.) < Ls(g.), which is equivalent to

(2.2) 9e <£> <2 (0).

= %ge

By 3—convexity ofg, we getD (—Vg, —@, 0, @, ?;%) > 0. Expanding this

determinant by the last row we arrive at

7 72 P
2 21 V21 /2
+V _ia_iaia\/__ ge(o) ZO
2 7 2
By computing the Vandermonde determinants we obtain
2
(2.3) 6. (%) + 9.(0) > 0.
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Similarly, by D <—%, 0, Y2 ¥2 1;96) > (0 we get

2 2
(2.4) —69. V2) _ 1— V2 9¢(0) > 0.
2 2
The inequalities{.3) and ¢.4) now imply g. (‘/75) < 0 < g.(0), which provesZ.2). T T e
The last inequality to prove i6(f) < L4(f). It seems to be more complicated S
than the other inequalities. In the proof it is not enough to consider divided differ- Szymon Wasowicz

ences containing only the knots of the quadratures involved. We need to consider vol. 8, iss. 2, art. 42, 2007
some other points. Let = ¥3, v = ‘/75 Arguing similarly as in the previous part of
the proof we may assume that

Title Page

1915 =r()=rG) -0

Furthermore, by Remarksands3 it is enough to prove€(f.) < L4(f.)- « »
By 3—convexity and®.1) < 4
[_gvo,u,v, 1; fe} >0, [—g,o,u,v, 1; fe} >0, Page 9 of 18
Go Back
[07 E,U,v, 1;fei| >0, [O, E,u,v, l;fe] > 0. o bac
2 2 Full Screen
Using the above inequalities and the determinantal formuld (ve obtain after
some simplifications Close
0< 7 — _5/fe(0) 5fe(u) B fe(v) journal of inequalities
<X v 3v—u)(1—u) v(u+2v)(v—u)(l—20v) in pure cngl applied
£.(1) mathematics

issn: 1443-575k

+

(u+2)(1—u)(l—0v)
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0<y:= _2/e(0) + Je(u) 2fe(v)

u uw(2u+v)(v —u)(1—u) 3w —u)(l—0)
fe(1)
240v)(1—u)(1—wv)’
. 5f(0) 5fe(u) B fe(v)
= T Wi =0 v —w)w—w(—0)
A1)
2—u)(1l—u)(l-0)
_2£.(0) Je(u) 2fe(v)
0=t:= u +u(2u—v)(v—u)(1—u)  (v—u)(1—0)
AL
2—v)(1—u)(l—wv)
Then
[2,y, 2,4 = A[£(0), fe(u), fo(v), f(1)]",
where
[ 5.2 25(245v2+2v5+v10)  10(8+8v2+2V5+v10)  5(18+9v2+2v5+V10) |
36 27 76
W 25(—145v2—v5+v10)  4(5+5v2+2V5+V10) 15+45v24+3v/5+v/10
e 18 9 14

52 25(2+5v24+2v5+/10)

12

_10(4+4v2+2v5+v10)  5(22+11v2+6v/543/10)
9 76

25(3+5v2+3v5+10) 4(5+5v/24+2v/5+/10)
24/5 - — -

254+15v24+5v5+3v/10
14

Using the elementary properties of determinants we can compute

320000
10773

det A = —

(74 6V2 + 3v5 + 2V/10).
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Hence . .
[£e(0), fe(w), fe(v), fe(1)] = A7 [z, y, 2, t]
and
6(L4(f.) = C(f.)) = —2f(0) + 5f(u) — 4f (v) + f(1) = ax + by + cz +dt

for somea, b, ¢, d. Notice that the approximate values of the entries of the matrices
A, AL are

[—7.0711 11.6010 —9.9808 2.5238
A~ —4.4721 9.7184  —8.7580 2.2815
7.0711 34.8031 —19.2125 3.9776|°
4.4721  83.0898 —26.2740 4.7772
[—0.2847 0.2710 0.0313  —0.0050
A1~ —0.1708 0.2154 —0.0563 0.0343
—1.8470 2.4389 —0.3906 0.1362
—6.9203 9.4143 —-1.1984 0.3671

Then the constants b, ¢, d can be approximately computed:
6(L4(f.) —C(f.)) ~ 0.1831x + 0.1937y + 0.0199z + 0.0038¢ > 0,

by z,y,z,t > 0and we infelC(f.) < L4(fe).
We finish the proof with examples showing that the quadratides; andG;
are not comparable in the class of 3—convex functions.
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The table below contains the approximate values of these operators.

L f L) [ () [ Gs(f) ]
oxp || 117524 | 1.17520 | 1.17517
cos | 0.84143 | 0.84147 | 0.84150

The functionsxp andcos are 3—convex offi-1, 1] since their derivatives of the

fourth order are nonnegative ¢a1, 1] (cf. [1, 2, 3], cf. also B, Theorems A, Eé]). Quadraie Rules, inedualiies
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3. Error Bounds of Convex Combinations of Quadrature Rules

Recall thatZ(f) = L [, f(z)dz. For f € C*([~1,1]) denote

2

M(f) = sup{|f(4)(x)‘ rx e [—1, 1]}
We start with two lemmas.

