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Abstract

In 1927, W. Heisenberg demonstrated the impossibility of specifying simulta-
neously the position and the momentum of an electron within an atom.The
following result named, Heisenberg inequality, is not actually due to Heisen-
berg. In 1928, according to H. Weyl this result is due to W. Pauli.The said
inequality states, as follows: Assume thatf : R — C is a complex valued func-
tion of a random real variable = such that f € L*(R). Then the product of the
second moment of the random real « for |f \2 and the second moment of the

A2 N
random real ¢ for )f is at least Eﬂz /4w, where f is the Fourier transform of f,

such that f (¢) = Jpe ™ f (z) dz and f (z) = [, e* ™7 f(€)d¢, i = /-1 and
EW = [alf (.’1‘)\2(];1:. In this paper we generalize the afore-mentioned result

to the higher moments for L? functions f and establish the Heisenberg-Pauli-
Weyl inequality.
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In 1927, W. Heisenberg)] demonstrated the impossibility of specifying simul-
taneously the position and the momentum of an electron within an atom. In
1933, according to N. Wiener’!] a pair of transforms cannot both be very
small This uncertainty principle was stated in 1925 by Wiener, according to
Wiener’s autobiography’[3, p. 105-107], in a lecture in Géttingen. In 1992,
J.A. Wolf [24] and in 1997, G. Battlell] established uncertainty principles for

Gelfand pairs and wavelet states, respectively. In 1997, according to Folland

et al. [5], and in 2001, according to Shimen®/] the uncertainty principle in
harmonic analysis say$\ nonzero function and its Fourier transform cannot
both be sharply localizedThe following result of theHeisenberg Inequality
is credited to W. Pauli according to H. Weyi(, p.77, p. 393—-394]. In 1928,
according to Pauli{(], the following propositionholds:the less the uncertainty

2
hf is , and converselyThis result does

not actually appear in Heisenberg’s seminal papg(ih 1927). According to
G.B. Folland et al. §] (in 1997) Heisenberg] gave an incisive analysis of the
physics of the uncertainty principle but contains little mathematical precision.
The following Heisenberg inequality provides a precise quantitative formulation
of the above-mentioned uncertainty principle according to Pad]i [

In what follows we will use the following notation to denote the Fourier
transform off (z) :

in | f|°, the greater the uncertainty ify

F(f (@) =[f @] ().
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Foranyf € L*(R), f : R — C, such that

113 = [ 1 @F de = B

any fixed but arbitrary constants,, &, € R, and for the second order moments

(variances)
(el = o = [ (o =) I (@) da

and

dg,

(Mz)’ﬂ? = Ufff = /R(f - fm)2 Jg(f))z

the second order moment Heisenberg inequality

E2
f2
() (M2>\f|2 : (M2)m2 2 #,
holds, where

£ _ —2iméx d
e /R e £ () d
and

f(z)= / T f () de, i = VT
R
Equalityholds in (7;) iff (if and only if) the Gaussians

i —e(r— )2 P ; o2
f(.fE) _ 60627rm§me c(z—zm)” _ o€ e +2(cxm+imém)r—cxs,
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hold for some constant2§ € Candc > 0. We note that ifz,, # 0 and¢,,, = 0,
thenf (z) = coe @=#m)" ¢y € C andc > 0.

Proof. Letz,, = &, = 0, and that the integrals in the inequality/ () be finite.
Besides we consider both the ordinary derivatfg¢f|2 = 2Re (ff’) and the
Fourier differentiation formula

Ff (&) =[f'(x)]" (&) =2mitf (€).

Then we get that the finiteness of the integral _ _
On the Heisenberg-Pauli-Weyl

~ 2 B 1 , 9 Inequality
/R ‘ff (5) df (_ W /R ’f (x)‘ dm) John Michael Rassias

implies f' € L?. Integration by parts yields

at a4 Title Page
TN 2
2/a x Re (f(:n) j”(x)) dx:/a $%|f($)| dx F——
a4 a4
44 44
sl @F| - [ @

a— a— 4 4
for —00 < a- < ay < 00 Since f, zf, [’ € L?, the integra_ls in this Go Back
equality are finite as.. — —oo Or a,. — oo and thus both limitsl = =

lim a_|f(a_)]>andL, = lim _a, |f (ay)|” are finite. These two limits Close
L, are equal to zero, for otherwi$¢ (z)|” would behave as for big z mean- Quit
ing thatf ¢ L?, leading to contradiction. Therefore for the variances about the Page 6 of 151
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and

e GIKS

m
( 2|f|

one gets

ol = (1Ef|)2

- (- |f<x>|2dx)2

- o | [ s a]
2 [ e (10 7E) ar]
=5/ (xf TG+ TS @) de]|
< | [ler @ |d4
<5 (/Rxﬂfw i) (1 @rar) -

Equalityin these inequalities holds iffie differential equatiorf’ (z) = —2cx f (z)
of first order holds for: > 0 or if the Gaussiang (z) = ;e hold for some
constantg, € C, andc > 0.

Assuming any fixed but arbitrary real constants, &,, and employing the

= 1672

2 2
S|f|2 . S‘ﬂz.
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transformation

Jamem () = emiatm f (x — ), zs=x—x,F#0,

we establish the formula

Fomm (€) = e 2momE-En) f (g g ) = e2mizmén fo (¢).

Therefore the mag — /., ¢, preserves allL? (p € N) norms of f and f
while shifting the centers of mass ¢fand f by realz,, ands,,, respectively.
Therefore equality holds inf(;) for any fixed but arbitrary constants,, &, €
R iff the general formula

f (ZE) _ CO&ZWix&ne—c(x—xm)2

holds for some constantg € C, andc > 0. One can observe that this general
formula is the complete (general) solution of the followenglifferential equa-
tion f, = —2c(x — x,,) fa, by the method of the separation of variables, where
a = —=21&,i, f, =€ f. We note that

Ao dfades _ dfs
de  dxs dv — dxg’

fo =
In fact,
1n|fa| - (x_xm)za

or

e f (x) = fo (x) = coem @)
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or
flz)= coe_a””e_c(g”_””"‘)Q.

This is a special case for the equality of the general form&ig ©f our theo-
rem in SectiorB8, on the generalized weighted moment Heisenberg uncertainty
principle. Therefore the proof of this fundamental Heisenberg Inequatity (

is complete. O

We note that, iff € L*(R) and theL?-norm of f is || f||, = Il , then

9 A2 . . . ) 2 ) . On the Heisenberg-Pauli-Weyl
| f] and‘f‘ are both probability density functions. The Heisenberg inequality Inequality
in mathematical statisticandFourier analysisasserts that: The product of the John Michael Rassias

~ 2
variances of the probability measurgs(x)|* dz and ‘f (&)| d¢is larger than

an absolute constant. Parts of harmonic analysis on Euclidean spaces can nat- Title Page
urally be expressed in terms ofGaussian measuyghat is, a measure of the

Contents
form coe=*" dx, wheredz is the Lebesgue measure and, (> 0) constants.
Among these are: Logarithmic Sobolev inequalities, and Hermite expansions. 4 dd
Finally one [.4] observes that: < >
L
0|2f|2 . g\sz > = |1£15, Go Back
Close
H 2
if fe L*(R), ) Quit
f( _’&f
\/ 27r Page 9 of 151
and
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where theL?-norm | /||, is defined as inf;) above.

In 1999, according to Gasquet et &l] {he Heisenberg inequaliin spectral
analysissays that the product of the effective duratidr and the effective
bandwidthA¢ of a signal cannot be less than the vaiue: H* (=Heisenberg

lower bound), wheré\z? = a /Emg and

A£ < |f| /E’ﬂz) = U|2f|2 /Elf\g

with f : R — C, f:R — C defined as in¥/,), and

E\f|2 :/R‘f(f)

In this paper we generalize the Heisenberg inequalithechigher moments for
L? functionsf and establish theleisenberg-Pauli-Weyl inequality

2
‘ d€ = B .
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We state and provine new Pascal type combinatorial identity
Proposition 2.1. If 0 < [£] is the greatest integex £, then

ko k=i k=1(k—i\  k+1 [k—it1
© k—i( i >+k—i(i—1>_k—i+1( i )’

holds for any fixed but arbitrary: € N = {1,2,...}, and0 < i < [£] for

i € Ng=1{0,1,2,...} such that( * ) = 0.
Note thatthe classical Pascal identitig

() () (). esssfy

Proof. Itis clear thatk (k —2i + 1) + (k—1)i = (k —¢) (k + 1). Thus

k kE—1 +k—1 kE—a1
k—1 { k—i\ 1—1

ok (k=i k-1 (k —1)!
k=il (k=2 k—i(i—1)(k—2i+1)
(k—i41)! (k—i+1)!

— k k—i+1 + -1 k—i+1
k=gl G2t k=i 8 (k — 20+ 1))

k—i+1)! 1 . .
:i&h—%+$Mk—@@wﬁ+1ﬂ“k_%+lﬂ%k_Dﬂ

S k—i+1 E+1
B i k—i+1’

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 11 of 151

J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jrassias@primedu.uoa.gr
http://jipam.vu.edu.au/

completing the proof of this identity.

Note that all of the three combination&®; "), (#~), and(
are positive numbers if < i < [%] fori € N.

k—i+1
%

]

) exist and
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We state and proviéne new differential identity.

Proposition 3.1. If f : R — C is a complex valued function of a real variable
z,0 < [5] is the greatest integer. &, fU) = 2 f, and(-) is the conjugate of
(+), then

®)  f@) P @)+ [P (2) f(2)
- (_l)iklii(ki—i>%|f(i)(x)

holds for any fixed but arbitrary € N = {1,2,...}, such that < i < [£] for
i€Nyg=1{0,1,2,...}.

2

)

Note that fork = 1 we have
f (@) fO (@) + £ (@) f ()

17, 1 1-0 d172-0
— (—l]=o o ( 0 ) 170 11O ()]
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If we denoteGy, (f) = ff® + f® f, and
; (k—2i) dk—2z‘ ;
(’f()F) = dok-2i |f()‘2
dk—2i dz
da

2

- drk—2i

f

9

0<i< {g} for ke N={1,2,...}

andi € Ny, then ) is equivalent to

®) an=2 e () (5

=0

Proof. Fork = 1 (**) is trivial. Assume that** ) holds fork and claim that it
holds fork + 1. In fact,

G2 (F) = (F£O+ 50 F)
_ <ff(k,)>(1) n (f(k,)f)(l)
_ ( FOFE 4y f(k+1>> X ( FEFDF L ph) fm)
_ <f(1)f® + f(k)fm> + <ffm + f(k+1)f)
= (rOO T 4 (7)Y ) 4 Gy ()
= Gi1 (f(l)) + Gry1 (f),

(1)

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 14 of 151

J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jrassias@primedu.uoa.gr
http://jipam.vu.edu.au/

or the recursive sequence
(R) G (f) = G (f) = Gier (F)

fork € N={1,2,.. },with Go (f®) = [ f®]*, andc () = (2"
From the induction hypothesis, the recursive relatig)) the fact that

j j+1 . .
Z )\z’+1 = Z Ais (—1)1_1 = (_1)2
=0 =1
fori € Ny, and

[ } [%]—1, k=2vforv=12,...

L] (=51), k=2 x+1forA=0,1,...

such thaf ] < [E1] + 1, if k € N, we find

Gk+1(f)
B . |
i k k—1 9\ (k+1-2i)
B Z:0<—1>k—z< i )(}f“!)
[%54] oy E—1 E—1—i (412 (k—1—2i)
S e () )
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+

()7 (k- 1) (
(h—1)— (- 1)

k—1—(i—1)

7 —

1

) <|f(i)‘2>(k12(i1))
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where

(0, if k=20 for v=1,2,...

On the Heisenberg-Pauli-Weyl

L |f k - 2)\ + 1 fOI‘ )\ - 07 1, e e Inequality
Thus John Michael Rassias
2y (k+1) ] ; k k—1 Title Page
G (f) = (‘f’ ) + 21 (=1) {k — 3 < i > Contents
k—1(Fk—1 512\ (k+1-20) 44 44
(i) >
+k_i(i_1)}(\f | +S(f), ‘ :
where Go Back
(0, if k=2vforv=12,... Close
Quit
_ k-1 B E—1— [k het 2\ (F-1-2[*5])
S(f) (_1)[ =] k—ll—[lz%l] ( [%H 2 ] ) (‘f([ | +1) ) , Page 17 of 151
|f k — 2)\ + 1 for )\ — O, 1, L J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
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(0, if k=2vforv=1,2,...

2\ (0)
) , fk=2\4+1forA=0,1,...

-
S
—_
N—
‘?r
v |
AN
o=
w‘l\
ey
7 N
> |
SIS
= =
~_
7 N
~
—~
‘»
[V}
-
SN—

(0, if k=2vforv=1,2,...

2) k=2 +1forA=01,... On the Heisenberg-Pauli-Weyl

Inequality
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(0, if k=2vforv=1,2,...
Title Page
k+1
_ k1 41— [E£L k1) |2 (k+1-2[E£1]) PE—
(_1)[2]]%1’1—%( [%52] ‘f([g}) 7 ontents
44 44
\ ifk=2\4+1forA\=0,1,..., P >
because
k+1] k+1 . Go Back
5 =5 if k=2X+1for A=0,1,... Close
In addition we note that, from the above Pascal type combinatorial ide@ijity ( Quit
and% = [g} = [%] , if k=2v forv= 1,2, ..., one getS Page 18 of 151
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s k1 k—[5]
1) k—[gm( 4

N k+1 k +
DT

if k=2vforv=1,2,.... From these results, one obtains
k+1 k+1—-0 9\ (k+1-2.0)
G — (e ( (0) )
e (F) = ( >k+1_2,0( 0 ) |71

k41 —3 , (k+1—23)
B (1) ) s

i k41 k+1—i 02 E1-20
> 0 s () ()T

completing the proof of*¢ ) for £ + 1 and thus by the induction principle @n
(**) holds for anyk € N. 0

—
Mm
=

ok ik

Gy (f) = (|f\2)(”
Gy (f) = (|f| — 2|0,
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& (1) = (1) =3 (jrof)
G (1) = (7)) =4 (170F) " +21 50
Gs (F) = (1) =5 (15 )" +5(\f(2)|>
Gol1) = (1) =6 (179F) " + 9 15 \) —2|s0f°
o (D) n o2 ) On the Heilsrfz;qbf;%t-yPauli-Weyl
0= ()" =7 () " 14 ()" =7 (5P
Gs (f) = (/)" —8(\f \) +20(}f(2)|) 16(|f<3>\2)(2)+2\f<4>\2.

Title Page
We note that if one takes the above numerical coefficients of) (i = 1,2, .. .,8)
absolutely, then one establishes the pattern with CEES
1 44 >
1 [ 2 | 4
113 Go Back
1 4 a= 2
15 a=5 Close
1 6 as= 9 b1: 2 Quit
1 17]a,=14]0=7 Page 20 of 151
1 |8|as=20|b3=16| =2
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CL1:2

b1:a1:2

01:b1:a1—2

a;=2+3=5

b2:a1+a2=7

a3=2+3+4=9

b3:a1+a2+a3=16

w,=2+3+4+5=14

a5 =2+3+4+5+6=20

Following this pattern we get

Gy (f) = (If1")!

where

—9<‘f ‘ > ¥ ag (’f(z)‘2>(5)

— by (}f(3)|2> (3) Yo <|f(4)|2)(1)7

G6:&5+7:27,
b4:b3+a4:16+14:30,
02201+b2:2+7:9.

