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Abstract

+1 Cn

li 1 DPn

In the present article we study the asymptotic behavior of the sums ), o,

and ) . {’ j — Br| and of the series 3 1‘,, L ;)— ,vvhere p, denotes

the n-th prime number while ¢,, stands for the n-th composed number.
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We are going to use the following notation

7(x) the number of prime numbers z,
C'(z) the number of composed numbessz,
p, then-th prime number,

¢, then-th composed numbet; =4,¢, =6,.. ., Consequgné:?s gfaﬁheorem of
raos-Prachar

log, n = log(logn).

Laurentiu Panaitopol

The present work originates in a result due to Erdés and Praghathpy
proved that there exist, ¢ > 0 such that

Title Page
Contents
dlog?z > Z Prot P\ ' log? z for x > 2,
S lk+l K «“ 3
that is 4 d
Diri D Go Back
+1 Pr| _ . 2
(11) pZ: k‘——|—1 k‘ = log xT. Close
ST
Quit
In a recent paper3], Panaitopol proved that
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The proofs of these results rely on the following result due to Schnirelmann: if
for = positive andn a positive integer one denotes By (n, z) the number of
the indicesk such thap, < z andpi,1 — pr = n, then

log xzd

M(n,x) <

wherec” is a positive constant.
In the present paper, several well known results will be used:

x
1.3 ~ :
13) o) ~ o
(1.4) Pn ~ nlogn;

e 1
(1.5) the series) _ -
“—~ nlog n(loglogn)

is convergent if and only ifv > 1;

(1.6) Z 11 = loglogz + O(1);

(1.7) > % = logz + O(1);
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(1.8)

>

logp

~ logx.

p prime <x

We also need the following result of BojarinceM:[

(1.9)

Cp =1+

logn

- u,, where lim u,, = 1.

n—oo
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The seriesy >~ | ‘]’}i — pﬂn‘ is divergent by {.2). In connection with this fact

we prove the following result.

Theorem 2.1. The series

o0

D

n=3

1
(loglogn)>

n—+1 n

Pn+1 Pn

is convergent if and only ik > 1.
Let us first prove the following auxiliary result.

Lemma 2.2. Consider the sequencés,),>1, (T, )n>1 and(s, ),>1, wheres,, =
>, a;. If the sequenceés, z,,),>1 is convergent, then one of the series

(oo} (o0}
Z Sn(Tpy1 — T,) and Z Qp T,

n=1 n=1
is convergent if and only if the other one is convergent.

Proof. If >~ | sn(z,+1 — x,) is convergent, thetim,, o sp(zpi1 — ) =
0. Butlim, . s,z, = k for somek € R, hencelim,, .., s,z,,1 = k and
lim,, oo (Spa1 — Sn)Tpe1 = 0.

Onthe other hand, ¥ " , a,,z, is convergent, thelim,,_. a, 412,41 = 0,
hencelim,, o (Spt+1 — Sn)Tns1 = 0.
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Now let us denote,, = """ | a;,x; ando,, = >\ si(xiy1 — 2;). Then for
eachp we have

(2.1) Sptp — S0 = Onip — On + SntpTntp — Snt1Tnt1 + (Snt1 — Sn)Tnt1-

Since we have just seen that in either case we Have(s, 1 — $,)zp11 =
n—oo

0, relation @.1) implies that in either case one of the sequencgs,.>1 and
(0n)n>1 is Cauchy if and only if the other one is Cauchy. Now, by Cauchy’s
criterion, one of the two series is convergent if and only if the other one is

convergent. [
Proof of Theoren2.1. If a < 0, then the series is divergent b%.?). Next
assumex > 0 and choose,, = |* — 2| andz, = ———.

Pntl  Pn (loglogn)

If we consider the functiotf : [n,n + 1] — R, f(z) = (loglogz)~®, then
Lagrange’s theorem implies

_a(loglogf,)— !
0, log 6, ’

(loglog(n+ 1))~ — (loglogn) ™ =

wheren < 6, < n + 1. Sinced,, ~ n, it follows that

—Q

2.2 ntl — Ty ~ .
(2:2) Tt T nlog n(loglogmn)et!

By (1.2) and (L.4) it follows thats,, < loglogn and @.2) implies

1
~nlogn(loglogn)®’

(23) 5n<xn+1 - xn) =
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If « > 1, then we have

. ) loglogn
lim s,z, = lim —————— =
n—00 n—00 (lOg IOg n)a
while for o = 1 we getlim,, ., s,z, = 1. Thus, fora > 1, the above lemma
implies that one of the seri@s - , s, (xn+1—2,) and)_ ~ ; a,x, iS convergent
if and only if the other one is convergent. In view Gf%) and @.3), the series
> oo s anxy, is convergent fory > 1 and divergent fory = 1.

Finally, if 0 < o < 1, then

n-+1 n 1 n-+1 n
Ty - — - —
pn+1 DPn log lOg n pn+1 Pn
and the desired conclusion follows. ]

Consequence 1If o > 1, then the series

o

2

n=1

o

n+1 n

Pn+1 Pn

is convergent.

