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ABSTRACT. In 1967, as a converse of the arithmetic-geometric mean inequality, Mond and
Shisha gave an estimate of the difference between the arithmtic mean and the geometric one,
which we call it the Mond-Shisha difference. As an application of the Monthfitemethod,

we show some order relations between the power means of positive operators on a Hilbert space.
Among others, we show that the upper bound of the difference between the arithmetic mean and
the chaotically geometric one of positive operators coincides with the Mond-Shisha difference.
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1. INTRODUCTION

In 1960, as a converse of the arithmetic-geometric mean inequality, W. Specht [13] esti-
mated the upper bound of the arithmetic mean by the geometric one for positive numbers: For
X1y, Ty € [m, Ml With0 < m < M,

(1.1) i < A
n

whereh = %(2 1) is a generalized condition number in the sense of Tufing [15] and the Specht
ratio M, (1) is defined forh > 1 as

My(1) = (h = DA77

< Mp(1) /z12 - - Ty,

TTogh (h>1) and M;(1)=1.

On the other hand, Mond and Shishal[11, 12] gave an estimate of the difference between the
arithmetic mean and the geometric one: Fqr.. ., z,, € [m, M| with0 <m < M,
1 +2Tog+ -+ T,

(1.2) 0< — /129 - Ty < L(m, M) log My(1),
n
where the logarithmic meah(m, M) is defined fol0 < m < M as
Lim, M) = — =™ (Ar2m) and Lim,m) = m.

log M — logm
J.1. Fujiiand one of the autholis [1, 2] showed an operator version of the Mond-Shisha theorem

(1.2): LetA be a positive operator on a Hilbert spdéesatisfyingm < A < M for some scalars

0<m< M. Then

(1.3) (Az,z) — exp(log Az, x) < L(m, M)log M;(1)

holds for every unit vector. in H. Incidentally, if we putA = diag(zy,xs,...,z,) andx =

7 (1, 1,...,1) in (L:3), then we havé (T.2).
Next, we recall the geometric mean in the sense of Kubo-Ando thebry [7]: For two positive
operatorsA and B on a Hilbert spacé/, the geometric mean and arithmetic meamaind B
are defined as follows:
Aty B=A7(A"2BA 7)*A7 and AV,B=(1-AA+AB
for A € [0, 1]. Like the numerical case, the arithmetic-geometric mean inequality holds:
(1.4) Aty B<AV,B forall A € [0, 1].

Tominagal[14] showed the following inequality, as a reverse inequality of the noncommutative
arithmetic-geometric mean inequalify (L.4) which differs from](1.3): Aeind B be positive
operators on a Hilbert spacé satisfyingm < A, B < M for some scalar8 < m < M. Then

(1.5) 0<AV,B— Aty B<hL(m,M)logM,(1)  forallx e [0,1],

whereh = = Itis considered as another operator version of the Mond-Shisha thgorém (1.2).
On the other hand, M. Fujii and R. Nakamoto discussed the monotonicity of a family of
power means iri [4]. For fixed, B > 0 and\ € [0, 1], we put

F(r)=(A"V, B’”)r (r #0), =eosAValosB (. — ),

Then the power meaR'(r) is monotone increasing dR under the chaotic ordeY > Y, i.e.,
log X > logY for X, Y > 0, [4, Lemma 2]. In particulard ¢, B = e'°s4 V» 188 g called
the chaotically\-geometric mean. In general, it does not concide wlith, 5.
In this note, as a continuation 6f [3], we consider some order relations between the arithmetic
mean and the chaotically geometric one. Among others, we show tHanid B are positive
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operators on a Hilbert spacdé satisfyingm < A, B < M for some scalar8 < m < M and
h =2 then
—L(m, M)log My(1) < AV B — AQ\B < L(m, M) log M, (1) forall A € [0, 1].

Concluding this section, we have to mention that almost all results in this note are based on
our previous result 8, Corollary 4] coming from the MondéBec method [[9]. Namely this
note might be understood as an application of the MontkRemethod.

2. PRELIMINARY ON THE MOND-PECARIC METHOD

Let A be a positive operator on a Hilbert spaesatisfyingm < A < M for some scalars
0 <m < M, and letf(t) be a real valued continuous convex functionjen A/]. Mond and
Pe&aric [9] proved that

(2.1) 0< (f(A)z,z) — f((Az,z)) < B(m, M, [)
holds for every unit vectar € H, where
(2.2) B(m, M, f) = max{%(t —m)+ f(m)— f(t);t € [m,M]} :

Similarly, we have the following complementary result [of {2.1) for a concave function. If
f(t) is concave, then

(2.3) Bm, M, f) < (f(A)z,z) — f((Az,x)) <0
holds for every unit vectar € H, where

(24)  B(m, M, f) = min {W(zﬁ —m) + f(m) — f(t);t € [m, M}} .