Similarly, one gets

G (f) = (If )(10 - 10 (\f(l)\z)(g) + az <|f(2)|2>

(6)

o (119F) " e (179F) 7 - an O,

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 21 of 151

J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jrassias@primedu.uoa.gr
http://jipam.vu.edu.au/

where

a7 = ag + 8 = 35,

bs = by + a5 = 30 + 20 = 50,
3 =0Cy+bg =9+ 16 = 25,
di=c =b =a; =2.

G (f) =G5 () = Ga (1)

(ff f<3>f) (OGO 4 (50) 2 F)
(

(10"} )
(R (Tl TV

and

Gs (f) =G (f) = G3 (f)
-t -

) s (o))
= (/1) ~5 (!f(l)f)(g) +5 (’f@)’?)(” 7
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yielding also the above generalized differential identityy)(for ¥ = 3 and
k = 4, respectively.

We denote

**

Hy (f) = fOF® 4+ f® f0.

It is clear that

Hy (f) =4 Gy (fO) =2|f0,

¢ Gl (f(l)) — f(l)(f(l))(kfl) + (f(l))(’f—l) m’ TR

if k=1

( Gk (fV) = f(’“)W+ (f(k))(l*k) Tt k<l

From these and{) we conclude that

Hkl (f)

i k=1 k—1—i a2\ E
(-Um( ; )(}f+‘> ,if k>
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For instance, it = 3 > 2 = [, then from this formula one gets

Hs, (f) = Gs_o (f®)
[22]

2 .
i 3—2 3—2—1i sy (2 (B-2-20)
=3 0 () ()
i=0
1 1-0 2\ (1-2:0)
—(—1)° (2) )
g () ()
(1) On the Heisenberg-Pauli-Weyl
— (‘f@) ’2) . Inequality
John Michael Rassias
In fact,
Ha, (f) _ f(z)ﬁ_i_ f(s)ﬁ Title Page
— f(2)(f(2))(1) + (f(?))(l)w Contents
( (2)) ‘ (2)‘2 (1) 44 44
-~ = (1)
< | 2
Another special case, if = 3 > 1 = [, then one gets Go Back
Close
Hs (f) = Ga-1 (fV)
3-1 Quit
& i 3—1 3—1—1 1y(2) B—1-20)
— (—1) : : |f(1+ )‘ Page 24 of 151
3—1—1 1

=0
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In fact,
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We state and provine new Plancherel-Parseval-Rayleigh identity.

Proposition 4.1. If f and f, : R — C are complex valued functions of a real
variablez, f, = ¢* f and £ = & f., wherea = —2r&,,i withi = \/—1 and
any fixed but arbitrary constat, € R, f the Fourier transform off, such that

FO = [ @)
with ¢ real and

Fla)= [ g e
as well asf, £, and (¢ — &,,)" f are in L(R), then

1

@.1) /R (6~ &)

holds for any fixed but arbitrary € Ny, = {0,1,2,...}.

Proof. Denote
(4.2) g () =e 7 f (2 + @)

for any fixed but arbitrary constant, € R.

f <£>)2df= T /R |9 (2)] da
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From (4.2) one gets that
(4.3) 90 = [ g (@) do
R
— / 672i7r§x (efZﬂixémf (x + xm)) dx
R

_ 627rz'acm(§+§m) / 6_2m'(§+§m)$f (ZE) dx
R

= (€ 4.6,

Denote the Fourier transform gfp) either byFg® (&), or F [¢%) ()] (), or

also as[g®)(z)] " (€).
From this and Gasquet et a3, [p. 155-157] we find

1

(4.9) €9 = G s™ ().
Also denote
(4.5) hy (x) = g% ().

From @.5 and the classical Plancherel-Parseval-Rayleigh identity one gets

[ it = [ ity @ e
or

(4.6) /R |[Fg ()] dé = /R 9% (@) d.

hp(€)
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Finally denote

feo) de

@) () = [ (€= )™

~|2
the 2p** moment of¢ for ‘ f ‘ for any fixed but arbitrary constagt, € R and

pE No.
Substitutings with &, &, we find from @.3) — (4.7) that

(Hap) 2 = / &
- /Rg?p

On the Heisenberg-Pauli-Weyl
Inequality

Fle+ )| de

John Michael Rassias

. 2
ezmzm(é-i-fm)f (5 + gm)‘ df

Title Page
:/§2P\g(§)\2d§ Contents
R
2 44 44
H(&)]" de
< | 2
1 2
= — ®) ()| da. Go Back
(27r)2p/R’g ( ){ ——
Close
From this and4.2) we find .
Quit
1 —2mizé () |? P
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Placingz — x,,, onz in this identity one gets

it~ o s <>>

- o |l

Employinge® f (x) = f, (x) in this new identity we find

(112p) i = / | £ ( )|2d9€,

completing the proof of the required identi®.{) ([16] — [

D
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We state and outline a proof for the following well-known result on tHe
derivative of the product of two functions.

Proposition 5.1.If f; : R — C (: = 1, 2) are two complex valued functions of
a real variablez, then thep'-derivative of the producf; f, is given, in terms

of the lower derivativeg!™, ™ by
p
(5.1) (f1f2)” = Z( ) i
m=0

for any fixed but arbitrary € Ny = {0} UN.

Proof. In fact, forp = 0 the formula b.1) is trivial, as(f,f>)® = £ £,
Whenp = 1 the formula 6.1) is (1 ) = £V £, + f1 £ which holds.
Assume thatq.1) holds, as well. Differentiating this formula we get

(ff)p+1_z:0( >fm+1)fpm+2( ) 2(p+1 m)
_P‘H p ( p—l—lm (p—l—l m)
S (Wt () a0
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(Bl ) (2
( ) fl (p+1)

+1 +1 m —m
(2 )y () g
m=1

+(p+1)ﬁﬁ”1

p+1
_ Z p+1 Fm) pp+1=m)
m 1 2 ’

m=0

as the classical Pascal identity

o () ()-0)

holds form € N : 1 < m < p. Therefore by induction opthe proof of £.1) is
complete. O

Employing the formulag.1) with f,(z) = f(z), fao(x e, wherea =

) =
=27 i, 1 = \/—1, &, fixed but arbitrary real, and placing(z) = (f1f2)(x) =
e f(x), one gets

52) 1@ =S (B Y )
m=0
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Similarly from the formula%.1) with fi(z) = f(x), f2 (z) =
andp = k, m = j, we get the following formula

k
(5.3) (1) =" ( ) FOFE,

j=0

f@), |ff=ff

for the k" derivative of| f|>.

Note that from §.2) with m = k one gets the modulus Q‘ﬁp)to be of the
form

(5.4) | fP)] =

Zp: ( Z ) k0

k=0

becauséc®| = 1 by theEuler formula: e = cos 0+ sin 6, with § = —27¢,,x
(e R).
Also note that th&p'” moment of the reat for | f|*is of the form

(5.5) (M2p)\f|2 :/R(x

for any fixed but arbitrary constant,, € R andp € Nj.
Placingz + x,, onz in (5.5 we find

Wl = [ a1 o+ do

From this, ¢.2) and

) |f (@) da

g (@)] = |7 f (2 + 2m)| = |f (2 + @)
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one gets that

(5.6)

(e = [ @ la () da.

Besides .5 and|f,| = | f| yield

(5.7)

(1) 2 = / (2 — ) | (0)]? d.
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We state and outline a proof for the following well-known result on integral

identities.

Proposition 6.1. If f : R — C is a complex valued function of a real variable
xz,andh : R — R is a real valued function of, as well asw, w, : R — R are
two real valued functions af, such thatv,(z) = (x — z,,)?w(x) for any fixed

but arbitrary constantz,,, € R andv = p — 2¢,0 < ¢ < [£], then
)
(6.1) /wp (z) R (z) dx

v—1

holds for any fixed but arbitrary € Ny = {0} UN andv € N, and all

r:r=20,1,2,...,v—1,as well as

i)

(6.2) /wp (z) K'Y (z) dz = (—1)" / w (z) h (z) dz
R R
holds if the condition
v—1
(6.3) (—=1)" | 1|im w(? (z) kD (z) = 0,
—0 xr|—00

holds, and if all these integrals exist.

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 34 of 151

J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jrassias@primedu.uoa.gr
http://jipam.vu.edu.au/

Proof. The proof is as follows.

i) Forv = 1 the identity 6.1) holds, because by integration by parts one gets

/ (wph(l)) (x)dx = /wp () dh (z) = (wyh) (z) — / (wz()l)h) (x) dx.

Assume that.1) holds forv. Claim that §.1) holds forv + 1, as well. In
fact, by integration by parts and frorf.() we get

Fesmias
- [ @ @)
= (w,h"") () — / w () h® (z) do
~ () (2) - [ (—1)Tw(r+1)h(“""‘1)) @
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— (wph(v)) (QJ) + (i (_1)7“ wg”)h((v+1)rl)> (fﬂ)

r=1
+ (—I)UH/(ng”H)h) (x)dx
(v+1)-1
_ Z (_1)7’ w}(}r)h((v—&-l)—r—l) (x)+(_1)v+1/(w](3v+1)h) (l’) dIL’,
r=0

which, by induction principle o, completes the proof of the integral
identity (6.2).

i) The proof of §.2) is clear from 6.1) and 6.3).

6.2
i) If h(z) =|f0 (;c)|2andv = p — 2q, then from 6.2) one gets
(6.4) /pr (x) (’f(l) (x)‘2>(p_2q) dx
— (=12 [ w®20 () [ £O () di
17 [ @10 (@) e

for0<i<g¢q< [g]
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i) If
h(@) = Re (rugf® () £9 (@)
and if (6.3) holds, then from&.2) we get

(p—2q9)

(6.5) /wp Re qujf ) (z )fm(x))) dx
= (0 [ @) (Re (rps s (@) £7 @) ) do,

wherer,,; = (—1)q_%for 0<k<j<g<|t],andv =p— 2.
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We state and provihe new Lagrange type differential identity.

Proposition 7.1. If f : R — C is a complex valued function of a real variable

x, and f, = e** f, wherea = — (1, withi = /—1 and ¢ = 2x¢,, for any fixed
but arbitrary real constant,,,, as well as if

2
p _
Apk:<k>62(p k)7 ngépv
and
Bpkj_spk(z>< )ﬁ%ﬂ’f 0<k<j<np,
wheres,, = (=1)""* (0 < k < p), then
7y | ZApk FOP 2 3 ByyRe (1 /0 19),
0<k<j<p

holds for any fixed but arbitrary € Ny = {0} UN, Whereﬁ is the conjugate
of (+), andry; = (—1)p‘L (0 <k < j<p),andRe(-) is the real part of
()-

Note thats,, € {£1} andr,;; € {£1, +:i}.

Proof. In fact,the classical Lagrange identity

(357) (35)

p

2
E k2| =

k=0

(7.2)

_ 2
E Tezj — T52k]

0<k<j<p
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with r;, z;, € C, such thab < k£ < p, takes the new form

2 P P
2 2 2 2
_ [(zw ) (Zrm ) S
1=0 k=0 0<k<j<p
= > ImPlal+2 DD Re(nmiuaz)

p

E T'K2k

k=0

0<k<j<p 0<k<j<p
2
- (zw o ) ol + (zw o ) -
k£0 k£l
(z =S ) S| 42 3 Re(nmam)

k#p 0<k<j<p

or the new identity

p
(7.3) Zrkzk Z |Tk| \zk| +2 Z Re (reFj21%5),
k=0 0<k<j<p
because
(7.4) 7oz — Tial” = (Tozy — T521) (1% — 75%%)

= el |25 + |rsl” leal® = (raj%5 + TrsZe;)

= rl* |25 + 75 2] * — 2Re (m524%;)
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as well as

75) > 1P+ Y Inllal

0<k<j<p 0<k<j<p

2 2
= > Il

0<k#j<p

_ (ZW) o 1 (zw) ST (Zm\?) .
k40 k£1 kp

Setting

(7.6) 1= ( Z ) a? ™" = ( Z ) (=30 = (=) " ( i ) B,

one gets that

2
(7.7) el = ( ; ) g = Ap,

and

(7.8) rkr—j:(i)( >( i)' (i)
Sl )
= T'pkjSpk ( Z > <§)62p ¥ = Bk,
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whereA,;, By € R, ands,, = (—1)P " € {1} as well as

k+j

Tprj = 1P = (=1)P7 2 € {£1, 44} .

Thus employing%.4) and substituting

z = [, Tk—(i)ap_k (0 <k <p),

in (7.3), we complete from{.6) — (7.8), the proof of the identity{.1). O onthe Heiﬁf;qbf;ﬁtfa“"‘wey'
We note that John Michael Rassias

Spp =1, if p = k(mod?2);

o= —1, if p=(k+1)mod2. Tite Page
- Contents
Similarly we have
_ 44 >
rokj =1, if 2p = (k+ j)(mod4); % >
Tpkj = 1, if 2p=(k+j+1)(mod4); Go Back
rok = =1, I 2p= (k+ j +2)(mod ) cose
Quit
Tokj = —1, 1If 2p=(k+j+3)(mod4). Page 41 of 151
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1.1

(i)
@9) | = e g’
= (Alo ‘f’2 + An ‘f"Q) +2Bjo1 Re (Tlolf?)
= P +111° +2(=B)Re (if ')
= B2 fF +1FF +261m (£,
because
(7.10) Re (iz) = —Im (2),
wherelm (z) is the imaginary part of € C.
Also note thatanother wayto find (7.9), is to employ directly only§.4),
as follows:
O] = laf + FP
= |=iBf + 1
= (=iBf + f) (iBF + F)
= B+ 11+ B (=) (fF = F1)
=B fF +1f 7 +281m (£F).
(i)

711 |fP] = (e )
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= Aoy |fI* + Aot | '] + Asz | 1]

+2Re (rao1 [ 4 raoa f [7 + ro12f [7)
=B+ AP+ 1

+2Re (<205 — *f 7~ 2i61 ")
= I+ AB ST+ 1)+ 48° Tm (£ )

—2(%Re (ff") +461m (f'f") .

Similarly, from (.4) we get also{.11), as follows:
([ = [af +af + 1] = (=B8°f —iBf + f") (=B F+i6F + "),
leading easily to{.11).

‘ 2
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We assume thgt : R — Cis a complex valued function of a real variabkleand
w : R — R a real valued weight function of, as well as,,,, &, any fixed but
arbitrary real constants. Denofg = ¢ f, wherea = —27¢,,i with i = /—1,

and f the Fourier transform of, such that

f(f) = /Re_%rfxf (x)dx

and
_ 2iméx § de.
f (@) /R 2 (¢) d

Also we denote
()i = [ 0 (@) & = )11 (@) do
the 2p™ weighted moment af for | f|* with weight functionw and

() = [ (€= |10

~2
the2p™™ moment of¢ for ‘f . Besides we denote

(L (P ro<qg<|B] (= i p
C,=(-1) ( . ),lfO_q_[Q} ( the greatest integet 2),

pP—q
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Iy = (=177 [ w2 @) [fO (@) do, i 0<1<q< |2],

2

%\

I = (=177 [ 0™ (@) Re (rg £ (2) 9 (1)) da.

fo<k<j<qs<|b].

T

where kg On the Heisenberg-Pauli-Weyl
Tqkj = (—1)(17T € {:l:l, :l:i} Inequality
and John Michael Rassias
wy, = (x — zp)" w.
We assume that all these integrals exist. Finally we denote Title Page
. Contents
Dy = Z Aglg +2 Z Bkl gk, 44 44
1=0 0<k<j<q % N
if | Dy < oo holds for0 < ¢ < [], where ——
q 2 (=) Close
_ 2(q—1
A = < l ) b ’ Quit
i Page 45 of 151
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with 3 = 27¢,,, ands,, = (—1)7*, and

[p/2]
Epy= Z CyDy,

q=0

if |E,,f| < oo holds forp € N.
Besides we assuntbke two conditions

p—2q—1

. 9\ (p—2¢—r—1) B
@y 3Vt )@ (10 @) o,
for0<i<q¢< [g],and
. — (p—2¢q—r—1)
(8.2) Z 1) lim wf) (2) (Re (rgsf () /9 (1)) _o.

for 0 < k < j < ¢ < [£]. From these preliminaries we establish the following
Heisenberg-Pauli-Weyl inequality .

