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Abstract

Formulas for stable differentiation of piecewise-smooth functions are given. The
data are noisy values of these functions. The locations of discontinuity points
and the sizes of the jumps across these points are not assumed known, but
found stably from the noisy data.
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Let f be a piecewis&?([0, 1]) function,0 < z; < @y < -+ < x5, 1 < j < J,
are discontinuity points of. We do not assume their locations and their
numberJ known a priori. We assume that the limjtéz; & 0) exist, and

(1.2) sup  |f™(z)| < M,,, m=0,1,2.

e, 1<G<T

Assume thafs is given, || f — fs|| := sup, ., 1<j<s|f — fs| < d, wheref; €
L>(0,1) are the noisy data.

The problem is: giverd f5,0}, whered € (0,40y) andd, > 0 is a small
number, estimate stablf/, find the locations of discontinuity points of f and
their number/, and estimate the jumps := f(x;+0) — f(z; —0) of f across

A stable estimaté; fs of f’ is an estimate satisfying the relatiom;_.q || Rs fs—
fll=0.

There is a large literature on stable differentiation of noisy smooth functions
(e.q., see references ifi]], but the problem stated above was not solved for
piecewise-smooth functions by the method given below. A statistical estimation
of the location of discontinuity points from noisy discrete data is givenjn [

In [5], [7], [2], various approaches to finding discontinuities of functions from
the measured values of these functions are developed.

The following formula was proposed originally (in 1968, sé¢k &nd [3]) for
stable estimation of’(x), assumingf € C*([0, 1]), M, # 0, and given noisy
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datafs:
Jo(x + h(0)) — fs(x — h(d))

1.2 Rsfs =
(1.2) 5 21 () ;
25\ 2
h(§)=(—] , h() <z<1-=h()),
M,
and
p Finding Discontinuities of
(1.3) HR(;f(; — f H S \/m = 8(5), Piecewise-smooth Functions
where the norm ini(.3) is the L>°(0, 1)—norm. The numerical efficiency and A.G. Ramm
stability of the stable differentiation method proposed4hHas been demon-
strated in {]. Moreover, (cf [3]), Title Page
(1.4) inf sup ||Tf5 — /|| > £(6), Contents
T jer(Ms,0) <« >
whereT : L>°(0,1) — L*(0,1) runs through the set of all bounded operators, < >
K(Ms,6) == {f : ||f"l| £ Ms, ||f — fs]| < d}. Therefore {.2) is the best
possible estimate of , given noisy datg;s, and assuming € K (M, d). Go Back
In [3] this result was generalized to the case K (M,,4), |f @] < M,, Close
1< a <2 where| @ = || f[| + | f']| + sup, . LEZLEN 1 < 0 < 2, and Quit
f(@) is the fractional-order derivative ¢f. Page 4 of 18

The aim of this paper is to extend the above results to the case of piecewise-
smooth_ functions. In Sectloi_ﬁthe resglts are formulated, ano_l proc_)fs are given. | e Aot 55, 2006
In Section3 the case of continuous piecewise-smooth functions is treated. http://jipam.vu.edu.au



http://jipam.vu.edu.au/
mailto:ramm@math.ksu.edu
http://jipam.vu.edu.au/

Theorem 2.1. Formula(1.2) gives stable estimate ¢gf on the set
J

S5 = [h(8),1 = h(8)] \ J(z; = h(3),z; + h(3)),
j=1

and (1.3) holds with the norm - || taken on the sets. Assuming\/; > 0 and

1

computing the quantitieg; := 20" JsUh=h) "\wherep .= h(3) := (%)5

1 < j < [4], for sufficiently smalls, one finds the location of discontinuity
points off with accuracy2h, and their numbey. Here[%} is the integer smaller
than% and closest tqli. The discontinuity points gof are located on the inter-
vals(jh — h, jh + h) such that f;| > 1 for sufficiently smalb, wheres(¢) is
defined in (.9). The size; of the jump off across the discontinuity point; is
estimated by the formulg; ~ f5;(jh + h) — f5(jh — h), and the error of this

estimate i) (V/4).