The following result is a generalization ¢f (2.1) and based on the idea due to Furuta’s work
[5]/6]. We cite it here for convenience:

Theorem A([8]). LetA; (j = 1,2, ..., k) be positive operators on a Hilbert spaéesatisfying
m < A; < M for some scalar§ < m < M. Let f(t) be a real valued continuous convex
function on[m, M]. Then

k

(2.5) 0< Z(f(Aj)ﬂfjaﬂfj) —f <Z(Ajl'jﬂfj)> < B(m, M, f)

j=1
holds for allk—tuples(zy, . .., zy) in H with Zle llz;]|* = 1, whereg(m, M, f) is defined as
in (2.2).

For the power functiory(¢) = t*, we know the following fact, which is a reverse inequality
of the Holder-McCarthy inequality:

Theorem B. Let A be a positive operator on a Hilbert spacé satisfyingm < A < M for
some scalare < m < M and puth = % For eachp > 1

(2.6) 0 < (APz,2) — (Az,x)? < C(m, M, p)
holds for every unit vector € H, where the constar'(m, M, p) ([8,[16]) is defined as

MmP — mMP MP — mP

27 Clm M.p) = ——— Hp—l)(m

pj
) forall p > 1.
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We obtain a complement of Theorgn B: Under the assumption of Thegofem B, for each
O<p<l1

MP — mpP
 M-m
holds for every unit vector € H. It easily can be proved by the fact thatm, M, t*) =
—MP_EPC’ (mp,Mp, i) for0 <p<1.

(2.8) C <mp,M7’, 1) < (APz,z) — (Az,2)? <0
p

M—
3. REVERSE INEQUALITY ON OPERATOR CONVEXITY

Continuous functions which are convex as real functions need not be operator convex. In this
section, we estimate the bounds of the operator convexity for convex functions.

Lemma 3.1.Let A and B be positive operators on a Hilbert spagesatisfyingn < A, B < M
for some scalare < m < M. If f(t) is a real valued continuous convex functionjen M|,
then for each\ € [0, 1]

wheres(m, M, f) is defined a€2.7).
Proof. For each) < A < 1 and unit vectorr € H, putA; = A, A, = B, z; = /1 — Ax and
25 = v/ Az in Theoren} A. Then we have
(L =N(f(Az,z) + A(f(B)x,z) < f(1 = A)(Az, ) + A(Bz, x)) + 5(m, M, ).
Hence it follows that
(L= f(A) + Af(B))z,z) < fF(((L=A)A+ AB)z, x)) + 5(m, M, f)
where the last inequality holds by the convexityf@t) [9, Theorem 1] or[(2]1). Therefore we
have
f(AVAf(B) < f(AV B) + B(m, M, f).
Next, sincef(¢) is convex, it follows that
(L =N (f(A)z,2) + A(f(B)z,2) > (1 = N\) f((Az,2)) + A ((Bz,z))

> f((1 = X)(Ax,x) + \(Bz, z)).

Since0 < m < (1 —A\)A+ AB < M, it follows from (2.1) that
(A= N(Az, ) + A(Bz, z)) = f(((AV\ B)z,z))

> (f(A V/\ B)l’,l’) - 6(m7 M7 f)

holds for every unit vectar € H. Therefore we have
0

We have the following complementary result of Lenmg 3.1 for concave functions.

Lemma 3.2.Let A and B be positive operators on a Hilbert spagesatisfyingn < A, B < M
for some scalar® < m < M. If f(¢) is a real valued continuous concave function[en |,
then for each\ € [0, 1]

where3(m, M, f) is defined a$2.4).
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Next, consider the functions(t) = ¢" on [0, c0). Thenf(t) is operator concave if < r < 1,
operator convex ifit < r < 2, andf(t) is not operator convex but it is convexiif> 2. By
Lemmag 3.]1 anf 3.2, we obtain the following reverse inequalities on operator convexity and
operator concavity fof (t) = ¢".

Corollary 3.3. Let A and B be positive operators on a Hilbert spaéksatisfyingn < A, B <
M for some scalar < m < M and\ € [0, 1].