Theorem 8.1.1f f € L? (R), then

(8.3) X/ (12p),, Wik g/ (12p) |7[° </| Ep ¢l

holds for any fixed but arbitrary € N.
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Equalityholds in @.3) iff the a-differential equation

fiP (@) = =26, (v = 2n)" fu ()
of p™* order holds for constants > 0, and any fixed but arbitrary € N.

Infact, ifc, = % > 0, k, € R—{0}, p € N, then thisz-differential equation
holds iff

f (@) = ezt }p_jl o |14 3 (- )"
Tr) =e CLJ.Z'(; P2p+jp4p+j o PQ(erl)erj 3
7=0 m=0 p p p

holds, wherers = x — z,,, # 0,1 = v/—1, x,, & (€ R) are any fixed but
arbitrary constants, and (j = 0,1,2,...,p — 1) are arbitrary constants id,

as well as
2(m+1)p+j __ . s .
P P =2m+Dp+)2m+1)p+j—1)---(Cm+1)p+j+1),

denotepermutationdor p € N, m € Ny, andj =0,1,2,...,p— 1.
We note that ifz,, is the mean of: for | f|” then

on= [alf @l (= [T (f@F 17 (o) de).

Thus if f is either odd or even, thdif|” is even and:,, = 0. Similarly, if &, is
A2

the mean of¢ for )f’ , then

‘2

£

d.
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Also ¢, =0if f Is either odd or even.
We also note that the condition8.{) — (8.2) may be replaced bthe two
conditions

(8.4) lim w <‘f D ( ‘ >(p—2q—r—1) o,

|z|—o0

for0 <! <g¢g<[E]and0 <r <p-—2¢—1,and

— (p—2q—r—1) On the Heisenberg-Pauli-Weyl
(8.5) | 1|1m w ( ) (Re (qujf(k) (x) f(J) (z )) =0, Inequality
o John Michael Rassias

for0<k<j<g<[fland0<r<p-—2¢-—1.

Proof of the Theoremin fact, from the generalized Plancherel-Parseval-Rayleigh Title Page
identity (4.1), and the fact thae®*| = 1 asa = —27¢,,i, one gets Contents
(8.6) My = (1) (1) “« | »
) < >
_ 2 2 2 e f
~([w@ - anir@Pa)( [ €-er]fof ) N
_ 1 2 2p 2 (p) 2 Close
=— | [ v (@) (z—2,)" |fo(2)]"dx £ ()| dx ) .
(2m) R R Quit
From 8.6) andthe Cauchy-Schwarz inequalitye find Page 48 of 151
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wherew, = (z — z,,)Pw, andf, = e** f.
From @8.7) andthe complex inequality
(8.8) |ab| > % (ab+ ab)

with a = w, (z) f, (2), b= £ (z), we get

89 M= |5 [ w0 (1) 7 0+ TG ) ar]

From @8.9) and the generalized differential identit§)( one finds

2
[p/2] )
1 =2
(810) Mp 2 W [/R Wp (I’) (Z qdl.p % ‘f¢£Q)( )| ) d$:| .

q=0

From @.10 and the Lagrange type differential identif.{), we find

1 [p/2] P24 q )
B11) My 2 iy !/ o [Z i (,Z A |7 (@)
q= =0 )
+2 ), BuyRe (qujf(k) (z) fm($)>>] dfﬁ] :
0<k<i<q

From the generalized integral identiy.9), from f € L*(R), the two conditions
(8.1) — (8.2 (or (8.4 — (8.9), or from (6.4 — (6.5, and that all the integrals
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exist, one gets

(8.12) /pr( il 1O @) de

dxp—24
:(_1)7"%/pr 2) () | O ()| da
=1

qls
as well as

p—2q _

(8.13) /pr (x) h Re (qujf(k) (z) fV) (x))
— (_1)p_2q/ wff’Qq) (x) Re <7’qkjf(k) () f
R

D (@) = Ly

From §.11) and .12 — (8.13 we find the generalizedp order moment
Heisenberg uncertainty inequality (fore N)

2
[p/2] q
W M2 gt |36 (a2 5 mut )
q=0 0<k<j<q
1 2
= 22(p+—1)71-2pEpvf’ (Hp)7
where

[p/2]

Pf_ZCan if [E

p.f| < 00
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holds, orthe general moment uncertainty formula

(8.14) cﬂﬂ_2¢-|pﬂ

Equalityholds in @.3) iff thea-differential equatiory.”’
p'" order with respect ta holds for some constanf =
and any fixed but arbitrary € N.

fo (z) Of

T) = —20,7§
k2 >0,k GR {0},
[

(@

We consider thgenerala-differential equation

dp

(ap) dzP

+ kzxéy =0

of p'" order, wherez; = = —x,, # 0, k, # 0,y = fu(x) = ef (z),
a = —2nw&,,1, p € N, and the equivaleni- dlfferentlal equation

dr
() E%+%ﬁy=&
because
dy  dydzs _ dy d(r—xy,) dy
dr ~ drs dv  dzs dx dxg’
and » »
@y ay
T do p, peN.

In order to solve equationy() one may employ the followingpower series
method ([.5], [21], [25]) in (,). In fact, we considethe power series expansion
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y =y . a,xy aboutzs, = 0, converging (absolutely) in

|zs| < p= lim =00, x5#0.
n—00 | Ap 11
Thus
/{:2x5y _ Z k2an n+P7
and

d’y n
da:(; ;p Prayry "
(with permutations” = n (n — 1) (n —2)---(n —p + 1))

e}

_ n—+2 n—+p
= E By ag yopT;

n+2p=p
(orn=—p)

(with n + 2p) onn above and

PZ””:(n+2p)(n+2p—1)(n+2p—2)-~(n+p+1))

n-+ n—+2:
:E P, pan+2px5 +E P pan+2px5

n=-—p n=0

o0
_ n—+2 n+p
= E P, PO gops

n=0
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(with a9, = Oforalln € { —p,—(p —1),...,—1}, or equivalentlya, =
ap+1 T— e e . — a2p_1 = O)
Therefore from these and equation)(one gets the followingecursive re-
lation
Pt a,, op + kia, =0,

or
k:gan
(R,) Uny2p = —— Top0 n €Ny, peN.
By
From the ‘hull conditior?
ap = 0,ap_1 :O,...,agp_l =0
and (?,) we get
asp = asp = agp = -+ =0,a3,41 = a5p31 = appp1=---=0,...,
and
Q4p—1 = Agp—1 = Agp—1 = "+ = 0,

respectively. From/,) andn = 2pm with m € N, one finds the following
sequences

(G2pm+2p) ) (azpm+2p+1) ) (a2pm+2p+2) Yo <a2pm+3p—1) )
with fixedp € N and allm € Ny, such that
2 2 4
k kp k;p

P
- 2pa07 Q4p =
Pp

Qop = ——P4pa2p = —P2pP4pCL0,...,
p p +p
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2m+2
kp

)m-‘rl

(2pm+2p = (_ p2rpie . p2pm+2p o
p I'p P

are the elements of the first sequeKieg,,,2,) in terms ofa,, and

k2 k2 kA

o _ M _
Q2p+1 = Pt ar,  Qapt1 = P+l A2p+1 = P2+ plpt a1y .-y
2 2 P P

2m+2
kp

Aopmraper = (—1)"™" a
pm—+2p - 2p+1 pdp+1 2pm~+2p+1
Pp Pp ce Pp

are the elements of the second sequéngg,2,+1) in terms ofa, ..., and

2
2p+(p—1) —) ®3p-1 = pavT p—1s
P
k2 k2
(a2p+(3p—1) :) (5p—1 = _%ai’m—l = W%—la SRR
By BB

2m+2
kp

— _(_ m—+1
(a’2pm+(3p—1) _) A2m+3)p-1 = ( 1) ngilpgpil L PISQm+3)p,1 ap—-1

are the elements of the last sequeficg,,s,-1) in terms ofa,_,. Therefore

we find the followingp solutions

(lﬁﬁl’gp)erl

P;lp - PpQ(m'H)P’

o =yo (xs) =1+ Y (=1)"* 2
m=0 PP
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00 (k2x2p)m+1
1+ () T |
— Pp2p+1ppp+1 o Pp( +1)p+
1+ (_1)m+1 P~ 7

Y1 = Y1 (25) = x5

Yp—1 = Yp—1 (I5) = xg_l

or equivalently the

(kixgp)m—i-l ]

g =y (x5) =) [T+ (=)™ A . .
J J J T;) P}?ZH—] P;lP-I-J L P])Q(m‘i‘l)]?-l-]

forall j € {0,1,...,p — 1}, of the differential equationd(), in the form of

power series converging (absolutely) by the ratio test.
Thus an arbitrary solution of() (and of (,)) is of the form

f(z)=e* [Z_: a;y; (565)] , x5 # 0,
=0

with arbitrary constants; (j =0,1,2,...,p — 1).
Choosing

ap=1, a1 =0, aa =0, ..., a,—2=0, a,_1 =0;

CL(]:O, CL1:]_,CL2:07 ceey (lp_gzo, ap_lzo;

and
ap=0, a1 =0, aa =0, ..., a,2=0, ap_1 =1,
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one gets thay; (i € {0,1,2,...,p — 1}) are partial solutions ofj(), satis-
fying the initial conditions

v (0) =1, 4, (0)=0,....477"(0)=0;

and
-1
Y1 (0) =0, 5, 1 (0)=0,..., y" (0) = 1.
If Y, = (Y0, v1,- - -,Yp—1), thenthe Wronskiaratzs = 0 is

w0 w0 g (0)
w,o)=| %@ B0 0)
w T 0) ) - Y (0)
1 0 - 0
01 --- 0
— S =1#0,
00 - 1

yielding that these partial solutionsy, y1, .. ., y,—10f (0,) arelinearly inde-

pendent Thus the above formula = f, (z) = f;é a;y; gives the general

solution of the equationi() (and also of ¢,)).
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We note that both the above-mentioned differential equatiof)sapd ¢,)
are solved completely via well-knowspecial functiongor p = 1 (with Gaus-
sian functions) and fgy = 2 (with Bessel functions), and via functions in terms
of power series converging iR for p > 3. Therefore the proof of our theorem
is complete.

We claim that, ifp = 1, the functionf : R — C given explicitly in our
Introduction (withc = ¢; = k%/2 > 0,k; € R — {0}) satisfies the equality of
(H,). Infact, the correspondingdifferential equation

dy
(ay) T + kizsy =0,
wherezs = x — x,, # 0,y = fo (x) = e f (), a = —27&,1, is satisfied
by

gyt (R
=1+ (-

m=0
o] 2\ym+1
-1 1 m—+1 (Clm(s)
* n;) (=1) (m+1)!

(by the power series method and because
PPy PPt — o g 2 (m 4 1) = 27 (4 1)),

or

m

- m (ca?
=1+ (-1) ( ﬂj,) =1+ (e_“ﬂg —1) — 7%
m=1 ’
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(becaus® " (—-1)" L =t —1).
Therefore the general solution of the differential equatiaf i of the form
y = agyo (With arbitrary constant, = ay), or

e f () = coe*c(x—xm)2’ or f(x) = coe2miwm . o—clz—mm)?

However, one may establish thfsmuch faster, by the direct application of
the method of separation of variables to the differential equation (

Analogously to the proof of/{,) in the Introduction we prove the following
more general inequalityr(,).

Foranyf € L*(R), f : R — C and any fixed but arbitrary constants,,
&n € R, the fourth order moment Heisenberg inequality

() ) - (o) = B3
holds, if

(e = [ a31f (@) da
and

Gy = [ & |Fof ae

with z5 = = — z,,, and&s = £ — &,,,, are the fourth order moments, and

Fe) = /R e 27 f (), f (1) = /R P F (E)dg,  i= v/,
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as well as
Pa =2 [ [(1 =476 1/ @F — a3 1f ()
4} I (f () F'(@)) | da

if |Ey ¢| < oo holds, wherdm (-) denotes the imaginary part 0f).
Equalityholds in (7,) iff the a-differential equatiorf” (z) = —2cy23 f, () of

second order holds, for = —27&,,i, y = f, (z) = ¢**f (x) and a constant
¢ = 3k3 >0, ky € R — {0}, x5 = & — x,,, # 0, Or equivalently
d?y
(az) ar? + k3aiy =0
holds iff

A 1 1
f ([L’) _ /|x5|62wz$§m |:ngJ1/4 (5 |k’2| l’g) + 021J1/4 (5 |k‘2| (L’g):|

holds for some constants,, ¢, € C and with.J,, /4, the Bessel functions of the
firstkind of orders+1, [16]. We note that ifr,, # 0 andg,, = 0, then

1 1
f(l’) = 4/ \xal [C2OJ1/4 (5 ’k’z’ﬂ?g) -+ 621J1/4 (5 ’k2’$§):| .

We claim that the above functighin terms of the Bessel functionk., /, is the
general solution of the saiddifferential equationd,) of second order. In fact,
thed-differential equation

d?y

(02) e + k3z5y =0
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is equivalent to the following@essel equation

d*u du 1\?
2 2 _
z @ + Zd— + |27 = (Z) ] u=20
of orderr = 1, with u = \/?IJ_I andz = 1 |k,| z3. But the general solution of
x5

this Bessel equation is
u(2) <: y/\/ |$5|> = c0J-1/4 (2) + co1J1/4 (2)

1 1
= c0J_1/4 (5 | ks 35?) + 2114 (5 | ks w?)

for some constanis,), ¢, € C.
In fact, if we denote
1, xzs >0
(8.15) S = sgn (x5) = ,
-1, z5<0

then one gets

o fiz [ s a1y ]/
dz drs /| drs |$5|3/2 dzs 2|x5|5/2 2

and

Pu_ d (du) [dz [ S &y , S dy 5y k
dz2  dxs \ dz drs; ]x5\5/2d$§ !335\7/20[% 4’1’6‘9/2

2

2.
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Thus we establish

d?u du 1 d? 1
207U au 1 320y L
: dz? +Zdz 4 | da? + 16u'
But e
Yy 2 2
d_xg —ky5y,
or

2,4 Y
da? VN
Therefore the above-mentioned Bessel equation holds.

However,

= —47%u.

dy _ dy dws; _ dy d(z—zn) _ dy
dr  drs dr  dxg dz  das’

d2y_ d (dy\ d dy de’g_de
dv?  dx \dx) drs \dzs;) dz — da?