Let us assume thahin; |p;| := p > h(d), where>> means "much greater
than". Thenz; is located on thg™ interval [ — h, jh + k], h := h(J), such
that

fs(jh +h) — fs(jh —h)
2h

(2.1) | fi] = > 1,

so thatz; is localized with the accuradgh(d). More precisely,

e 2h h’
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and?¢ = 0.5¢(6), where=(9) is defined in {.3). One has

[f(Gh+h) = f(ih = h)|
> |pil = [f(Gh +h) = [z + 0)] = [f(Gh = h) = f(z; = 0)]

Thus,
’f]| Z |§_;L| — M1 — 056(5) = Cl% — Co > ]_,
wherec; = 2—\]\/45, andey := M; + 0.5¢(6).
The jumpp, is estimated by the formula:
(2.2) pj ~ [fs(Gh +h) — fs(ih = h)],

and the error estimate of this formula can be given:

(2.3) |p; — [fs(Gh +h) — fs(h — h)]|

2
Thus, the error of the calculation pf by the formulap; ~ f5(jh+h)— fs(jh—
h)isO(62) asé — 0.
Proof of Theoren2.1. If x € S;, then using Taylor's formula one gets:

Msh
5

(2.4 (Rsfi)a) — F@)] < 5 +
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Here we assume that, > 0 and the intervalz—h(d), x+h(d)) C Ss, i.e., this
interval does not contain discontinuity pointsfofif, for all sufficiently smalln,

not necessarily fok = h(¢), inequality @.4) fails, i.e., if |(Rs f5) (z) — f/(x)]| >

8 4 Mah for all sufficiently smallh > 0, then the intervalz — h, z+ h) contains

a pointz; ¢ Ss, i.e., a point of discontinuity of or f’. This observation can
be used for locating the position of an isolated discontinuity pojraf f with

any desired accuracy provided that the gjz¢ of the jump of f acrossz; is
greater thado, |p,;| > 46, and thath can be taken as small as desirable. Indeed,
if x; € (x — h,x + h), then we have

The above estimate follows from the relation

|fs(x+h) — fs(x — h)|
=|f(x+h) = flz; +0) +p; + f(x; = 0) = f(z — h) £ 26|
= ||p;| £ (2hM; + 20)|.

Here|p+b|, whereb > 0, denotes a quantity such that—b < |p+b| < |p|+b.
Thus, if h is sufficiently small andp;| > 44, then the inequalité — 2hM; <
|fs(x + h) — fs(z — h)| can be checked, and therefore the inclusipre (z —
h,x + h) can be checked. Sinde> 0 is arbitrarily small in this argument, it
follows that the location of the discontinuity point of f is established with
arbitrary accuracy. Additional discussion of the case when a discontinuity point
x; belongs to the intervdle — h(5), z + h(d)) will be given below.

Minimizing the right-hand side of( 4) with respect ta: yields formula (..2)
for the minimizerh = h(§) defined in (.2), and estimatel(.3) for the minimum
of the right-hand side ofX(4).
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If p > h(), and @.1) holds, then the discontinuity points are located with
the accuracyph(é), as we prove now.

Consider the case when a discontinuity painbf f belongs to the interval
(jh — h,jh + h), whereh = h(§). Then estimateZ.2) can be obtained as
follows. Forjh — h < z; < jh + h, one has

|f(x; 4+ 0) = f(x; = 0) = fs(Gh + h) + fs(ih — h)]
<91 F(a; 4 0) — F(ih + B)| + £z, — 0) — F(ih — h)]
< 20 + 2hM;, h = h(5) Finding Discontinuities of

Piecewise-smooth Functions

This yields formulasZ.2) and ¢.3). Computing the quantitieg; for 1 < j <
[%], and finding the intervals on whicl2 (1) holds for sufficiently smalb, one
finds the location of discontinuity points gfwith accuracy2h, and the number
J of these points. For a small fixed > 0 the above method allows one to Title Page
recover the discontinuity points gfat which| f;| > ol _ 8 —M; > 1. Thisis

A.G. Ramm

2h Contents
the inequality 2.1). If h = h(d), then = 0.5¢(6) = O(V/6), and|2hf; —p;| =
O(V/$) asé — 0 provided that\/, > 0. Theoren?.1is proved. H « dd
. . . < 4
Remark 1. Similar results can be derived fiff|| o (s;) == |/ @]ls; < Mo,
. 1 ) : _ Go Back
1 < a < 2. In this caseh = h(J) = ¢,0a, wherec, = [m} , Rsfs is
defined in(1.2), and the error of the estimate is: Slost
a—1 QUIt
1 2 T .
|Rsfs — ['lls; < aMg (E) 5 Page 8 of 18
The proof is similar to that given in Sectidgh It is proved in [3] that for 3. Ineq, Pure and Appl. Math. 7(2) Art, 55, 2006
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formulas ifa > 1 and it is impossible to construct such formulas i€ 1. The
obtained formulas are useful in applications. One can also uséthgorm on
S in the estimate| f(@||s, < M, (cf. [2]).