Lemma 3.1. Let7 be a linear operator acting on functions mappingl, 1] into R
such that? (g) = Z(g) for g(x) = z* andGy(f) < T (f) for any 3—convex function
f:[-1,1] — R. Then

forany f € C*([-1,1]).

Proof. Let f € C4([—1,1]). Itis well known (cf. f, 8]) that Z(f) = Gs(f) + Lon
for somef € (—1,1).
. . (4)
Assume for a while thaf is 3—convex. Thet(f) — L2 = Go(f) < T(f).
Therefore

M(f)
(3.1) () - T(f) <
Now let f € C*([—1,1]) be an arbitrary function and lg(z) := %4)”4 Then
|fW(z)| < ¢W(z),z € [-1,1], whencgg— f)¥ > 0and(g+f)® > 0on[-1,1].
This implies thaty — f andg + f are 3—convex ofi1, 1] (cf. [1, 2, 3], cf. also [6,
Theorem B]). It is easy to see thaf(g — f) < 2M(f) andM (g + f) < 2M(f).
We infer by 3—convexity and3(1) that
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(9 1) _ M)

Tg-f)-Tlg-fH<d

< and
270 135
M(g+f) _ M(f)
g+ f)—T(g+f) < 0 = 135

Since the operatorg, 7 are linear and (g) = Z(g) by the assumption, then

Quadrature Rules, Inequalities
and Error Bounds

1n+7n <MD a7y -7 <MD

which concludes the proof. O
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Lemma 3.2. Let7 be a linear operator acting on functions mappingl, 1] into R
such that7 (g) = Z(g) for g(z) = z* andC(f) < T (f) for any 3—convex function Title Page
f:[-1,1] — R. Then )
M Contents
T -2()] < 2
<« >
forany f € C*([-1,1]).
< »

. (4)
Proof. Let f € C*([1,1]). Itis well known (cf. B, 7]) thatZ(f) = C(f) + L5 Page 14 of 18

for some¢ € (—1,1). The rest of the proof is exactly the same as above. [

Let Go Back
e
T :=aGy +bC + ¢S+ MLy+ AaLs + A3G3 Full Screen
be an arbitrary convex combination of the operators considered in this paper. Ob- Close
serve that it can be also written as
. journal of inequalities
T =aGs +bC +cS +dd, in pure and applied
wherea, b, ¢,d > 0, a+b+c+d = 1 andl{ is a convex combination of the operators mathematics

L4, L5 andgs. Forg(z) = x* we compute SHERRE T
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1 1
=—, Clg)==, S(gp=- and
Galg) =g, Clg) =, Sl =3
1
L4(g) = Ls(9) = Galg) = I(g) = -
Then7 (g) = Z(g) if and only if
a b ¢ d 1 =
— — — = _ Quadrature Rules, Inequalities
9 + 6 ™ 3 + 5 - 5 and ErrorBounc?s
By a,b,c,d > 0,a+ b+ c+ d =1, the solution of this inequality is the following Szymon Wasowicz
vol. 8, iss. 2, art. 42, 2007
( a:—%+3c+§d,
=8 _ 40— 8
b= 5 —4c 5d’ Title Page
2 <e< 2
(3 ) Oses 57 Contents
0<d<1,
44 44
| 1-5c<d<1-3c
< >
Fora = 0 we get by Theorem2.1C(f) < 7(f) for any 3—convex functiorf :
[—1,1] — R and by the above inequalities Page 15 of 18
4 1
b=-(1-d), c=-(1-d), 0<d<L. Go Back
5 . 5 Full Screen
Then by Lemma&.2we obtain:
Close

Corollary 3.3. Let0 < d <1and
4 1 journal of inequalities
T(f) = 5(1 —d)C(f) + 5(1 —d)S(f) +du(f), in pure and applied

wherel/ is an arbitrary convex combination of the operatafs, £5 and Gs. If :ith?rfgfi
fec*([-1,1]) then
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<
—

(
360

)

T(f)=Z(H)] <

Fora > 0 we get by Theoren2.1 G,(f) < 7(f) for any 3—convex function
f:[-1,1] — R and the inequalityZ (f) < C(f) is possible. Then by Lemnial
we obtain

Corollary 3.4. Leta > 0, b, ¢, d fulfil the inequalitieg3.2) and
T = aGy + bC + ¢S + dU,
wherel/ is an arbitrary convex combination of the operatafs, £5 and Gs. If
fec*([-1,1]) then
T -7 <
By Corollary 3.3we obtain |mmed|ately (fodl = 1):
Corollary 3.5. If 7 is an arbitrary convex combination of the operatdls £; and

gs th
» e M)

T(f)—1 <
T(5) - T()] < =55
forany f € C*([-1,1]).

This result improves the error bounds obtainedanf¢r the quadrature£, and

Gs, where the error bound We{%(oﬁ. Observe that the above corollary applies to the
quadratureCs.

Corollary 3.6. If f € C*([-1,1]) then|Ls(f)

This new result gives the error bound for the quadratiyéor four times differ-
entiable functions instead of eight times differentiable functions as in the classical
result (see4, 9)).

—I(f)| < S

— 360
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