Therefore the above two equations)and () are equivalent. Thus one gets

1 1
v 1al) = 7 o) = Vil e (5 el a2 ) + a0l 2) |

or

1 1
f(z) = /|zsle ™ [020J1/4 (5 | Kz 5U§> + ca1Jiya (5 |2 x?)] ’
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establishing the functioffi in terms of the two Bessel functions.; ;.
However,

n=0

Thus, ifz = 1 |ko| 23 > 0, then

1 2/2 k2 . .
vV |175|J1/4 (5 |/€2| I?) = S@ ,4/|k2| {J}g . 4_25x§ 4+ .. ] , On the Hellsrfz;qbf;%t-yPaull-Weyl
because John Michael Rassias
5 1 1 9 5 1
r{-)=-r{-),r'(t-1==~It-19,...,
(2) =i () r(6) - ()
andS = sgn (), x5 # 0, such thatzs| = Sxs. Similarly, PE—
0 2n
Z\ i (%) «“ >
J_14 (2 :<—> -1)" 2 ,z2> 0.
1/4 (%) 5 ;< ) nll (=1 +n+1) < >
Therefore Go Back
1 T (%) 1 k2, Close
2ol T (§|k2‘$5) Ry Tl R SR Quit
because Page 62 of 151
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or

r<§) :”—@, andF(z) :F(1+§) :§F(§) :ﬁ
4 (1) 4 4 4" \4 4T (1)

A direct wayto find the general solution of the abodalifferential equation
(62) is by applyingthe power series method fd#,). In fact, consider two

arbitrary constants, = ¢y anda; = c9; such thaty = > a,x}, aboutrs, =
n=0

0, converging (absolutely) in

Qp,
lzs] < p= lim = 00, x5 # 0.
n—=00 | Un41
Thus
— = na, Ty (n+1) ap125,
dl’g n=1 n=0
and
d*y - e
d_a:?; = Z (n+1)na, 25!
n=1

Z (n+2) (n+ 1) anpoxy
n=0

= Z (n+4) (n+3) apa2y™

n+2=0or
n=-—2
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= (2aq + 6azzs) + Z n+4) (n+ 3) apazy ™,
n=0

as well as
kixiy = ki Z anzyt?.

n=0
Therefore from {;) one getghe recursive relation

k%an On the Heisenberlg-PauIi-WeyI
Inequality
(n+4)(n+3)

(R2) U = —

. John Michael Rassias
with ay = as = 0.

Lettingn = 4m with m € Ny = {0} U N in this recursive relation, we find

the following two solutions of the equation,j: Title Page
Contents
(x(s) 44 44
) f) et g™
-+ (4m + 3) (4m + 4) < 4
k2 k3 kS Go Back
—1- 2 ai4 275 — T+
3-4 3-4-7-8 3-4-7-8-11-12 Close
and Quit
Y1 = (%) Page 64 of 151
o] m+1
_ o m+1 (k%x?) J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
=5 |1+ Z ( 1) 4.5... (4m + 4) (4m + 5) http://jipam.vu.edu.au
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k% 5 ké 9 /{?S 13
157 158909 15809 12130
We note that each one of these two power series convergie logitio test.

Thus an arbitrary solution of{) (and of (:,)) is of the form

Y = Co0¥Yo + Co1Y1,

or
f (@) = e [eaoyo (ws) + c21y1 (ws)] On the Heisenberg-Pauli-Weyl
wherezs = 2 — z,, 7£ 0, Inequality
John Michael Rassias
|7 /el /Tl 1y (4 [kl 23) |
Yo = 1 ) S e { + ]-}7 .
r (Z) Title Page
and Contents
ST (4) VIl Jaga (4 Ikl a3)] «“« >
= 5
22/ ks < >
whereS is defined by §.15). Go Back
Besides we note that fromy = 0, a3 = 0 and the above recursive relatiofi.f
one getSa6 =apg = A4 = ++° = 0, as well asu; = a1 = G5 = - = 0, Close
respectively. Quit

From this recursive relation/{,) andn = 4m with m € N, we get the

. Page 65 of 151
following two sequenceguy,, 14), (a4m-5), Such that ages>o

k% k’g k‘g J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
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2m+2
ky

. _ _1m+l
Agmra = (—1) 3,4.....(4m+3)(4m+4)a0’
and
k2 k3 ka
s = ———Q1,09 = — =05 = ——-——Q1, ...
5 4.5 % 8-9° 4.5.8-9 7
. k§m+2
Agmys = (—1) 4.5.”4@n+4M®n+®a1

ChOOSingCLQ =cy =1,a; = co = 0; andCLQ =cyp = 0,a; = co; = 1, OnNe
gets thaty, andy; are partial solutions of), satisfying the initial conditions

% (0) =1, ,(0)=0; and ¥ (0)=0, ¥ (0)=1.
Thereforethe Wronskiarof v, y; atzs = 0 is
Yo (0) n (0) 1 0

v (0)  41(0) 0 1

yielding that these = 2 solutionsy,, y; arelinearly independentWe note that,
if we divide the above power series (expansion) solutigrendy,, we have

W (yo, y1) (0) = =140,

Y1 (25)
Yo (955)

= y1 (75) (Yo (%))71

_ _ 2 ) (1222
(“ 20" T )( PR

ks s

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
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which obviously is nonconstant, implying also thgtandy; are linearly inde-
pendent.

Thus the above formula = agyo + a1y, gives the general solution of)
(and also of ¢»)). Similarly we prove the following inequalityA;).

Foranyf € L*(R), f : R — C and any fixed but arbitrary constants,,
&m € R, the sixth order moment Heisenberg inequality

1

2
(H5) (16 ) 5p2 - (M6)|f|2 2 Seesla
holds, if
(alyp = [ a81f (@) da
and

~ 2
ey = [ &7 @ de
with 5 = x — x,,,, and§s = £ — &,,,, and

() = /R €27 (), | (x) = / 7 F (¢)de,

R

~>

as well as
Pag =3 [ [2(1-6m6a) 1 @ = 331 @
—127&,23 Im (f () f’ (x)ﬂ dx,

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
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if | Es r| < oo holds, wherdm (-) denotes the imaginary part 0f.

Equalityholds in () iff thea-differential equationf!” (x) = —2c323 f, ()
of third order holds, fow = —27¢&,,i, i = V/—1, f, = e f, and a constant
c3 = % > 0, k3 € R, or equivalently iff

2 0o
f (CL’) _ 627ria:§m Zang 1+ Z (_1)m+1
j=0 m=0

(k229)™ !

4+7)5+4) - (6m+5+7) (6m+6+ )

X

holds, wherer; # 0, anda; (5 = 0, 1, 2) are arbitrary constants i@.
Consider thex-differential equation
d3y

(as3) e + k;‘fx?y =0,

with y = f, (z) and the equivalent-differential equation

d*y 2.3
(93) pre] + k3xsy =0,
with x5 = x — z,, andk; € R — {0}, such thatd®y/ dz® = d3y/ dzj.
Employing the power series method for), one considers the power series
expansiory = Y >, a,x} aboutz;, = 0, converging (absolutely) in

Qn

|zs| < p= lim = 00, x5 # 0.

n—oo

Ap+1

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
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Thus

o0
2.3 2 nt3
kaxay—E ksanzs™,
n=0

and
Py = n—
d_w‘;’ = Zn(n— 1) (n—2)axi™?
n=3
_ Z (n + 6) (77, + 5) (n + 4) an+6x?+3 On the Heilsrfz;qbf;%t-yPauli-Weyl
n=-—3
%) John Michael Rassias
= (6as + 24a4xs + 60asz3) + Z Py, gz t?
o n=0 Title Page
— Z PptSa, gzit? Contents
=0 « 3
(with a3 = a4 = a5 = 0), wherePy*® = (n +6) (n +5) (n + 4). Therefore < >
from these and equation;) one getghe recursive relation
Go Back
k2a,,
(R3) U6 = —PgTiﬁ, n € Ny Close
3 Quit
From “the null conditiori Page 69 of 151
(N3) as = 0, as =0, and as =0
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and the above recursive relatiofis) we get

ag = a5 = ag = -+ =0,
a10:a16:a22:---:0, and
ajp =ayg=axg =---=0

respectively.
From (i3) andn = 6m with m € Ny one finds the following three sequences

(a6m+6>a (a6m+7), (a6m+8)’ such that On the Heisenberg-Pauli-Wey!
Inequality
an = — kg a John Michael Rassias
6 4.5.6 05
k3 k3 .
S R— Title Page
2T 12" T 4.5.6-10- 11127 2
N Contents
j2m 2 44 >
Aem+6 — (—1>m+1 3 ao, 4 4
4.5:6-----(6m+4)(6m+5)(6m+6)
and Go Back
k2 Close
a7 = — 3 ay, .
5-6-7 Quit
k‘§ ké Page 7
13 = 1 ge 70 of 151

_—a7: a
11-12-13 0:-6-7-11-12-13
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2m+2
k3

. :_1m+l
Agmi7 = (—1) 5_6.7.....(6m+5)(6m—|—6)(6m+7)a1
as well as
k3
ag = — a
®T T 6.7.8
k3 ks
A14 = —

12-13-14 T 6-7-8-12-13- 14

2m—+2
k3

6-7-8--(6m+6)(6m+7)(6m+8) ">
Therefore we find the following three solutions

Aem+8 = (—1)m+1

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page

Contents
44 44
| | 2
Go Back
Close
Quit
Page 71 of 151

Yo = Yo (xa)
_ f: m+1 (kQ 6)m+1
— 5:6-----(6m+4)(6m+5)(6m + 6)
14 Z <G6m+6> 6m+6
for ag # 0,
Y1 = Y1 (2s)
1+ Z m+1 (k?%l‘g)m—i_l
67+ (6m + 5) (6m + 6) (6m + 7)
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A6m -
_%_i_z( 6 +7> 6m—+7

for a; # 0, and

Y2 = Y2 (vs)

A1 e g
2 - A6m+8 \ 6m+8
:I5+Z<a—2)x6 +

m=0

(1{32 6)m+1

- (6m +6) (6m + 7) (6m + 8)

for a; # 0, of the differential equations(), in the form of power series con-
verging (absolutely) by the ratio test. Thus an arbitrary solution-Qf(end of
(a3)) is of the form

y = e f(x) = aoyo + a1y1 + azye,

or
f(x) = e " [aoyo (w5) + arys (z5) + azya (ws)]
x5 # 0, with arbitrary constants; (: = 0, 1,2) in C. Choosing

a =1, a =0, a=0;
ap=0, a; =1 ay=0; and
CLOZO, CL1:0, CL2:1,

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
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one gets thay; (j = 0, 1,2) are partial solutions ofé(), satisfying the initial
conditions

y1(0)=0, y(0)=1, y/(0)=0; and
y2(0) =0, ,(0)=0, w5(0)=1

On the Heisenberg-Pauli-Weyl
Yo (0) y1(0) y2 (0) Inequality

John Michael Rassias

W (yo,y1,92) (0) = | y5(0) ;. (0)  v5(0)

Title Page
Yo (0) w1 (0) w5 (0)
1 0 0 Contents
44 >
_= 1 prng
0 0 1#0, < 5
0 0 1 Go Back
yielding that these = 3 partial solutionsy; (j = 0,1,2) of (ds) are linearly Close
independent. Thus the above formyla Z?:o a;y; gives the general solution Quit
of (03) (and also of {3)). Analogously we establish the following inequality Page 73 of 151
(Ha):
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Foranyf € L*(R), f : R — C and any fixed but arbitrary constants,,
¢m € R, the eighth order moment Heisenberg inequality

(1) () - (5) 1 2 T3 P
holds, if

(sl = [ a31f (@) da
and

2
dg

(MB)m? = /ng )J?(f)
with zs =z — z,,, & = € — &, and
fe) = / e £ (1), f (1) = / 2 [ (¢)de,
as well as
Eyp=2 /R {[4 (3 —24m°E} x5 + 167, 25) | f (z)]?
—82} (3 - 27°€2,03) |f (@) + a3 1" (2)I°]
~8m6na} [4(3 — 72¢%08) I (/ (2) (@)
16yl Re (f (@) 77 (2)) =23 m (£ (2) (@) ) | } da.

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page
Contents
44 44
< | 2
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if |[Eyf| < oo holds, whereRe (-) andIm (--) denote the real part ¢f) and the
imaginary part of --), respectively.
Equalityholds in (+,) iff the a-differential equation
f(2) = —2e425 fa ()
of fourth order holds, fon = —27¢,,i, i = v/—1, f, = e**f, and a constant
= %4 > 0, k4 € R, or equivalently iff

3

f (CL’) 627rw:§m Z CL]J](; 1+ Z m-‘rl

(Kga$)™"

(8m+T7+7)(8m+ 8+ )

) G+g)

holds, wherer; # 0, anda; (5 = 0, 1,2, 3) are arbitrary constants i@.

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias
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< | 2
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Close
Quit
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(i)
(8.16) M = (N2)w,|f\2 (MQ)MQ

~([wr@E-arir@ra) ([ €-arliof «

1

> 1672 (CoDy)”
17T 1 On the Heisenberg-PauIi-WeyI
_ [CO (AOOIOO)]z _ _Igo Inequality
2 2
1617T 167 9 1 John Michael Rassias
_ (1) 2 _ 2
= 162 (/RUH () |f ()] dl‘) = @Eu, |
b Title Page
ecause
(1) | £12 Contents
Too = — (w1 | f] ) () dx
_ R _ <« 43
with w; (z) = w(x)(z — x,,). We note that ifv = 1 then p R

Ey ¢y = CoDy = Iy o Back
o Bac

B _/IR (wgl) ’f|2> (93) de Close
:_/R\f(x)ﬁda::—EW:—1:—E’f|2:—/R f&| de Quit

Page 76 of 151
by the Plancherel-Parseval-Rayleigh identity,Af ;| < oo holds. Thus from
(8.16 one getghe classical second order moment Heisenberg uncertainty prin- ;T2 rue and Appl. vath, 50 A, 4, 2004
ciplewhich says that the product of the variarigg), ;- of = for the probability PR 2R L L
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~|2
density| f|* and the varianc(au2)|f|z of ¢ for the probability densit*f‘ is at
E2 2 . . .
least 7L, which is the second order moment Heisenberg Inequality {n
our Introduction. The Heisenberg lower bound™* = % for E ;> = 1, can
be different if one chooses a different formula for the Fourier transfboh f.
Finally, the abovenequality(8.16) generalizeg//;) of our Introduction (there
w=1).
(i)

(8.17) My=(pia),, sp2 (1a) 17’

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

2
~([wr@ - @Pas)( [ -] a)
1]R R Title Page
> 61 (CoDy + ClD1)2 Contents
1
~ 64rt [Co (Aooloo) + C1 (AroTio + A Iiy + 2Bioi Lion))? « dd
| 2 ) < >
oy oo — 2 (6°1o + Ty — 261101) | FE—
o Bac
_ 1 2) 2
i | [0 @)1 0P do Close
) 2 Quit
2 £r
—Z/ng (7) [52|f\ +|f'|” + 26 Im (ff )} (x)dx} 5 Page 77 of 151
becaus®e (fo') (l‘) = —Im (ff/) (.I‘), and J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
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and

]101 - /]Rw2 (I) Re (fo_l) (*T) dI7 On the Heisenberg-Pauli-Weyl

Inequality
with wy(2) = w(z)(z — 2, ).
It is clear that 8.17) is equivalent to

John Michael Rassias

1 .
(8.18) M, > / (w§2) - 2ﬂ2w2> (z)|f ()| dz Title Page
647t | Jr
9 Contents
2 [ s @) |f @) de =45 [ wa (o) I (£F) &) da 7
R R
Lo < >
= Gami 2r
or Go Back
1 Close
8.19 My > —— /| By 4],
( ) 2= 2mV/2 1ol Quit
where Page 78 of 151
(8.20) Esy = CoDo + C1 Dy

J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
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= /R [(wf) — 262102) |f|2 — 2wy |f'|2 — 48w, Im (ff’)] (r)dx

if |5 ¢| < oo holds. We note that ifE, ;| = 5 holds, then from&.19 one gets

VM, > = (= H*),while if |E, ;| = 1, then

— 1

4 M > .

2= 27T\/§ 47

Thus we observe that the lower bound\6#/; is greater thad?* if |Ey ;| >

1; the same withH* if |E, ;| = 1; and smaller thadd*, if 0 < |Eyy| < 3.