Remark 2. The case whei, = 0 requires a special discussion. In this case
the last term on the right-hand side of formula4) vanishes and the minimiza-
tion with respect tdh becomes void: it requires thatbe as large as possible,
but one cannot také arbitrarily large because estimate (4) is valid only on
the interval(x — h, = 4+ h) which does not contain discontinuity pointsfofand
these points are unknown.M, = 0, thenf is a piecewise-linear function. The
discontinuity points of a piecewise-linear function can be found if the gizes
of the jumps off across these points satisfy the inequaljtyl > 26 + 2M;h

for some choice oh. For instance, ifh = Nih then26 + 2M,h = 46. So,

if |p;| > 46, then the location of discontinuity points gfcan be found in
the case wherd/; = 0. These points are located on the intervals for which
|f5(jh + h) = f5(jh — h)| > 45, whereh = .

The sizep;| of the jump off across a discontinuity point; can be estimated
by formula @.2) with h = Mil and one assumes that € (jh — h,jh + h) is
the only discontinuity point on this interval. The error of the formu&) is
estimated as in the proof of Theorel. This error is hot more thaky +
2M,h = 46 for the above choice df = z»%

One can estimate the derivative fo&t the point of smoothness gfassuming
M, = 0 provided that this derivative is not too small. M, = 0, thenf =
a;x + b; on every interval\ ; between the discontinuity points, wherea; and
b; are some constants. (fh—h, jh+h) C A;, andf; := LUIHRIsGhh) hen
|fi—a;] < 4. Chooseéh = {2, wheret > 0 is a parameter, antl; = max; |a;|.
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Then the relative error of the approximate formula~ f; for the derivative
/' = a; onA; equals tofi-%l < M Thys, if, e.g.)a;| > Y andt = 20,

lajl = tla|”

then the relative error of the above approximate formula is not moreithan

Finding Discontinuities of
Piecewise-smooth Functions

A.G. Ramm

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 10 of 18

J. Ineq. Pure and Appl. Math. 7(2) Art. 55, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:ramm@math.ksu.edu
http://jipam.vu.edu.au/

Suppose now that € (mh — h,mh + h), wherem > 0 is an integer, ang is
a point at whichf is continuous buf’(¢) does not existThus, the jump off
acros<t is zero, butt is not a point of smoothness ¢f How does one locate
the point¢?

The algorithm we propose consists of the following. We assumé\that 0

on S;. Calculate the numberg; := LU=l ang (£, — fi, 5 =
1,2,..., h = h(6) = /3. Inequality (L.3) implies f; — £(0) < f'(jh) <
f; +¢<(9), wheres(6) is defined in (.3).

Therefore, if| f;| > €(9), thensgn f; = sgn f'(jh).

One has: 0 »
J—z§|fj+1—fj|§<]+%7
where? = 0.5¢(5) andJ = [[U2N=TUNJGRNETER-N) - ysing Taylor's

formula, one derives the estimate:
(3.1) 0.5[J; —e(6)] < J < 0.5[J; + ()],

whereJ; = |f'(jh + h) — f'(jh)|.
If the interval (jh — h, jh + 2h) belongs toSs, thenJ; = |f'(jh + h) —
f'(Gh)| < Myh = €(0). In this case/ < £(6), so

(3.2) |firn = il < 2e(6) if

Conclusion: If | fj11 — f;| > 2¢(9), then the intervaljh — h, jh + 2h) does
not belong toSs, that is, there is a poinf € (jh — h, jh + 2h) at which the

(jh — h, jh+ 2h) C S;.
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function f is not twice continuously differentiable withi”| < M,. Since we
assume that either at a poigtthe function is twice differentiable, or at this
point f’ does not exist, it follows that|if; 1 — f;| > 2¢(9), then there is a point
¢ € (jh — h, jh + 2h) at which f does not exist.

If
(3.3) fifiv1 <0,
and
(34) min(|fj+1‘> ’f]|) > €<5)7

then @.3) implies f'(jh) f'(jh + h) < 0, so the intervaljh, jh + h) contains a
critical point¢ of f, or a point¢ at which f” does not exist. To determine which
one of these two cases holds, let us use the right inequality (f ¢ is a critical
point of f and¢ € (jh, jh + h) C Ss, thenJ; < £(9), and in this case the right
inequality 3.1) yields

(3.9) | fi41 = fi] < 22(9).

Conclusion: If (3.3) — (3.5) hold, then¢ is a critical point. If 3.3) and 3.4)
hold and| f;+1 — f;]| > () then¢ is a point of discontinuity of’.

