Journal of Inequalities in Pure and
Applied Mathematics

REFINEMENTS OF REVERSE TRIANGLE INEQUALITIES IN
INNER PRODUCT SPACES

ARSALAN HOJJAT ANSARI AND MOHAMMAD SAL MOSLEHIAN

Department of Mathematics
Ferdowsi University
P.O. Box 1159, Mashhad 91775, Iran.

EMail: msalm@math.um.ac.ir
URL: http://www.um.ac.ir/~moslehian/

(©2000Victoria University
ISSN (electronic): 1443-5756
026-05|

volume 6, issue 3, article 64,
2005.

Received 01 February, 2005;
accepted 20 May, 2005.

Communicated by: S.S. Dragomir

Abstract
Contents
44
| 2
Home Page
Go Back
Close

Quit


Please quote this number (026-05) in correspondence regarding this paper with the Editorial Office.

mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au/
mailto:msalm@math.um.ac.ir
http://www.um.ac.ir/~moslehian/
http://www.vu.edu.au/

Abstract

Refining some results of S.S. Dragomir, several new reverses of the triangle
inequality in inner product spaces are obtained.
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It is interesting to know under which conditions the triangle inequality reverses
in a normed spac4’; in other words, we would like to know if there is a con-
stantc with the property that Y, ||zx|| < ||>-5_, zx| for some finite set
x1,...,o, € X. M. Nakai and T. Tada/] proved that the normed spaces with

this property for any finite set;,...,z, € X are only those of finite dimen-
sion.

The first authors to investigate the reverse of the triangle inequality in inner I
product spaces were J. B. Diaz and F. T. Metcglf They did so by establishing Triangle Inequalities in Inner
the following result as an extension of an inequality given by M. Petrovith [ Product Spaces
for complex numbers: Arsalan Hojjat Ansari and

Mohammad Sal Moslehian

Theorem 1.1 (Diaz-Metcalf Theorem).Let a be a unit vector in the inner
product spacéH; (-, -)). Suppose the vectosg € H, k € {1,...,n} satisfy

Title Page
R
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Quit
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Inequalities related to the triangle inequality are of special interest; cf. Chap-
ter XVII of [ 6] and may be applied to obtain inequalities in complex numbers
or to study vector-valued integral inequalitie$, [ 4].

Using several ideas and the notation ©f, [4] we modify or refine some
results of S.S. Dragomir to procure some new reverses of the triangle inequality
(see alsol)).

We use repeatedly the Cauchy-Schwarz inequality without mentioning it.
The reader is referred t@]], [5] for the terminology of inner product spaces.

Refinements of Reverse
Triangle Inequalities in Inner
Product Spaces

Arsalan Hojjat Ansari and
Mohammad Sal Moslehian

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 4 of 24

J. Ineq. Pure and Appl. Math. 6(3) Art. 64, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:msalm@math.um.ac.ir
mailto:msalm@math.um.ac.ir
http://jipam.vu.edu.au/

The following theorem is an improvement of Theoré&m of [4] in which the

real numbers-, ro are not neccesarily nonnegative. The proof seems to be

different as well.

Theorem 2.1.Leta be a unit vector in the complex inner product spate (-, -) ).
Suppose that the vectarg € H, k € {1,...,n} satisfy
(2.1) 0 < 7?||zk|| < Re(xy, m1a), 0 < 72||lze|| < Im(zy, roa)

for somery, vy € [—1,1]. Then we have the inequality

n
>
k=1

(2.2) 722> el <
k=1

The equality holds inZ.2) if and only if

(2.3) Y = (ri+ir)Y [lzxla.
k=1 k=1

Proof. If ri+rZ = 0, the theorem is trivial. Assume that-+r3 # 0. Summing
inequalities 2.1) overk from 1 to n, we have

DY bl < e (S ) 1 (3
k=1 k=1 k=1
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= Re <Z Tg, (11 + z'rg)a>

k=1

S <Z Tk, (7"1 + ’iT’Q)CL>

n
< E x| || (r1 + irg)al|
Refinements of Reverse
o 1 Triangle Inequalities in Inner
- 7’1 + T2 2 E Tk Product Spaces

Arsalan Hojjat Ansari and
Hence £.2) holds. Mohammad Sal Moslehian

If (2.3) holds, then

n . n i n Title Page
> (ri+ir2) Y lzellal| = (rf +73)2 > [l
1 =1 — Contents
Conversely, if the equality holds i2 (2), we have <« >
1 s g < 3
(ri +73)> Zxk = (ri + TQ)Z ]|
k=1 Go Back

< Re <Z T, (11 + iTQ)a> Close
k=1 Quit
<Z T, (7“1 + ’i?"g)a>
k=1

n

PIE

k=1
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From this we deduce

‘<Zl’k, 7”1+ZT’2 >

Consequently there exists> 0 such that

[(r1 +ira)all.

ka = n(ry +irqe)a.
k=1
From this we have

1 . -
(r} +13)2n = [In(ry + irz)al = Yz

k=1

n
1
= (4132 ) [l
k=1
Hence
n
n=>Y .
k=1

]

The next theorem is a refinement of Corollary 1 ¢fgince, in the notation
of Theorem2.1, /2 — p? — p3 < \/a3 + 3.