Finally, the abovenequality(8.18 generalizeg//,) of Section3 (therew = 1).
(iii)

(8.21) M;= (,u6)w,|f\2 (16) m?

~([w@ - snrir@Pa)( [ €6 o] «)

L3 (> H").

1
> 55 (CoDo + C1Dy)?
1
= 5560 [Co (Agoloo) + C1 (Asolio + A Ihy + 2Bios Loy )
1
= 25676 [[00 -3 (52]10 + I — 251101)]2

:25:’)%6 {_/[Rwés) (z) |f<$)|2d:c
+3/R (1)()[52|f| +|f|+2ﬁ1m(ff)}() }27

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias
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because

zm:jA%W@U@Wma fm=14%%muwww,

f == [ uf @)1f (@) do.
and
Imz—A%W@MGH@FGDM
= [0 @)t (7 @) F ) d,

with ws(z) = w(z)(z — 2,,)3.
Itis clear that 8.21) is equivalent to

1 1 2
@ﬂ)mz%@ié@wuwwv@ummx

+3/w§1)|f’ (x)|2d:c+6ﬁ/w§1) (z)Im (ff") (z) dz
R R

1
- F?
25676 ">
or

1
8.23 v/ M3 > /| E

2

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias
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o= /R (=l + 382" ) £ + 3 | + 630 tm (£)] () da,

if |E5f| < oo holds. We note that ifE5 | = 1, then from 8.23 we find
VM > ;= (= H*), while if |E5 ;| = 1, theny/M; > ﬁ (> H*). Thus we
observe that the lower bound ¢fM; is greater thati* if |E5 ;| > 1; the same
with H* if |F5 | = 1; and smaller tharff*, if 0 < |Es | < ;. Finally, the
aboveinequality(8.22 generalizeg//;) of our sectiorB (therew = 1).

(iv)

(8.24) My = (us),, 2 (M8)|f|2

— (/RwQ (z) (x—xm)slf(x)]2d$> (/ﬂ@(é—ﬁmﬂf(&)

1
> 10248 (CoDo + C1 Dy + 02D2)2

1
= 10248 [Co (Aooloo) + C1 (Arolio + Annlin + 2By Lion)

+ Co(Ag0la0 + Aoi Iy + Agalso
+2Bsg11201 + 2B202 1202 + 232121212)]2
1 2
= 10245 [Too — 4 (B 1o + Iy — 26L101)

+2 (8L + 407 o1 + Inp + 43° Ingy + 26 Ing2 — 45]212)}2

2
d¢ )

On the Heisenberg-Pauli-Weyl
Inequality
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B 102147‘('8 {/R w‘(l4) (z) |f (917)\2 dx

4 [ 0l @) [ 1P 1P+ 281 (77)] (o) o
R

2 [ wi(a) [ 1P+ 4811 P 417 +45° T (/F)

—26°Re (f17) +48Tm (f'77)] (x) dz]”
= i El,
because
o= [ o (@) If @) da,
ho= [ o @)1 @) de.
h= [ o @)1 @ de
b= [ wi@)1f @) de
b= [ wi@)|f @) da,
b= [ wi@)|f (@) do.

On the Heisenberg-Pauli-Weyl
Inequality
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Iy = /Rw4 (x) Re <2f’ (x) f (x)) dr = —/Rw4 () Im (f' (x) f" (x)) dz,

with wy(z) = w(z)(z — 2,,)*.
It is clear that 8.24) is equivalent to

1
/M, > B, A,
= 27v/2 Byl

(8.25)

where

By = [ [(w? - 45%uf? + 25'0) |7
4 (=l +20%w0) | £ + 200 |51 =88 (wl? — 5w ) I (£7)
—48%wsRe (f ") + 8BwsIm (f'f7)] () d,

if |E4,r| < oo holds.We note that i ;| = &, then from 8.25 we find /M, >
+ (= H), while if |E, ;| = 1, theny/M; > Qﬂ% (> H*). Thus we observe

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias
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that the lower bound o/, is greater thar7* if |E, ;| > i; the same with
H* if |Eyy| = 5; and smaller tha/*, if 0 < |E, ;| < 3. Finally, the above

inequality(8.24) generalizeg /1) of our Sectior8 (therew = 1).

8.3

We note tha} = 27¢,, = 0, w,(x) = 2P, andw,(,p)(x) =pl(p=1,2,3,4,...).
Therefore the above-mentioned four special cases (i) — (iv) yield the four for-

mulas:

(8.26) By == [ 1 @ dr =~
(8.27) By = z/R (17 @F — 2?1 (@)] .
(8.28) By = —3/]R [2 If ()] — 322 | f (x)ﬂ dz,
and

©29)  Eig=2 [ [120f @ 20 | @) + 01 @),

respectively, if £, ;| < oo holds forp =1, 2,3, 4.
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It is clear that, in general,

2 2
Aa= (D) =1 it tmg and = () #0012

for0 <[l <gq.
Thus, if 3 = 0, one gets

1, if =g,
(8.30) A, = =0, (=the Kroneckerdelta 0 <[ <g.

0, if l#£gq
It is obvious, if 3 = 0, that

(8.31) By =(—1)"" ( Z ) ( j ) pgritk =0, 0<k<j<g,

suchthatj + k < 2¢gfor0 < k < j < ¢; thatis,329=% £ 3°(=1) for
0<k<j<aq.
Therefore from §.30 and @.31) we obtain

(8.32) Dy = Aylyy =1y = <_1)p_2q/ wy, (= Qq) |f )‘2 dr,
R

if | Dy| < oo, holds for0 < ¢ < [&].
We note that ifv = 1 andz,,, = 0, and¢,, = 0 or 5 = 0, thenw,(z) = a?
rp=1,2,3,4,...),and

wldD (2) = (@) = p(p—1)--- (p— (p—20) + 1) 2" *7>,
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or

(P—29) (1) — p! g _ P oy cg< [P
(8.33) w) (x) = (p—2q))!x (2q)!:v , 0<¢g< [2] _
From 8.32 and @.33 we get the formula
|
8.34 D, = (—1 HqL/x?q @ (2| du,
(8:34) o= (g [ A @)

if | Dy| < oo holds for0 < ¢ < [£].
Therefore from §.34) one finds that

[p/2]
Ep = Z CeDy
q=0

[p/2]

Sy (] [l [l

q=0
or the formula

2 p p [(p—yq 2
(8.35) E,y= /RZ%(—UZHJPTQW( ¢ )$2q |f @ ()| d,
q:

if |E, ¢| < oo holds for0 < ¢ < [2], whenw = 1 andz,, = &,, = 0.
Let

(8.36) (map) 2 = /R % | f ()| dx
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be the2p moment ofz for | f|> about the origine,, = 0, and
~ 2
(ma) g = [ €7 |7 (01 e
R

~12
the 2p!" moment of¢ for ‘f‘ about the origirt,,, = 0. Denote

(8.37)

o qwa P P (p—q : < < [P
(8.38) £,, = (—1) p—_q—(zq)!( , ) if peN ando_q_[z}.

Thus from @.35 and @.39 we find
[p/2]

E,;= / Zsp,qxzq |f(q) (:E)‘2 dz,
R 00

if |E, ¢| < oo holds for0 < ¢ < [£].
If w=1andz,, = &, = 0, one gets from&.3) and @.35 — (8.39 the
following Corollary 8.2

(8.39)

Corollary 8.2. Assume thaf : R — C is a complex valued function of a real
variablez, w = 1, z,,, = &,, = 0, and f is the Fourier transform of , described
in Theorem8.1 Denote(m%)mQ(Or |f|2) ande,, as in @.36 (or (8.37) and

(8.39), respectively for alp € N.
If f € L?*(R), and all the above assumptions hold, then

[p/2]

1
kY (m2p>\f|2 2{;/ (m2p)’f|2 2 0n /2 ;%,q (m2q>’f(q)‘2 )

(8.40)
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holds for any fixed but arbitrary € N and0 < ¢ < [%], where

(8.41) (m20)| 2 = /R 2 |79 (2 de.

Equality in 8.40 holds iff the differential equatiofi®) (v) = —2¢,2?f (z) of
p'" order holds for some, > 0, and any fixed but arbitrary € N.

If ¢ = 0, then we note thai8(41) yields

(mo)f|z:/R]f(a:)|2dx:Ef|z.

We also note that if = 5, then[p /2] = 2; ¢ = 0, 1, 2. Thus from 8.39 we get

o 5 5 [5-0
(02
g0 = (=1) 5—0(2-0)!( 0 )

= —120,
1 O 5! 5—1
—(=1)%t —
g51 = (=1) 510 1),( . ) 300,
and - .
_ ! 5—2
—(=1)"2 — 9
e = U 550 2)!< 2 ) °
Therefore

©42)  Eyy=—5 [ [ @F 602 | @) + 50" ()]
R
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if | E5 | < oo holds.
Similarly if p = 6, then[2] = 3; ¢ = 0, 1,2, 3. Thus from .39 one finds

€6,0 = 720, €6,1 = —2160, €62 = 270, and €6,3 = —2.

Therefore
(8.43) Ej; :2/}R [360\f(x)|2—1080x2|f’ ()
+1852° | (@) —a° | (o) da.
if | Es,r| < oo holds. In the same way one gets
(8.44) En; = —7/IR [720\f(x)\2 — 252022 | ()|

+420z* | " (z)]> — 728 | f" (l‘)ﬂ dz,

(8.45) Es =2 / [20160 | () — 8064022 | f' (z)|” + 16800z | f ()|
R

—~4482° |f" (@) + 2* | 19 (2) [ de,

and
(8.46) Eo;=—9 / [40320| f(2)]> — 18144022 | f' (z)|°
R

+453602 [ " (x)|* — 168025 | £ (x)|* + 92° | f (x)ﬂ dz,
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if |E,¢| < oo holds forp = 7,8,9. We note that the caséds, ; : p = 1,2,3,4
are given above via the four formulas 26 — (8.29.

8.3

In general forw,(z) = w(z)2} with 5 = = — z,,,, wherez,, is any fixed and
arbitrary real, andv : R — R a real valued weight function, as well &s, = 0,
we get from 6.1) and @.32) that

On the Heisenberg-PauIi-WeyI
D,=1, = (_1)1’—2‘1/ (w () xg)(p_QQ) ‘f(q) (x)}z dx Inequality
R

John Michael Rassias

p—2q
- - 2q ( -2 —m) 2
— _1p2‘1/ (p )w(m) 2) () P2 @ ()% da
(=1) Rmzzo m () (=F) | [ ()| il Page
_ p—2q — P —2q m p! Contents
=0y w™ (z) ,
R0 m (p—(p—29—m))! <« >
X xg—(p—%z—m) {f(q) (@‘2 da, < N
or Go Back
Close
2
(8.47) D, = (_1)p2q/ pz:q " ( P2 ) w™ (z) 27 Quit
R |55 (2 +m)! m
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If m = 0, then one finds from8 47) the formula 8.34). Therefore from
(8.47) one gets that

[p/2]

(8.48) EM:/R;(_l)p—qz%q<pQQ)

= —2
T s (75w ]

m=0

if |E,¢| < oo holds for0 < ¢ < [2], whenw : R — R is a real valued weight
function, z,,, any fixed but arbitrary real constant agd = 0. If m = 0 and
x, = 0, then we find from §.48 the formula 8.35).

If we denote
_ (_1)pqi(p_q )
b—q q

X rzm@qi—:n)' ( p;”2q ) e xgn] |

m=0

(8.49) e, 4w (2)

then one gets fronB(49 that
[p/2] )
(8.50) E,;= / Z Ep g (x)x?q }f(q) (a:)! dx
I —

/2] )
2
=Y [ Gpan@)a |19 )
q=0 /R
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if |E,¢| < oo holds for0 < ¢ < [2].
It is clear that the formula

Epyp=) (=17 ( )
- p—q\ 4

q=

S i (7 )]

x a3 ‘f(q) (x)|2 dz,

(8.51)

if |E, ¢| < oo holds for0 < ¢ < [£].
Therefore from §.3) and @.49 — (8.50 we get the following Corollar.3.

Corollary 8.3. Assume thaf : R — C is a complex valued function of a real
variablex, w : R — R areal valued weight functiomn;,, any fixed but arbitrary
real numberg,, = 0, andf is the Fourier transform of , described in our above
theorem. Denotgus,), 2, (mgp)mz ande, , ., () as in the preliminaries of

the above theorem8(37) and 8.49), respectively, for alp € N.
If f € L*(R), and all the above assumptions hold, then

(8.52) 2{/m2 (mQP)IfF

=

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 92 of 151

J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jrassias@primedu.uoa.gr
http://jipam.vu.edu.au/

holds for any fixed but arbitrary € N and0 < ¢ < [g]
Equality in 8.52 holds iff the differential equation

@ (x) = —2¢c,2% f ()
of p'" order holds for some, > 0, and any fixed but arbitrary € N.

We note that fop = 2; ¢ = 0,1 andw, (z) = w (z) 22, with 25 = & — z,,;
&n = 0, we get from 8.49 that

€200 (T) = 2w () + 4w (7) 75 + w" (7) 23,
and
Eo1w () = —2w (2) .
Therefore from §.49 one obtains
(8.53) By = / [(Qw () + 4w (x) x5 + 0" (2) mg) If ($)|2

R
—2w(x)x§|f’(a:)|2] de, it |Eag| < .

This result 8.53 can be found also fron8(20), wheres = 27¢,, = 0 and thus

@58)  Far= [ [0 @)1 @F =200 @)1 @) .

if | E, | < oo holds, with

wy () = w(x) (x — xm)2 = w (x) 23,

wi () = 2w (z) 25 + ' (z) 22
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and
wi? () = 2w (z) + 4w’ (z) 75 + w" (z) 22

8.3

In general with any fixed but arbitrary real numbeys, &,,,, s = * — x,,, and
& =& — &, One finds

Wp = l‘g, On the Heisenberg-Pauli-Weyl
., - p] . Inequality
wy) = (5)" = 5 | |
(p - 7“). John Michael Rassias
and |
(-29) _ _P° 2 Title Page
RCTI
Contents
Therefore the integralk,, /,; of the above theorem take the form « "
(855)  Iy—(—1) P, O<l<q<[1—9} < >
' ‘ (2g)! VPO T =R 2l
Go Back
and
Close
p—2¢q p' . p i
B56) Iy = (1) G )y, 0k <) << 2. Quit
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k43

with r,; = (—=1) 2, and

2 p
(8.58) (120) o :/xgq FO @) 'dr, 0<i<q<|E],
R
is the2¢"” moment ofz for \f(l)|2, and
. p
®59)  (m)y, = [ a¥i @iz 0<k<j<q<[5].
g R 2 On the Heisenberg-Pauli-Weyl

Inequality

is the2¢™ moment ofx for f;;. Soh Michae! Racsins
Wenotethatil <k=j=1<¢< [g],then

(8.60) fi (2) = 54 ‘f Title Page

Contents
and thus

44 44
p

(8.61) (M2q)fll = Sql (N2q)‘f(z>|2 0<l<¢< [5} J | >

Go Back
wheres, = (—1)"". 0=ac

We considerAd, and B,;; and g as in the theorem, and,, as in 8.39). Close
Therefore Quit
S Page 95 of 151
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if | Dy| < oo holds for0 < ¢ < [£]. From @.55 — (8.62) one gets

/2 T q
(8.63) B =YY Ay (112)) o 2 +2 Y Ba 2y, |
q=0 Li=0 0<k<j<q

if |E, r| < oo holds, for any fixed but arbitrany € N.
If w =1 one gets from&.3) and .55 — (8.63 the following Corollary8.4.