If £ is a point of discontinuity off’, we would like to estimate the jump

Pi=f(§+0) = f(€=0)l

Using Taylor’s formula one gets

(3.6) foor =y = 5 % 2.52()

Finding Discontinuities of
Piecewise-smooth Functions

A.G. Ramm

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 12 of 18

J. Ineq. Pure and Appl. Math. 7(2) Art. 55, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:ramm@math.ksu.edu
http://jipam.vu.edu.au/

The expressiod = B+b, b > 0, means thaBB —b < A < B+ b. Therefore,
(3.7) P =2(fj41 — f;) £5e(6).
We have proved the following theorem:

Theorem 3.1.1f £ € (jh — h, jh+ 2h) is a point of continuity of and|f; ., —
fil > 2¢(9), then¢ is a point of discontinuity of’. If (3.3) and(3.4) hold, and
|fi+1 — fil < 2¢(6), then is a critical point of f. If (3.3) and (3.4) hold and
|fi+1 — f;| > 2e(9), theng € (jh, jh + h) is a point of discontinuity of’. The
jump P of f” across¢ is estimated by formule3(7).
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Assume thayf is a piecewise-linear function on the interf@l1] and0 < z; <
.-+ < xy < 1 are its nonsmoothness points, i.e, the discontinuity poinfsaf
those off’. Assume thaf; is known at a gridnh, m =0,1,2,...,M,h = %
Jom = fs(mh), |f(mh)— fsm| <6 Ym, f, = f(mh). If mhis adiscontinuity
point, mh = z;, then we define its value g8z, — 0) or f(x; + 0), depending
on which of these two numbers satisfy the inequaftynh) — fs.,.| <.

The problem is: giverys,, Vm, estimate the location of the discontinuity
pointsz;, their number/, find out which of these points are points of disconti-
nuity of f and which are points of discontinuity ¢f but points of continuity of
f, and estimate the sizes of the jumpps= | f(x; +0) — f(z; —0)| and the sizes
of the jumpsy; = | f'(z; + 0) — f'(x; — 0)| at the continuity points of which
are discontinuity points of’.

Let us solve this problem. Consider the quantities

_ fé,m—i—l - 2f6,m + f&m—l

Gm : 952 = Gm + Wm,
where
- fm+1 B 2fm + fm—l
I - e !
W — fé,m+1_fm+1 _Q(fd,m_fm)+f6,m—1_fm

2h?
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We have

and
gm =0if x; € (mh — h,mh+h) Vj.
Thereforejf min; |z;41 — z;| > 2h and

20
> ﬁ7

(4.1) Gl

Finding Discontinuities of

then the interva(mh — h, mh+ h) must contain a discontinuity point ¢f This Piccemise-srooth Functions

condition is sufficient for the interv@inh—h, mh-+h) to contain a discontinuity
point of f, but not a necessary one: it may happen that the int¢rval —

h,mh + h) contains more than one discontinuity point without changjng
or GG,,, SO that one cannot detect these points by the above method. We have Title Page
proved the following result.

A.G. Ramm

Contents
Theorem 4.1. Condition @.1) is a sufficient condition for the intervéinh — P 5
h,mh + h) to contain a nonsmoothness pointjof If one knows a priori that
xj11 — x; > 2h then condition 4.1) is a necessary and sufficient condition for < >
the interval(mh — h, mh + h) to contain exactly one point of nonsmoothness G K
of f. 0 Bac
. . . Cl

Let us estimate the size of the jump. Let us assume thati (1) holds, 0se
zj+1 —x; > 2h andz; € (mh — h,mh). The case whem; € (mh, mh + h) Quit
is treated similarly. Letf(z) = a;z + b; whenmh < z < z;, and f(z) = Page 15 of 18
aj17 + bjp1 whenz; <z < (m + 1)h, wherea;, b; are constants. One has
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and

pj = |(aj+1 — a;)z; 4+ bjp1 — byl.
Thus
Igm| = —(aj41 — aj)x; — (bjy1 — bj) — (aj41 — aj)(mh — h — x;)
2h?
v laga = ajlla; — (mh = b))

2h? 2h? ’

where the symbal +£b meansi—b < a+b < a+b. The quantityja;; —a;| =
¢;, andjz; — (mh — h)| < hif mh —h < x; < mh.

Thus,
_ gih | 20
Gl = 555 % (2h2 * h2>

_ 12T
Gl = 2h2 ( pj 7

and

provided thap; > 0.

If
h + 46
Lht 20 < 1 andp; > 0,
Dj
then
If p; = 0then
20
Gl = 52 £

h?
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Thus,
g5 ~ 2h|Gm|

Finally, the number of the nonsmoothness pointg ean be determined as
the number of intervals on whicl (1) holds.
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