Theorem 2.2.Leta be a unit vector in the complex inner product spate (-, -) ).
Suppose the vectors € H — {0}, k € {1,...,n}, are such that

(2.4) ek —all < p1,  |ox —ial| < p2y p1,p2 € (07 Va2 + 1) 3
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wherea = min; <<, ||zx||. Let

2 _ .2 1
alzmin{kaH pit :1§k‘§n},

2[|a |

2 .2 1
OzQ:min{”IkH Pyt :1§k§n}.

2[|a |

Then we have the inequality

n

> e

k=1

Y

n
(0 +03)2 ) [laxl| <
k=1

where the equality holds if and only if

n n
D = (an +iag) Y |lzilla.
k=1 k=1

Proof. From the first inequality in4.4) we have

<xk — a, T —CL> Spi

zpl|? + 1 — p? < 2Re(xy, a), kE=1,...
1
and a2 — g2 41
<R .
2||£L‘k|| ||:L‘k|| =~ e(xk,a)
Consequently,

aq||zg]| < Re(zg, a).
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Similarly from the second inequality we obtain
asl|zk|| < Re(zg,ia) = Im(zg, a).

Now apply Theoren2.1for ry = aq,75 = Q. O

Corollary 2.3. Leta be a unit vector in the complex inner product spége (-, -)).

Suppose that the vectarg € H — {0}, k € {1,...,n} such that
lex —all <1,z —dal] < 1.
Then

Y

o n n
7 2l < 1> o
\/é k=1 k=1
in whicha = min; <<, ||z¢||. The equality holds if and only if
S a = al ;” Sl
k=1 k=1

Proof. Apply Theorem2.2for oy = & = . O

2

Theorem 2.4. Leta be a unit vector in the inner product spacH; (-, -)) over
the real or complex number field. Suppose that the veciprs H — {0},
ke {1,...,n} satisfy

lor —al| <p, pe (o, VaZ+ 1) . a= min [l
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Then we have the inequality

n
Y el <
k=1

2 .2 1
e ]® = p* + :1§k§n}.
2|k

n
Exka

k=1

where

1 = min
The equality holds if and only if

n n
— Refinements of Reverse
T =« E Trlla. . o
Z k 1 H k H Triangle Inequalities in Inner
k=1 k=1

Product Spaces

Proof. The proof is similar to Theorer.2in which we use Theorera.1 with Arsalan Hojjat Ansari and
re = 0. ] Mohammad Sal Moslehian

The next theorem is a generalization of Theor&m It is a modification of

. : Title P
Theorem 3 of {], however our proof is apparently different. hee

. . Contents
Theorem 2.5. Let aq,...,a,, be orthonormal vectors in the complex inner
product spacg H; (-,-)). Suppose that fot < ¢t < m, r, p; € R and that <4 >
the vectorse, € H, k € {1,...,n} satisfy < >

: < r? <
(2.5) 0< rngkH < Re{xy, raq), E——
0 gptkaH S Im<xkaptat>> te {1,,771}
Close

Then we have the inequality Quit

Page 10 of 24
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The equality holds inZ.7) if and only if

(2.7) S = el > (re+ip)as
k=1 k=1 t=1

Proof. If Y7 (r? 4+ p?) = 0, the theorem is trivial. Assume that;" (r? +
p?) # 0. Summing inequalitiesX 6) overk from 1 to n and again ovet from 1
to m, we get

Refinements of Reverse
Triangle Inequalities in Inner

Z (r} + 7) Z |zk|l < Re <Z Tk, Zrtat> + Im <Z T, Zptat> Product Spaces

t=1

3

= Re <Z Tk, Z rtat> + Re <Z Thy l Z ptat>
k:1 t:ll =1 =t Title Page
= Re <Z T, Z(rt + z'pt)at> Contents
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44 44
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n m Go Back
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Then