Corollary 8.4. Assume thaf : R — C is a complex valued function of a real
variablez, w = 1, z,,, and§,,, any fixed but arbitrary real numbers; = x—z,,
andés = € — &, wy(z) = 2§, and f is the Fourier transform off, described
in our theorem. Let

(e = [ 11 (@)

and

flo)| ae

(N2p)|f|2 :/ngp

A2
be the2p' moment of: for | |, and the2p'™ moment of for ‘f‘ , respectively.
Denote(/@q)‘f(l)’z, (k2q)y,, (With fi; : R — R asin ©.57) , g5, and Ay, By,

via (8.59), (8.59, (8.38 and the preliminaries of the theorem, respectively for

all p € N. Also denote

Up= % (N2p)|f\2 2{/ <N2p)|f‘2-

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 96 of 151

J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jrassias@primedu.uoa.gr
http://jipam.vu.edu.au/

If f € L?*(R), and all the above assumptions hold, then

[p/2] q

(8.64)  Up>Hy ||D py | D Au (p20) o
q= =0

r

holds for any fixed but arbitrary € Nand0 < g < [ ] wherefl> = 1/ 2 /2
(for p € N) is the generalized Heisenberg constant.
Equality in 8.64) holds iff thea-differential equation

fép) () = —2¢p25 fo (x) ,a = =211,

holds for some;,, > 0, and any fixed but arbitrary € N.

+2 Z qk] ng ]

0<k<j<q

We callU, theuncertainty productiue to the Heisenberg uncertainty princi-
ple (8.64).

We note that iff : R — R is a real valued function of a real variable, in the
above Corollang.4, then

©.65) fis = (J9F9) Re () for 0 <k <j<q<[2].

wherer,;; € {1, +i}, such that
1, if 2¢=(k+j)(mod4)

Takj = ; and
-1, if 2¢=(k+j+2)(mod4)
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i, if 2¢=(k+j+1)(mod4)
Takj =

—i, if 2¢=(k+j+3)(mod4).

Thus

(8.66) fi; = (fM 1)
1, if 2¢=(k+j)(mod4)

x ¢ —1, if 2¢=(k+j+2)(mod4) ,
0, if 2g=(k+j+1)(or(k+j+3))(mod4)

for0 <k <j<qg<l[t].
Therefore

(8:67) (12q)y,, = (H2g) peir 50
1, if 2¢=(k+7j)(mod4)

x ¢ —1, if 2¢=(k+j+2)(mod4) )

0, if 2¢=(k+j+1)(or(k+j+3))(mod4)

where

(qu)fu«)f(j) = /Rxgq (f(k)f(j)) (z) du,

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 98 of 151

J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jrassias@primedu.uoa.gr
http://jipam.vu.edu.au/

foro <k <j<qg<I[5]

Similarly if f®f9) R — R, for0 < k < j < ¢ < [2], are real valued
functions of a real variable, we get analogous results.
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Considerw = 1, z,, and¢,, means anthe Gaussian functiofi : R — C, such
that f (z) = coe~ <", wherecy, ¢ are constants ang, € C, ¢ > 0. Itis easy to
provethe integral formula

L'(p+3)
(26)p+% ’

for all p € N andp = 0, wherel is the Euler gamma functiof? 1], such that

F(er%) :1.3.....(2p_1)ﬁ

op

(9.1) /pre_QCIde = c >0,
R

for p € NandT (1) = /x for p = 0. Note that the mean,, of z for | f|%is
given by

xm24x|f(x)|2dx:0.

Also from Gasquet et alj| p. 159-161], by applying differential equationsy],
one gets that the Fourier transfofim R — C is of the form

(9.2) f(é’) = co\/ée_ﬂfg, co€C, ¢>0.
12
In this case the meafy, of £ for ’f’ is given by

&n = [ €|f©)] as=o
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Therefore from §.36 — (8.37) with meansz,, = 0, &,, = 0 and from 0.1) —
(9.2) one finds that thep' power of the left-hand side of the inequali§.40)
of the Corollary8.2is

(93) (m2p)‘f|2 . (mgp)|f|2

= ([ @ra) ([erlref )
R R
2
= 100\4% (/R x2p62cx2dx) (/R £2p€25*§2d§) (wherec* _ 7%)

F'(p+1)T(p+3 1Y ol
|CO| (p 2 3) T (p +21) _ (H;)2p2f2 (p-|— 5) leol”
€ (20772 (2e7)772

9
C

for all fixed but arbitraryp € N, ¢y € C, andc > 0 (WhereH; :%1% .

note that

(9.4) Ejp :/|f(:r)|2d:r
|CO| / —2cx? dr

-5 (3)
— |col ,/Wc whereF( ) V.
If we denote

2p—1)N=1-3-5----- 2p—1),01l = (=) =1,
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for p € Nandp = 0, respectively, then

1 2p — 1)
(9.5) F<p+§) :%ﬁ for p e N, and
1
F(i) = /7 for p=0.

We considethe Legendre duplication formula far ([1€], [21])

2p—1

VT

(9.6) L (2p) = F(p)r(p+%), peN

andthe factorial formula
(9.7) C'(p+1)=p!, peNy=NU{0}.
We takethe Hermite polynomial[15], [21])

©8) H,(x) = (2)" — LY (g0

q(¢—1) (q2!— 2) (¢ —3) (22)"
q ‘ q
— 4 (_1)[5] §_| (21‘)‘172[5] , q € N,
[4]!
where[¢] = £if gisevenand] = %1 if ¢ is odd. We considethe Rodrigues
formula ([L.€], [21])

+

(9.9) H, (x) = (—1)t e 2 <e_12) ,q € Np.

dxz
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If one places,/cx onx into (9.8) and employs

d () = i(.) v 1 d
d(yex) ' dr ' d(yex) Jcdx

then he provethe generalized Rodrigues formula

(9.10)

()

(9.11) H, (Vex) = (-1)* 036“2% <e’“"2> , ¢>0, geNy.

On the Heisenberg-Pauli-Weyl

In t2his paper we have < ¢ < [2], p € N. From @.11) with f (z) = Inequality

coe” ", ¢ € C,c >0, we get John Michael Rassias

_ q 1
(9.12) da:qf( x) = (=1)%ezf () Hy (Vex) Title Page
and thus the moment Contents

2 44 44

(9.13) (mgq)‘f(q)|2 = /mzq ‘f(q) (z)|" da

R 4 | 4

(—1)? c%f(x) H, (\/EIE)FCM Go Back

—= / :E’Qq
R

Close
= ]co\ch/x2 —2ea? A, (\/_iL‘)‘ dx.
R Quit
Substitutingy = /cz, ¢ > 0 into (9.13 one gets Page 103 of 151

2
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(9.14) (mzq)‘f(q)|2 = u y2qe % Hq2 (y) dy. nl:?tp:/u/fpaanm.sz.eda;.au ’
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We consider the Hermite polynomial

1
O Hyl) = Y0 g S 0 oas [f]

k=0

and the Lagrange identity of the second forii3). Setting

B k q! —2k __ k (2k)! q —2k
= s T T L )

R gy d
T(%)_k!(q—zk)!’

x (2k)! ’ q ? 2(q—2k)
Aqk— (T o 27\ € R,

Skj = (-0 eR,

e RN g q
Bai =sw—r Lae J\ 25 J€B

one gets that} = A7, andryr; = 5 B

Thus employing4.15 and substituting;, = y~2* in (7.3) we find

with

and denoting

and

hi q _
azy =y e = (1) o (q — 2k)! (29)",
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and

/2] 2

(9.16) H; (y) = Z K2k

la/2]

x  2q—4k x o 2(q—k—j
_ZA T2 Z Tari Baki¥ ==,

oskei<ly

for 0 < ¢ < [2],p € N. Letus denote
;‘k = /Ry4(q—k)e—2y2dy, qu] /Ry2(2q_k_j)6_2y2dy,f~1qk = AZk ;‘lm

andBy,; = 1y Bl Ji;- Therefore from.14) and ©.16) one gets

lq/2]
2

(9.17) (m2q>’f(q)‘2 | 0| ZAqk +2 Z quj , 0<qg< [8] .

0<k<j<lq/2]

From ©.1) and 0.5) we find

©18) sy = LU= D U J7 gy, QAR 7

From 0.18 one gets

. 1 [7( ¢ \° (2>

420 2

On the Heisenberg-Pauli-Weyl
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(9.20) By = (—1)"" ;@( o ) ( % )

(2k)! (29)! .
—k:!j! (4g — 2k — 25 — DI
0<k<j<I[2].0<q<[%],peN.From@.5 one finds
22q—2k 1
(9.21) (4 — 4k — D! = r (2q—2k+§> ;
ﬁ On the Heisenberg-Pauli-Weyl
Inequality
2a—k=j 1 John Michael Rassias
9.22 4qg — 2k — 25 — D! = '2g—k—j+-=1.
(9.22)  (4¢ j—1) NG ( q j+ 2)
Also from (9.6) — (9.7) we get Title Page
(2p)! 2% 1 Contents
(9.23) —=—=I'(p+=), peN
pt m 2 « 13

Therefore from9.19 — (9.22 and placingt, 7 onp into (9.23 we find < >

~ 1 q 2 1 1 Go Back
(9.24) Ak:—QQk( ) I? (k+—)F(2q—2k+—),

! 7T\/§ 2k 2 2 Close
] Quit

(9.25) By, = s (—1)MH7 gkt < qu ) ( qu > Page 106 of 151
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x I <k + §> a (j + 5) d (2q kot §> : o pamyaedua


http://jipam.vu.edu.au/
mailto:jrassias@primedu.uoa.gr
http://jipam.vu.edu.au/

forall0 <k < j<[%],0<q<[8],peN. Letus denote
la/2] q 2 1 1

o 2% 2 + _ -

(9.26) rq_kzzoz (%) r <k+2>F<2q 2k+2>
_1\k+ ok+i q q

+2 > (D)2 (%)(2].)

0<k<j<[q/2]

1 1 o1
xl“(k:+§>l“<j+§>l“(2q—k—]—l—§>.

From 0.26 one gets

la/2]
- . 1
9.27 E A+ 2 E B, = —1I,.
( ) s qk qkj ﬂ_\/§ q

0<k<j<[q/2]
Thus from ©.17) and ©.27) we find

lco)? 1

LI
Ve /2!

forall 0 < ¢ < [2],p € N,andc, € C, ¢ > 0. Let us denote

(928) (m2q)|f<q)|2 =

[p/2

)
(9.29) D=1 epaly,

q=0
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wheres, , is given as in .39. Therefore from thép" power of the right-hand
side of the inequality§.40 of the Corollary8.2and ©.28 — (9.29 we get

2
[p/2] 1

* * C
(9:30) | 2 02 o - ()" 5y () 2L

forallp e N, ¢ € C,andc > 0 (whereH; = V)

If f: R — C is the Fourier transform of of the form f (z) = coe™
? ands,, the

A2
mean of¢ for , then

o2 e~ (- )

for any fixed but arbitrary € N. For instance, ity = 1 andc = % then

F;:7T|Ep7f|, pEN.

Therefore from §.40), (9.3) and ©.30 we get the following Corollarg. L

Corollary 9.1. Assume thar is the Euler gamma function defined by the for-

mula [2]]

(9.32) [ (z) :/ t*le7'dt, Re(z) >0,
0

On the Heisenberg-Pauli-Weyl
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whenever the complex variable= Re (z) + ¢Im (2), ¢ = v/—1, has a pos-
itive real partRe (z). Denotee,,, I'; andI’; as in 8.38), (9.26 and (.29,
respectively. Let us consider the non-negative real fundiianN — R, such

that .
I'p+3
R(p) = Plets) one (1,2,3,...).
I
Then the extremum principle
1
(9.33) R(p) > —

— 27’
holds for any fixed but arbitrary € N. Equality holds fop = 1.
For instance, ip € Ng = {1,2,3,...,9}, then

1 429 1
— < < —
o SRS 555
9.33
i) If p = 1, theng = 0. ThusT, = I'*(3) = 77, €10 = —1, and

I} = [e1,olo]| = my/7.

ButT (1+1) = /7. HenceR(1) = 5-. Therefore theequalityin
(9.33 holds forp = 1.

i) If p =2, theng = 0, 1.Thus
Iy = Wﬁ, €20 = 2;

1 1 3
12| = ) ==
I =r (2)r(2+2) 47r\/E,
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ii)

€21 = -2,
and )
F; = ‘5270F0 + 8271F1| = 571'\/%
Butl' (2+1) = 3\/7. HenceR (2) = 3- -
Therefore the inequality irf(33 holds forp = 2.

If p=3,theng =0,1.ThusTy = m\/T, 50 = —6; 'y = 3m\/m, 51 =9,
and

3
F; = |€3’0F0 + 6371F1| = Zﬂﬁ
ButT' (3+ 3) = %2/m. HenceR (3) =5 - -
Therefore the inequality ird(33 holds forp = 3.
If p =4, theng = 0,1,2. ThusTy = m/T, es0 = 24; Ty = 3my/m,

€41 = —48; €42 = 2,
1
— 2k
r(a-28+3)

ez () e (s
)(5)

+2 Z ’“+J2k+3(2
1 1
h 4k —
) (1)

0<k<j<1

HEORG
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e (%)F(4+%>+22F2 (1+%)p(2+%)
+2(-1)2r (%)F(IJF%)F(SJF%)

105 + 12 — 60 57
=1 V"= 1—(37Tﬁ,

becausék, j) € {(0,1)}, and
I} = |egolo + €411 + €421|

_ 24+(—48)i+2< ) VRN

Butl' (4+ 1) =15,/7. HenceR (4) = 2 . L

Therefore the inequality ird(33 holds forp = 4.

v) If p =5, thenq = 0,1,2 Thusl'; = 22x/7. Butl' (5+ 1) = 25 /7.

32
HenceR (5) = Therefore the inequality irB(33 holds forp = 5.

17 2

vi) If p = 6, theng = 0,1,2,3. Thusly = 5x/7. Butl'(6+3) =
1895 /r. HenceR (6) = 22! - 5=. Therefore the inequality ird(33 holds
forp = 6.

vii) If p = 7, theng = 0,1,2,3. ThusTs = Z87/7. Butl' (7+1) =
18255 /7. HenceR (7) = 429 - 5. Therefore the inequality irg(33 holds
forp=717.
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viii) If p = 8, theng = 0,1,2,3,4. ThusT; = B28x /7. Butl' (8+3) =

2205 /m. HenceR (8) = 22 - . Therefore the inequality in%(33
holds forp = 8.

ix) If p =09, theng = 0,1,2,3,4. ThusT'y = 2887, /r. Butl' (9+ 1) =
34459425

512

HenceR (9) = 2% . . Therefore the inequality in9(33 holds for
p=09.
In fact ,

_ .0 99 (7 991 /(6
€90 = —J, €91 = ‘i, 69,2——55 9 | 69’3_65 3 />
€94 = —&1

and

I = legolo + €911 + €9ol's + €935 + €944 ],

wherel'y = 7/m, Iy = 3my/7, andTy =
Besides

1 2
3 1 1
=) 2% MP(k+=)0(6-2k+=
S ( g ) (heg)r (o)

e (3)(3)

0<k<j<1

1 1 1
T(k+- )T (j+=)T(6-k—j+=
) r(ea)r o)

57 i
2m/m from the above case iv).
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2 2
+2(—1)2(g)(3)r<%>r<1+%)r<5+%)
B

becausék, j) € {(0,1)}, and

On the Heisenberg-Pauli-Weyl

) 4 Inequality
2k
I‘4 - Z 2 ( 2%k ) ( ) < — 2k + ) John Michael Rassias
k=0
+ 20<kz<2 1)kt gkt ( ok > ( ) Title Page
<I= | . Contents
XF(kZ—l— ) ( 5) (8— —j+2) <« >
273105
=g TV 4 '
Go Back

becausdk,j) € {(0,1),(0,2),(1,2)}.We note that if one denoteB* (p) =
27 R (p), then he easily get®* (p) > 1 for anyp € N.