Proof. We have

n+1 n

Pnt1 Pn

a—1 a—1
n+1 n
< max ( * , —) .
Pnt1 Pn
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For K > 0 andn > 3, we have(logé)a_1 < (logllo(gn)o‘ and (L.4) implies that
ntl o no L There existd<’ such that

Pn+1 Pn logn*
n+1_£a<K,n+1_£ 1
Pn+1 Pn Pn+1 Pn (log log n)a
nt1 o |®
and the convergence of the serjes. , o= — | follows by Theoren?.1.

]
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Sincec,, ~ n (see (.9), for the sequencé%) we obtain properties which
" 1

n>

are similar to those of the sequer(:#) .
"/ n>1
In connection with {.2) we have the following fact.
Theorem 3.1.We have

D

PE<T

Clk+1 Ck 1
— —| < loglog x

Pk+1 Pk

for everyz > e.

Proof. If we denoter, = ¢1 — ¢, — 1, then it follows thaty, = 0if ¢, + 1 is
a composed number, ang = 1 if ¢, + 1 is prime. Inthe last casg + 1 = p,,.
Settingk = k(m), we deduce by1(.9) thatc, — k ~ —2- andlog k ~ log ¢;, ~

log k
log pm ~ logm. It then follows that:(m) — p,, ~ ﬂfﬁ and (L.4) implies that
(3.1) k(m) = pp — my, with lim y,, = 1.

We have by {.9)

i1 e _cetldar a o+l cu(pre —pr)
Pk+1 Pk Dk+1 Dk Dk+1 DPrkPrk+1
ap+1  k(prsr —p) kg,

Pk+1 PrPk+1 (log k?)PkpkH
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kuk(Pes1 — pr)
(log k>pkplc+1 .

B (k; +1 k ) n Qy,
Pr+1 Pk Pk+1

We have the inequality

(3.2) ‘k+1 k|| e | Ruk(prsr — pr)
Pr+1 Pk Pr+1 (log k) prpr+1
o |Chrr k| ‘k-i- Ik ay, Fu(Prs1 — pr)
" Pk+1 DPe| | P+ Pk Dk+1 (log k)prpr+1
We have
kur(Prer —pk)  k(Pevr — i) Prir — Dr
(og E)prpres . K2log®k  klogok

Panaitopol proves ir’] that for 5 > 2 the seriesy -, IM is convergent,

hence the series. -, mﬁ is also convergent.

We have furthermore

Qp
Z T Pr+1 B Z pk+1

where}”’ extends over the values &fsuch thaty, = 1, thatis,c;, + 1 = p,,,.
Then by @.2) and (L.4) we get

(3.3) Dhi1 ~ Dk ~ Dy, ~ mlog®m.
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Since the serie§ ", —— is convergent, it then follows that the series

2 mlog®m

P ‘:il is also convergent. Now3(2) implies that

p

n n

vy | Pk+1 Pk ey | Pe+1 Pk
and the desired conclusion follows. O]

Analogously to the Erdds-Prachar theorem, we shall prove the following  consequences of a Theorem of
fact. Erdos-Prachar

L iu Panaitopol
Theorem 3.2. We have aurenfiu Panaitopo

Z P+t Pk log? x Title Page
pese | SHHE Contents
for everyz > 1. « b
Proof. We have < 4
(3.4) Pk+1 Pk _ [ Pr+1 Pk n 1 Gkl — G Go Back
G (k +1 kK ) Pr (k(k +1) Clot1Ch ) Close
n (Pr1 — i) (kK +1 — Ck+1). Quit
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By (1.9) we get

D

T

@)

@)

(Pr+1 — pi)(k+ 1 — cppq)

(k + 1)Crs1

pk+1 - Pk Uk+1

= G log(k + 1)

m(x)

Pk+1 — Dk

klog k

1

w(z)
1
7(z) log 7(z) log7r Zpk ( —1)log(k—1)

By (1.3 we haver(z)log 7(z) ~ z,

prlogk

1 1
Pr ((k— Dlog(k —1) klogk) ~

and (L.7) implies

(3.5)

pr<T

(Pre1 — i) (B + 1 — cp1)

(k + 1)Ck+1

k2log® k

= O(log z).

klogk

1
k

)
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We have also

Z ) ( 1  Crg1 — Ck)
F k‘(k‘ —+ 1) Cr1+1Ck

<Z”< v )‘ 2

pr<x
whereY " extends over the values bfsuch that;, + 1 is a prime number, while

Ck—|—2 '

Y~ extends over the values bfsuch that;, + 1 = p,, is composed. By1(.9) Conseq“g‘ggz_gfr:cﬁg‘f‘“em i
we deduce
Laurentiu Panaitopol
" —k k+1 klogk
e e s LI POl LTy
pr<® ( + >ck(ck * ) pr<w Title Page
1 Contents
=0 — | =0(1 )
(324) - oues
pe<z 44 44
By (1.4) and (L.9) it follows that < >
N P_f«' 5 aloger Go Back
pr<w Ck(ck * 2) k<m(z) Ck(ck T 2) Close
~ 3 log(cy +1) Quit
o 1 Page 14 of 16
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Thus

(3.6)

Zpk

Ck+1 — Ck

1
k(k+1)

PE<T

Now by (1.1), (3.4), (3.5 and @3.6) it follows that >

and the proof is completed.

Cr+1Ck

= O(log z).

Pr<T

Pk+1

Ck+1

Pk

a2
ol = log” x

]
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