(2.8) (Z r + pf) ) Z k]| <

t=1

Z

If (2.8) holds, then

S E mnz ot ipa zuxku (z X +pz>)
k=1

Conversely, if the equality holds i{2.7), we obtain from 2.6) that

) I

2

Refinements of Reverse
Triangle Inequalities in Inner
Product Spaces

Arsalan Hojjat Ansari and

m Mohammad Sal Moslehian

= Z(ﬁ +p?>Z [

—1 Title Page

. Contents
<Zxk, (7 +zpt)at>

44 44
s<z Sorvin >\ <]
k=1 =1 Go Back
< |3 | st Close
k=1 ! Quit
n m 2
Page 12 of 24
-5 (zwm) .
k=1 t=1

J. Ineq. Pure and Appl. Math. 6(3) Art. 64, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:msalm@math.um.ac.ir
mailto:msalm@math.um.ac.ir
http://jipam.vu.edu.au/

Thus we have

n

Zxk,z retipHay )| = Zxk Z(rt—iript)at
=1

k=1 t=1

Consequently there exists> 0 such that

dap=n) (r+ipa
k=1 t=1

Refinements of Reverse
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from which we have P
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m % m Mohammad Sal Moslehian
n (D i+ =D _(re+ioa
t=1 t=1 Title Page
n
— Z Th Contents
= R «“ b
n m 2
= el | D07 +0D) | S >
k=1 =1 Go Back
Hence . Close

n=>Y . Quit
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Corollary 2.6. Letay,...,a,, be orthornormal vectors in the inner product
space(H; (-, -)) over the real or complex number field. Supposelfer ¢t < m
that the vectors, € H, k € {1,...,n} satisfy

0 < 72||zg|| < Relag, reay).
Then we have the inequality

m % n
(z) S el <
k=1

t=1

n
D
k=1

The equality holds if and only if

n n m
Sae= 3 bl Y
k=1 k=1 t=1

Proof. Apply Theorem2.5for p, = 0. O

Theorem 2.7. Let aq,...,a, be orthornormal vectors in the complex inner
product spacéH; (-, -)). Suppose that the vectars € H—{0},k € {1,...,n}
satisfy

Hmk_atH Sph ka_zatH §Qt7 PtaQtE (Oa v@2+1> ) 1 Stém,

wherea = ming <<, ||zx|. Let

2 2 1
at:min{kaH Pt :1§k§n}7

2|z

2 _ 2 1
ﬁt:min{kaH % + :1§k:§n}.

2|z
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Then we have the inequality

1
m 2 n
(Zaf+ﬁf) S el <
t=1 k=1

where equality holds if and only if

dowe=> lwll > (on +iB)ay.
k=1 k=1 =1

Proof. For1l <t <m, 1 < k < nitfollows from ||z, — a;|| < p; that

)

n
>
k=1

Refinements of Reverse
Triangle Inequalities in Inner
Product Spaces

Arsalan Hojjat Ansari and

2 Mohammad Sal Moslehian
(Tr — ag), v — a) < pj,

2 2
— 1 :
kaH Py + ||=’Bk|| < Re(xk,at>, Title Page
2 ka H Contents
ael|z]| < Re(w, ar),
I 44 44
and similarly
Gillzk|l < Re(xy, iay) = Im(xy, ay). < >
Now applying Theoren2.4 with r, = «4, p; = (; we deduce the desired in- Go Back
equality. O] Cleaa
Corollary 2.8. Letay,...,a, be orthornormal vectors in the complex inner Quit
Egzi(il;;t spac€ H; (-,-)). Suppose that the vectors € H, k € {1,...,n} Page 15 of 24
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Then

n
D
k=1

V2
The equality holds if and only if

n

o}

—=Vim Y ] <
k=1

n

ka = &(1~2|—i) Z | ek || Zat.
k=1 k=1 t=1

Proof. Apply Theorem2.7for a; = § = 3;. H TS G s
L. A Triangle Inequalities in Inner
Remark 1. It is interesting to note that Product Spaces
||Z Tk H Arsalan Hojjat Ansari and
\/m >~ Ek=l >~ 1 Mohammad Sal Moslehian
where .
\/7 Title Page
a </ —.
- m Contents
Corollary 2.9. Leta be a unit vector in the complex inner product spéfe (-, -)). <« >
Suppose that the vectarg € H — {0}, k € {1,...,n} satisfy p R
i — al < pq, Tr —1a|| < pa, ,p2 € (0,1].
[E | <pi, llox | <p2, p1,p2€(0,1] G0 Back
Let
|| ”2 2 Close
. Tl —P1
o1 = min :1§k§n}, Quit
{ 2|
2 _ 241 Page 16 of 24
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If a; # (1 — p2)z, or ay # (1 — p2)2, then we have the following strictly

n
>
k=1

Proof. If equality holds, then by Theoreth2 we have

(2—pi —p3)? ankn

inequality

A n
2=pi—p3)2 > okl <
k=1

(af +a3)? ZH%H< Zxk

and so

1 1
(af +a3)2 < (2—pi —p3)2.