Corollary 9.2. Assume thal is defined by4.32). Consider the Gaussiafi :
R — C such thatf (z) = cee ", wherecy, ¢ are fixed but arbitrary constants
and¢, € C, ¢ > 0. Assume that,, is the mean of: for |f|>. Considerf : R
— C the Fourier transform off , given as in the abstract angl, the mean of
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Quit
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~|2
for ‘f‘ : Denote(qu)V(q)’g, the2¢"* moment of: for | /@|” about the origin,
as in 8.41), and the real constants, ;, as in 8.39. Denote

Ep :/R|f(x)|2dx

and

[p/2]
On the Heisenberg-Pauli-Weyl
(9.34) Ep7f = E €pgq (mgq)|f(q)|2, Inequality
q=0

John Michael Rassias

if | E, ;| < oo holds for0 < ¢ < [E] and any fixed but arbitrary € N.
Then the extremum principle Title Page

Contents
L(p+ 3 T . 1 c ™
(9.35) Rf(p) = (E 2) <= 2;3/_ R (P)) > 7\/%(222_ )7 4« (44
| Ep ] /12 |col 12
_ < >
holds for anyp € N. Equality holds fop = 1.
Go Back
For instance, ip € Ng = {1,2,3,...,9}, thenE, s > 0 for p =2,3,5,8; ——
and< Oforp=1,4,6,7,9. Besides
Quit
1 c 429 1 c
— +/=<R < — . ——./=, if peNy. Page 114 of 151
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The proof of Corollary9.2 is a direct application of the above-mentioned

formula ©.31) and the Corollan®.1 (or (9.33). In fact,

R =1 (p+3) /B
-t (r+3) /ot

— 3V R )

|o!

V2¢ \/>
> Mg =
|Co| or |Co|

Besides from§.26) one gets

Biy=- [l @)l ds
R
— |CO|2/6—2ca:2dx
R

|co|? lco)? 1
el r = I op (12,

2

V2e Ve

or ity (1) = 5
cozl,c—z,orf( ) = e 2%, thenR; (p) > 1.

Also we note that the formul& (29 is an interesting formula on moments

for Gaussians.
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9.35

) If p=1,then
By = [If @ do=laf* [ e d = ol
= = |eg = 2 /r.
|f] R R \/2_0
Thus from @.26) we getF ; = —E ;2. Butl' (1 + ) = 5/7. Hence
1 1 c On the Heisenberg-Pauli-Weyl
Rf(l)—F(1+§>/|E17f’——2\/;—\/7_1-/2E|f2, Inequality
|CO| John Michael Rassias
Therefore theequalityin (9.35 holds forp = 1.
We note from 9.28 and ©.31) thatq = 0 such that Title Page
\/2_0 \/2— Contents
Iy=r— ——FE
’ 7T]co|2 (o) g = |c | 2 = TV <« >
and /o \/_ < 4
2
[ = myy |Eigl = m- 3 B o = Do = my/m, Go Back
. |co | col Close
respectively. Quit
i) If p =2, then from g.27) we get Page 116 of 151
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ii)

Butl'(2+ 1) = 3\/7. Hence

1 1
Ri(2)=T (2+§>/|E27f| 3. o f.
Co

Therefore the inequality in9(35 holds forp = 2. We note from 9.29
and ©.3]) thatq = 0, 1 such thatf"y = 7/ as in the above case i),

V2 J_ V2¢3 3
' =m—=5 (M), pp2 = =1———-F ;2 = —-m\/7,
1 |CO|2( 2)‘f|2 |C| ’f( )‘ ‘CO|24 |f|2 4 \/_
and \/_ \/_
2 1 1 1
Jeol? "o
respectively.

If p = 3, then from .28 we find

R

Butl' (3+ 3) = 2+/7. Hence

1 1 c
R;(3)=T (3+§>/1E3,fy :5-W\@.
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Therefore the inequality ira(35 holds forp = 3.
iv) If p =4, then from 8.29 one finds

Eyf=2 {12E|f2 —24/$2|f' (:E)|2dx+/x4|f'/(x)|2da:]
R R

:2{12—24-§+g} E\f|2

4 16
39 ) .
=——F .2 <0. On the Heisenberg-Pauli-Weyl
] I Inequality
Hence John Michael Rassias
35 1 c
Rp(4) =13~ —2\/g
|col Title Page
Therefore the inequality ird(35 holds forp = 4. Contents
v) If p =5, then from §.42) one gets pp >
2 g1 2 4 g 2 < >
Esp=—=5|24E;2 —60 | 2”[f (x)]"dz+5 [ « |/ (z)| dz
R R Go Back
3 o7 255
Quit
Hence Page 118 of 151
63 1 c
Ry (5) ==~ —2\/j
17 |eo| 2
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vi) If p =6, then from .43 we get
Es =2 {360E|f2 — 1080/ 2 |f' (z)| dz
R

+135/Rx4|f”(x)|2dx—/Rx6

2
:2[360—1080-24—1355—7—&] E 2

£ (@) ]2 dx}

16 64

Hence

231 1 c
R (6) =39 |_|\£
Therefore the inequality ird(35 holds forp = 6.

vii) If p =7, then from 8.44) one obtains
Erp=-T7 {720Ef|2 — 2520/ 2 |f ()] da
R
, 2
+420/:v4}f"(x)|2d:1:—7/x6 " (x)’ d:v}
R R

= -7 {720—2520-§+420-§—7-@] B

4 16 64

7245
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Hence

429 1 c
Ry (7)) = — - —54/=.
f( ) 23 |C0|2\/;
Therefore the inequality ire(35 holds forp = 7.
viii) If p = 8, then from 8.45 we obtain

Esp=2 {20160E|f2 — 80640/ 2 | (2)| da
R

+ 16800 / 2 (@) de
R
6 | g1’ 2 8| £(4) 2
—448 [ 2° |f (:c)‘ dov+ [ 2| (2)| da
R R
57

3
= 220160 — 80640 - = + 16800 - —
[060 80640 - 5 + 16800 - -

2 2731
Y 835+ 73 05} By

64 256

192465
= —ox L

128
495 1 c
Rp(8)=—=. — /<
f( ) 47 |CO|2\/;

Therefore the inequality ird(35 holds forp = 8.

Hence
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ix) If p =9, then from .46 one finds

Fop— -9 {4032051' 1 — 181440 / 2|f (2)] da
R

+45360/x4|f" ()| do
R

—1680 / 28
R

3 o7
=9 {40320 — 181440 - 1 + 45360 - —

16
2835 273105
—1680 - 9. E
61 7 256 ] 7T*
2344545
= - F e < 0.

256
Hence

12155 1 c
Ri(9) = —— —=1/=.
f( ) 827 |CO|2\/;
Therefore the inequality ire(35 holds forp = 9.
We note that, from the Corollar§.1,
Ry (p) =27R(p) = R"(p) = 1
foranyp € N, if

02 T
f (,I) =€ 2 (Or E|f|2 :§) )
becauser, ;| = ;=T'%, from (9.31).

27 p?

i (x)‘zdx + 9/}}{1;8 IR (x)}zdx}
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Corollary 9.3. Assume that the Euler gamma functibns defined by 4.32).
Consider the Gaussian functigh: R — C of the formf (z) = cye<®%0)",
wherecy, c¢,zy are fixed but arbitrary constants ang € C, ¢ > 0, o € R.
Assume that the mathematical expectatiéf: — x,) of = — =z, for | f|> equals
to

a:m:/R(x—:po)|f(x)|2dx:0.

Consider the Fourier transforrﬁ : R — C of f, given as in the abstract of this

~|2
paper, and,,, the mean of for ‘f’ . Denote b)(mzq)‘f(q)|

x for \f(q>|2 about the origin, as in§.41), and the constants, , as in 8.39.

Consider
[p/2]

Ly = Z €pyg (qu)|f(q>’27
q=0

if |[E,;] < oofor0 < ¢ < [2], and any fixed but arbitrary € N. If

47 e2w3 (> () denotes thep'" order derivative ofe2"0 with respect tar,

2p
dx;

then the extremum principle

4

1 2 d2p 3
©36)  |B,l< Y% T (p+2)u(—) ,
272 =

holds for any fixed but arbitrary € N. Equality holds fopp = 1 andz, = 0.

We note that:,,, = 0 even ifzy # 0, while in the following Corollaryd.4we
havezx,, = 0 only if xqg = 0.

> the2¢"» moment of
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Proof. At first, we claim thathe general integral formula
2
ﬁ . 1 . 6_203’% . ﬁchx%
dp+ L opt L 2p )
24pts  2Pt3 dz;

c>0, zgeR,

(9.37) /pre_Qc(x_mO)Qdm =
R

holds for allp € Ny = NU {0}.

We note that, ifc) = 0, then Q.1) follows. For example, ip = 1 andxq = 0,

then » p
d_a:g 2erf dre <4cx062“g> =4c (1 + 4cx3) 2% = 4e,
Thus 0.37) yields

1 1
/xQezmzdm: 5 T 1ide=— ]~
R (4¢)" V 2¢ de'\ 2¢
This equals to(()—l) because

()-tr()-%

implying (9.1). A direct proof for this goes, as follows:

2 1 2
/x26_2m der = — [ xd (6_2“ >
R —4c Jr

1 —2¢x? —2¢x?
:Elx€2 ‘R—/R€2 dl}

On the Heisenberg-Pauli-Weyl
Inequality

John Michael Rassias

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 123 of 151

J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:jrassias@primedu.uoa.gr
http://jipam.vu.edu.au/

1
e

1 ~(V2ez)? 1
:46\/2_C/R€ <\F)d(\/2_cx>:4c\/%\/%>

becauséz| e 2** — 0, as|z| — oco. It is easy to provehe integral formula

[21]

_ 2
e 2cx d$

(9.38) /x”e("” 70)° gy = (20) " V/7TH, (izg), i=+v—1, 29 €R,
R

for all n € Ny , whereH,, is the Hermite polynomia[ 1], [21]).
We note that ifz,, is the mearof = for | f|*andz, € R — {0}, then

— [slf @da

= |Co\2/xe_2c(’”_””°)2dx
R

2
:_|CO| /d(ch x0)? +$O‘CO| / 2c(z—w0)?
dc Jp
or

 |cof?
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because

o :/R|f(x)|2d:)s

= |00’2/626(mx°)2dx
R

— % Re_(*/%(x_m))gd <\/2_c($ - 950)>a

or

i |Co|2

On the other hand, the mathematical expectatiafi = — x, for | f|* is

Blw ) == [ (o= a0)f (2)f'do
R
then from ©.39 — (9.40 one gets
Ty, = / z|f (z)|* de — xo/ |f (2))* dz = 2o B2 — 2o B pp2,
R R
or
(9.41) T = 0.

In this case the mathematical expectatignis the mean of: for |f|20nly if
o — 0.
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We note that if one places = 2p andiz, (i = v/—1) onz into (9.9) and
employs

d d dzxo . d
1020 ) = T O ey ~ w0
and thus
de d2p
9.42 — ()= (=1) .
(9.42) T = Y 3 0
then he proves
2 dQP 2
(943) ng (2270) = (—].)p €_$0—2p€x0, pE No.
dz

Therefore from .38 with n = 2p, and ©.43 one gets that the integral formula

2p
(9.44) /x2p6_(z_$°)2dx = @ e d 5 exg,

holds forzy € R, and allp € N,.
If one substitutes?, s € R onz into the following general integral he finds
from (9.44) that

2
/x2p€2c(xxg) dr =
R

1p+1 ’/52}76_(5_@%)2(15
(2e)*% Jm
1 VT

1 6_(\/%500)2 . dr
(2C)p+§ 92p

— e(\/ixo)z
1 (VE)”
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2 d2p 2
(9.45) _ VT L e — e >0, meR,
23P+3 Pt d (V2co)

holds for allp € N,
However,

d__(yody_dm _ 1 d
Y = TaeT

and

2p 1 2p
(9.46) d d

S T

hold for allp € Ny. Therefore from9.45 and ©.46) we complete the proof of
(9.37).

Second, from Gasquet et ai, [p.157-161] we claim that the Fourier trans-
form f : R — Cis of the form

c> 0,29 € R,

A 2 )
(9.47) f = CO\/E6—652—127rx0§’ c€C, ¢>0, g eR.
c

In fact, differentiating the Gaussian functign: R — C of the form f (z) =
coe~<(@=20)" with respect tar, one gets

J' (@) = ~2¢(z — 20) f (2) = ~2caf (x) + 2exof ().

Thus the Fourier transform gf is

Ff(€) =FIf @)]() = [f (2)]" (€) = [=2caf (2)]" (€) + [2czof ()" (&),
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or
0.48)  2intf (€) = o [(~2im) f (2)]" (€) + 2ex0f (£),

-2

by standard formulas on differentiation, from Gasquet et gb[ 157]. Thus

2l f (€) = i (f (5))' + 2exof (€),

or
—2m°¢f (€) = cf' (€) + 2imexof (),
or
A ! 5 21 . A
(9.49) (F©) = F(©) = == (x€ +icxo) £ (£)..

Solving the first order ordinary differential equatich49 by the method {5
of the separation of variables we get the general solution

(9.50) f(g) = K (¢) e—%§2—i2wx0£’

such thatf (0) = K (0). Differentiating the formulaq.50 with respect tat
one finds

©51) [ =T K4 i (9 (- Tg - 2w ).

From ©.49, (9.49, (9.50 and ©.51) we find 0 = K’ (&) € ~2m€ oy
K'(€) =0, 0r

(9.52) K () =K,
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which is a constant. But fron®(50 and ©.52) one gets
(9.53) f(0)=K(0) =K.

Besides from the definition of the Fourier transform we get

Fo)= [ e¥mons (@) do

:/]:f(:v)dx

= co/e_c(’”_mofdx
R

= [ Vel (e (z — ),

Ve Jr
or
(9.54) f(O) = co\/é, c€C, ¢>0.
From ©.53 and ©.54) one finds
(9.55) K = co\/g, coeC, ¢>0.

Therefore from 9.50 and ©.55 we complete the proof of the formul&.47).
Another proofof (9.47) is by employing the formulad(2) for the special Gaus-
sian¢ (z) = coe=*”, such that

~ T w240

¢ (&) =co P € ¢eC, ¢>0.
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In fact, f () = ¢ (x — o), OF

F©) =10z =) ()
= /Re_%@”gb (x — x0) dx

— / e~ 2me(@+20) ¢ () da:
R
(with x + x5 onx)

_ 6_2i7T§I0 / 6—2i7r§ac¢ (l’) dr = 6—21’7@380& (f) ,
R

or

establishing 9.47).
Therefore from §.36) — (8.37) with x,,, = 0, from (9.41), and the mean of

~2
for ‘f‘ of the form

e = [ €|f @ as =10l T [ €T~

as well as from4.1), (9.37) and ©.47), one finds that the left-hand side of the
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inequality 8.40) of Corollary8.2is

(m2p>\f|2 (m2p>|f|2

~ 2
- ([rara)-([erliof «)
R R
2 o2 2

— ‘60’4 z (/ x2pe—20(:c—x0) dl’) . (/ €2pe—2c £ df) (WheI’EC* _ 7T_>

¢ \Jr . .

2 1

= ‘60’4 z \/7_T1 . 1 = 672093(2) . d_§€2ca:% r (p + 21)

c \ 9d+i  2p+3 dz —(20*);; 1

4 2
— (H*)Qp ﬁ F (p+ 1) . @ . e*QCIEg dp e2cx(2)

P 23p—1 2 cp+1 d:p%p

Y

(with H =1 /27¥/2) holds for allp € N, ¢y € C, ¢ > 0, andzo € R.
Finally from the right-hand side of the inequali.40 of Corollary8.2with

/2]

By = E :Ep,q (/ x* |f(q)‘2dx)
q=0 R
such thatE, | < oo and

2
(m2p>|f|2 (m2p>’f‘2 > (Hp) pE;fa

for any fixed but arbitraryp € N, one completes the proof of the extremum
principle ©.36). ]
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Corollary 9.4. Assume that the Euler gamma functibris defined by {.32).
Consider the Gaussian functigh: R — C of the formf (z) = coe<(®=20)",
wherecy, c,zy are fixed but arbitrary constants ang € C, ¢ > 0, o € R.
Assume that,, is the mean of: for | f|°>. Consider the Fourier transfornf :

12
R — C of f, given as in the abstract, argl, the mean of for ’f’ . Consider
the 2¢"» moment of: for \f<‘1>|2by

<N2q)|f(q)|2 = /]R (I - Im)Qq |f(q) (ZE) ’2 dx? On the Heisenberg-PauIi-WeyI
Inequality
the constantsp,q asin (8'3&7 and John Michael Rassias
[p/2]
Epy= Z Epyg (H2q)|f<q)|2a Title Page
=0 Contents
if | E,,¢| < oo holds for0 < ¢ < [£], and any fixed but arbitrary € N. If % =
. 7 |col? < 3
" : E|f\2 ( : \/g \/E ) Go Back
andzj = a:OE‘*ﬂz, then the extremum principle Close
. 9 B o 1 Quit
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We note thatr,, = 0 only if x5 = 0, while in the previous Corollarg.3
we haver,, = 0 even ifzy # 0.We may caIIEW and E*, , complementary

1]
probability (or energy integrals
Proof. Itis clear, that from9.1), (9.37), (9.39, (9.40 and ©.47) that

(U2p)|f\2 (m2p)|f‘2

2p 9
= / <x — onlﬂz) |f (z)]” dx R _ _
R n the Heisenberg-Pauli-Weyl

9 Inequality
X (/R §2p f (5)‘ d§> (Where Tm = x0E|f\2> John Michael Rassias
4
Co p —2¢(z—10)>
- c| i (/R <$ - x0E|f|2> et dx) Title Page
. 2 Contents
X (/ g2 deg) (Where ¢ = l) :
R ¢ 44 44
By placingz + zo E| ;20nz and lettingzg = o (1 — Elf\Q) = xOEl*fF we have < 4
Go Back
(N2p>|f|2 (m2p>|f|2 Close
4 2 I 1 .
_ 7T‘Co| (/ 120 o—2¢(e—ap) dm) ( (P ++21)) Quit
¢ R (2c%)P 72 Page 133 of 151
4 1
_ 7_(_‘CD| ( ﬁ 1 . 6—2cac62 X d2p 6201‘82) F (p + 5) - | e
- . J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
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However,

d?r 1 R
g ()= VAR (),
(E\fF) °
and .
* 2p _
(7)™ = Ssm-3°
Therefore

o\ 2 ﬁ 1
= (H}) p23p_1F(p+§>

2p

cp+1 d.TO

(2 (H:)™ |E,|* from our above theorebn,

completing the proof of Corollary.4.

9.56
@) If p=1,then

d? «2 d 2 dx
o 262“0 = — (deafe? -2
x x

0

4 2
CO _2p _ *2 d P *2
| | < |>|<f|2> e 2cxy 620330
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*

*2 2car’ d(L’ *
= 4cE‘f|2 (1 + dexg) )e o Wheredxo = Ejp-

Therefore atzy = 0 (or zj, = 0), 22t Jdz? = 4cE|*f‘2
R.H.S. the right hand side 09 (56), then

(9.58) R.H.S. (forp = 1; mO—Ooer—O

\/_ |CO| / 2
\fl dc E\fl
7 | ol
- \/;ﬁ = Ejpe-

We note atr = z, = 0 one can get fromd.39 thatz,,, = 2o E ;2 = 0.
But we havet,,, = 0. Therefore from§.26) one finds that

(9.59) |Bvgl = Bjje.

Thus from 0.58 and ©.59 we establish the equality iR (56 for p = 1
andz, = 0.This corresponds to the equality &f.86), as well.

Besides we note fronB(56) atx, # 0 one gets that
(9.60) R.H.S.(for p=1; zg #0)

\/_,/ |C°’ m ) [4 CE7r <1+4cx32>}%

If we denote by

[NIES
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(ii)

In this case from{.39 we have thatr,, = zoE;2 # 0. But&, = 0.
Therefore from §.51) one finds fop = 1; ¢ = 0, andw = 1 that

El,f = — /]Rl ’f(l’)’QdiL' = —Emz

satisfying 8.26).
Thus from .59 and ©.60 one establishes the inequality i8.%6) for
p = 1 and bothzy # 0 andEW = 1, such that

1
2

2
— 2

If eitherzo = 0, or £, 2 = 1, then the equality in9.56) holds forp = 1.
If p =2, then one gets

d4 cz*2 o d2 %2 cx*z
(9.62) d—%lé V=B ((1 + dext ) £268 )

d 2
= 1602E|*f3‘2% <<3mz‘) + 4cx33> %o >
0

2
- (3 + 24cx(>§2 + 16022034) e

_ 2
= 16¢ Elf‘Q

Therefore atry = 0 (or zj; = 0), we have
4

d 2cw*2 2
d_xée 0 =48 E|f\2

x4

(9.63)
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Thus
R.H.S. (forp =2;20 =0 (orz; =0))
\/_ |CO| * —2 2 Ikt
2) 3 (Elf\ ) VA E e
or

3 ™ |C()|2
9.64 RHS=—-/-——F— =
(9-64) 2\/g Ve

We note atr = xy = 0 one can get fromd.39 thatz,, = 0. But we have
&m = 0. Therefore from§.27) one finds that

Bay=2 [ [F@F =217 @)z =2 (Ef|z - gEm) ,

3
§E|f‘2, for p=2,29 =0.

or

1
(9.65) |Bzg] = S Epe-

Thus from .64 and ©.65 we establish the inequality i®(56) for p = 2
andx, = 0, because

1 3
B < 5B

(9.66) Byl = ;
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Finally we note from 9.56) atz, # 0 one gets that
(9.67) R.H.S. (fop = 2;z( # 0)
3 2 9 9 4 4 %
~ 2By [3 + 24 (1 . Emz) 22 + 16¢ (1 - EW) xo]
We note that
[ =1 @) ds
R
2
— 402/R (:B - .CEoEmz) (z — x0)? |f (z)| dz

= 4c¢? {/Rx4|f(x)|2dx—2<1+E|f|2> :UO/R$3|f(x)|2dx

(1+4E,f|2+E‘f|> /x2|f(x)|2dx

~2 (B + B / I ()2 do +E|f2x§4\f(m)|2dx}.

But (9.37) holds even if we replac2p with any fixed but arbitrary: € N,
(from (9.39). Then one gets that,

/R f @) de = .

/x!f(:c)]zdx =Tm = ToE|sp2,
R
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1 + 4dex?
2 2 0
d — 2 — 2
/Rx |f (z)|" dx (mg)‘f| ” 2

3xo + 4exd
R C

and ten? )4
3+ 24cx: + 16¢°x

/96‘4 |f($)’2 dr = <m4)\f|2 = 1% 2 °

R c

hold, if f (z) = coe=@=2)° ¢y € C, ¢ > 0, 29 € R. Therefore
[ = w1y @) ds
R

= %lEmz [(3 + 24cxp + 1602333) — 8¢ (1 + E|f|2> (31:% + 4c:c§)

o

2 4
e (14 4B + B2 ) (o + dea)
—32¢2 (Elf\2 + E|f| ) zo+16¢ EmQxO]
1

2
+167[1-2 (14 B ) + (14 4B p + B2, )

2
-2 <E|f|2 + e ) +Ep| e ] } )
or

2
) ,  34dc(1-Byp) ad
/ —
[ = a1 @) o ; By,
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holds, ifc > 0, zg € R.

In this case from4.39 we have that,, = zoE;2 # 0. Butg,
Therefore from 8.51) one finds fop = 2; ¢ = 0,1 andw = 1 that

Esp = (—1)202%0 ( 260 ) / g—: ( g ) (1)©

(x—xm ) (& — ) 20|f0> )| do
st () [3(Sor
mw—xm°<x o) |10 (@)] da

=24Uf@Hdw—@—xM|f@ﬂdﬂ

2 -

Egel,

or

(9.68)

1 2 ]

e

Thus from ©.67) and 0.69 one establishes the inequality i8.%6) for
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p = 2 such that

1 2
(9.69) |Ba gl = 5By |1 —de (1 . EV‘Q) 22

1
2

4

because the condition

2 12 2
4 {40 (1 - Emz) xﬁ} +28 {40 (1 - Emz) xﬁ] +13 >0,
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0 bac
If either xzq = 0, or Epe =1, then we still have inequality in9(56) for
p=2. Close
Quit

Corollary 9.5. Assume that the Gamma functibns defined by$.32). Con-
sider the general Gaussian functign R — C of the formf (z) = ¢ye~1#" +e2rtes,
wherec;, (i = 0, 1,2, 3) are fixed but arbitrary constants ang € C, ¢; > 0,

and ¢y, ¢35 € R. Assume that the mathematical expectatEnﬁx — 2%) of
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2
x — 52 for [f|” equals to

xm:/R(:c—;—CQl> |f (x) dz = 0.

Consider the Fourier transfornf : R — C of f, given as in the abstract, and

2
&, the mean of for ‘f‘ . Denote b)(qu)‘f(q)P the24"" moment of: for |f(q) ’2
about the origin, as in§.41), and the constants, , as in @.389. Consider

[p/2]
By = Zsp,q (qu)’f(q)‘Qa peN.
q=0

If £ = coelH4eca)/4e ¢ C andi, — 5= € R, then the extremum principle

1
VT 1( 1) S — (dg” 2 t2>2
9.71 E < —=—-T2(p+=])- cemat L [ —_e2ath )
( ) ’ p7f| — 23p2 1 p 2 pgl dtgp

holds for any fixed but arbitrary € N.
Equality holds fop = 1; ty = 0 (or ¢c; = 0).

We note thatr,, = 0 even ifty, # 0 or co # 0, while in the following
Corollary9.6we haver,, = 0only if t, = 0 orc, = 0.

Also we observe that if (z) = coe=@=)° anddy = e(3H4e1es)/4er (= g,
then

(9.72) F(2) = dog (z) = gpe @) o € C.
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Inequality
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Proof. In fact, from ©.36 and @.72 one gets that

T =F (x— 2)
201

On the Heisenberg-Pauli-Weyl

= dg {/ xlg (33)‘2 dx — 0—2/ lg (.1')|2 dw} Inequality
R 2c1 Jr

John Michael Rassias

2| € Ca
Title Page
or
Contents
(9.73) Ty =
44 44
In this case the mathematical expectatignis the mean of: for |f|2 ifto =0 p >
orcy, = 0.
We note that from4.40 and 0.72 one establishes Go Back
2 2 2 Close
2 2 7T‘C()| - 7T‘CU| 02"'4%
This result can be computed directly frod40), as follows: Page 143 of 151
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which leads t0$.74).
Similarly from (9.39 we get the mean of for |f|2 of the form

(9.75) /Rx |f (2) do = tok e
2
_ [rlel,
PN
2
_1 E|CO| Cze(c§+4c103)/201 "
- . n the Heisenberg-rauli-vve
2V 2 Cl\/a Inequalgi]ty ¢
Also from (9.47) one finds the Fourier transforhof f of the form 0T TR REEETER
2 T x2e2 jorpoe -
(9.76) f(&) =¢eoy/—e @ Title Page
C1
Contents
= ¢ £e<cg+46183)/481e—(7r2§2—|—i7r62§>/61
C1 ’ 44 44
Cy € C, c1 >0, andCQ, Cc3 € R. < >
2
Finally we find the mean of for ‘f‘ , as follows: Go Back
R 9 , - 2 Close
©77) &= [ €|f©) de =l et [ ¢ 5o, Quit
R C1 JRr
The rest of the proof is similar to the proof of the Coroll&rp. O Prage 1t @ Lon
Corollary 9.6. Assume the gamma functidrgiven as in .32. Consider the 3. Ineq, Pure and Appl. Math. 5(1) Art. 4, 2004
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wherec;, (i = 0,1,2,3) are fixed but arbitrary constants ang € C, ¢; > 0,
andc,, c3 € R. Assume that,, is the mean (or the mathematical expectation
E (z)) of z for |f|*. Consider the Fourier transfornf : R — C of £, given as

A2
in the abstract, and,,, the mean of for ‘ f ‘ :

Consider(ua,), ,...> the2¢t" moment of: for \f@\? by

|f(q)|

(/@q)‘f(q)’z = /R(x — xm)2q |f(q) (JE)’? dx,

On the Heisenberg-Pauli-Weyl
Inequality

the constants, , as in 8.39, and

John Michael Rassias

[p/2]
Epy= ng,q (N2q)|f(q)|27 if |Ep,f| < o0 Title Page
=0 Contents
holds for0 < ¢ < [2], and any fixed but arbitrary € N. If PP >
g0 = 006(05—1—46103)/401 c (C, < 4
Go Back
and Close
tyg = 2 c R’ Quit

201
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andt; = tOE‘*fF, then the following extremum principle

1
NZ . 1 ’50|2 « \ P 2 d’ sertz? )
(978) |Ep7f‘ < 23;;2;1.1"2 p_|_§ F( \f|2> e C1to=. Jgpe 1t ,

holds for any fixed but arbitrary € N.
Equality holds fop = 1; tg = 0 (or ¢ = 0), or forp = 1; EW =1.

We note that:,,, = 0 only if ¢, = 0, while in the previous Corollarg.5we
havez,, = 0 even ifty # 0.

From ©.74 — (9.79 one gets that,, = toE;32, whereE;» = \/g%
Thus we get from4.76 — (9.77) the proof of Corollary9.6, in a way sim-

ilar to the proof of the Corollan®.4, because fromY.72 we havef (z) =
goe~1(@=t)* andz,, is the mean of: for | f|*.
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Table 1: The first thirty-three cases 6£83 andR* (p) = 27 R (p) > 1

p R(p) | R*(p)

1 0.16 1.00

2 0.48 3.00

3 0.80 5.00

4 0.43 2.69

0 0.59 3.71 On the Heisenberg-Pauli-Weyl
6 1.93 12.16 Inequality

7 2.97 18.65 John Michael Rassias
8 1.68 10.53

9 2.34 14.70

10 7.80 | 48.98 Title Page

11 11.63 | 73.06 Contents

12 6.65 41.81

13 9.33 58.61 « dd
14 31.30 | 196.66 < >
15 46.04 | 289.30 o Back

16 26.52 | 166.61

17 37.26 | 234.09 Close

18 125.48| 788.41 Quit

19 183.10| 1150.43 E————
20 105.83| 664.95

21 14889 93548 J. Ineq. Pure and Appl. Math. 5(1) Art. 4, 2004
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p R(p) R*(p)

22 502.68 | 3158.42
23 729.57 | 4584.05
24 422.69 | 2655.83
25 595.18 | 3739.60
26 2012.88 | 12647.30
27 2910.37 | 18286.41
28 1688.95 | 10611.98
29 2379.65 | 14951.80
30 8058.08 | 50630.40
31 11617.84| 72997.06
32 6750.36 | 42413.73
33 9515.51 | 59787.71
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