On the other hand for < £ < n,

|el|* — pi +1 9y 1
> (1 —pi)2
Ml = L)
and so )
a1 > (1—pi)2
Similarly
s > (1—p3)2
Hence ) )
(2—pf —p3)7 < (of +a3)2
Thus
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Therefore ) )
ar=(1-p})z and a;=(1-p3)2,
a contradiction. O
The following result looks like Corollary 2 of]].

Theorem 2.10.Let ¢ be a unit vector in the complex inner product space
(H;(-,)),M >m >0,L>¢>0andx, € H—- {0}, k € {1,...,n}
such that

Re(Ma — zg,xx —ma) >0, Re(Lia — xy, x — lia) > 0,

or equivalently,

o — "2 a) <

- 2
Let )
Ay, —mln{kaH +m 1<k<n}
(m + M)z
and

o [ el + 0L }
« =ming ———: 1 <k<n;.
{<£+L>kan T

Then we have the inequility

n

>a

k=1

n
1
(s T 7 )2 Y ] <
k=1
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The equality holds if and only if

n n
Z T = (Oém’M + Z'OzgyL) Z ||xk||a
k=1 k=1

Proof. For eachl < k < n, it follows from

m+ M M—m

o — " all < =
Refinements of Reverse
Triangle Inequalities in Inner
that 9 Product Spaces
m—+ M m+ M M—m
T — 9 a, g — 5 < T . Arsalan Hojjat Ansari and
Mohammad Sal Moslehian
Hence
24 ]|* +mM < (m + M) Re(y, a). Title Page
Then
Contents
W—+W\/l||xk|| < Re(xy, a)
(m + M) ||z - s « dd
and consequently < >
|2k < Re(wy, a). Go Back
Similarly from the second inequality we deduce p—
aprllze]] < Im{zy, a). Quit

Applying TheoremR.1for r; = a, s, 7 = ay,r, We infer the desired inequal- e Lo o2

ity. [
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Theorem 2.11.Let a be a unit vector in the complex inner product space
(Hy(-,+)),M >m >0,L >{¢>0andz, € H— {0}, k € {1,...,n}
such that

Re(Ma — xp,xx —ma) >0, Re(Lia — xy, ) — lia) > 0,

or equivalently

m+ M M —m L+7. L—17
Tk — 9 al| < 5 T — 9 a T Refinements of Reverse
Triangle Inequalities in Inner
Product Spaces
Let
||g;k, ||2 +mM Arsalan Hojjat Ansari and
Qm, M — min W 01 < k <n Mohammad Sal Moslehian
m T
and :
”kaQ + (L Title Page
ang:mln{— §k;<n}
(0 + L)zl Contents
If v s # 2 +M,Or04g #QQ,then we have 44 >
) < >
mM 2
2 <
<(m+M) E—f—L > ZHIkH Z Go Back
Close
Proof. If Quit

Page 20 of 24
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then by Theoren2.10we have

n
D

k=1

n
1
(s T ) Y llanll <

k=1

mM
~\m+ M2 £+L ) ZH:C’“H

Consequently

[NIES

(2, +af )% <2 m M + t
mM T LS =S\ M2 T (0t L)

On the other hand for < k£ < n,

2kl + mM ~ 9 vVmM and 2kl + ¢L S 9 VL
(m+ M)z = m+ M’ (0+ L)||zgl] = €+ L’
SO )
5 9 \1 mM (L 2
> 2 .
(am,M +0415,L)2 Z ((m—I—M)2 + (€+L)2>
Then )
2 2 1 mM fL 2
2 = 2
(O 0t) ((m—I—M)2 " (€+L)2)
Hence
5 vmM
am
M m+ M
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and

VIL
=TT

a contradiction. O

Finally we mention two applications of our results to complex numbers.

Corollary 2.12. Leta € C with |a| = 1. Suppose that, € C, k € {1,...,n}
such that

|Zk:_a| Spla |Zk—ZCL| San P1, D2 € (O; VOZ2+1> )

where
a =min{|z| : 1 <k < n}.
Let
2 2 1
alzmin{lengn},
2|z
2 .2 1
agzmin{legkgn}.
2|Zk‘

Then we have the inequality

n
yoi+ad) lal <
k=1

The equality holds if and only if

sz = (o +iay) (Z \zk|> a.

n
D
k=1
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Proof. Apply Theorem2.2for H = C. O]

Corollary 2.13. Leta € C with |a| = 1. Suppose that, € C, k € {1,...,n}
such that
|z —al <1, |zx —ia| < 1.

If @ = min{|z,| : 1 <k < n}. Then we have the inequality

n
D%
k=1
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