(7) If 0 <r <1,then
—%C (mT, M, %) < A'V,\B" — (AV,\B)" <0.
(17) If 1 <r <2, then
0 < A"V\B" — (AV,\B)" < C(m,M,r).
(i73) If r > 2, then
—C(m,M,r) < A'V,\B" — (AV\B)" < C(m, M,r),
whereC'(m, M, r)is defined ag2.7).

Proof. Put f(¢) = ¢" for r > 1 in Lemmd 3.1, then we obtaif(m, M, f) = C(m, M, r). Also,
in the case 06 < r < 1, we haved(m, M, f) = —2=""C(m",m", ) inLemmg3.2. O

4. COMPARISON BETWEEN ARITHMETIC AND CHAOTICALLY GEOMETRIC MEANS

Let A and B be positive operators on a Hilbert spaéeand\ € [0, 1]. The operator function
F(r) = (A"V,B")Y"(r € R) is monotone increasing dm, co) and not monotone increasing
on (0, 1] under the usual order. Recently, Nakamoto and one of the auihors [4] investigated
some properties of the chaotically geometric meldn, B = e'°s4Vale B and showed that the
operator functiorf'(r) is monotone increasing ddhunder the chaotic order arid ) converges
to AQ\B asr — +0 in the strong operator topology.

In this section, we shall consider some order relations among the chaotically geometric mean,
the arithmetic one and the power me&fvr) by using the results in the previous section. The
obtained inequality

—L(m, M)log M,(1) < AV\B — AQ0\B < L(m, M) log M(1)
is understood as a variant of a reverse Young inequality
0 < AV,B — A#,B < hL(m, M)log M, (1)

due to Tominage [14], where = L.
Firstly, by virtue of Corollary 33, we see an estimate of the bounds of the difference among
the family { F'(r) : » > 0}. Incidentally the constari(m, M, r) is defined ag (2]7).

Theorem 4.1. Let A and B be positive operators on a Hilbert spaéesatisfyingm < A, B <
M for some scalaré < m < M and\ € [0, 1].

(1) If0<r <1<s, then

1 1 M —m
_ r L P - < r r - .
C’(m,M,T)_F(s) F(r)_C'(m,M,T)—F—Ms_msC(m,M,s)
(13) If0<1<r<s,then

0< F(s) = F(r) <
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(13i) If 0 < r < s <1,then
F(s) — F(r)| < C (m’", M, %) e (ms, M, é) |
Proof. Supposethat <r <1lorl < % By (ii7) of Corollary, it follows that
—C <m M, %) < A*V,B: — (AV,\B) < C (m, M, %) .
We apply ittom” < A", B" < M" instead ofn < A, B < M. Thatis,
(4.1) —C (m’“, M, %) < AV,B — (A"V,B"): < C (mr, M, %) .

If s > 1, then! <1 and by(i) of Corollary[3.3

Ml/s — ml/s 1 1 1
—WC (ml/S,Ml/S,S) < AEV)\BE — (AV)\B)E < 0.
Sincem® < A*®, B® < M*, we have also
M—-—m 1
(42) —mc (m, M, 8) < AV,B — (ASV)\BS)E < 0.
By using [4.1) and (4]2), it follows that
-C <mr, M, 1) < AV,B — (ATV)\BT)UT by @.)
r
S (Asv)\Bs)l/s - (ATV/\BT)l/T by @)
M —m
< e
< AV,B + YO msC’(m, M, s)

_AV\B 4+ C (mn M 1) by @1) and[@R)

M —m 1
= mC(m,M,S)‘FC (m ,M ,;) ,
and hence we have) inthe case of < r <1 <.
Inthe case 0f < 1 <r <s,we havel/s < 1/r <1 and by[4.2)
M —-m
—ap s Cm M, s) < AV,AB - (AV,B*)Y/*

and
AV\B — (A"V,\B")Y" < 0.
Therefore it follows that
0 < (ASV)\BS)US . (ATV)\BT)l/T

M —
< AV\B + —— " C(m, M, s) — AV,\B
Ms —ms
M —
S FZ;SC(TYL, .2\47 S).

In the case 0f < r < s <1, we havel < 1/s < 1/r and by [4.1)

1 ) 1
—C (m’”, M, —> < AV,B— (A"V,B")s < C (W,M’", —>
T T
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and
1 1 1
-C (mS,MS, g) < AV,B — (A°V,\B*): < C (ms,Ms, g> )
Therefore it follows that

1 1
—C (mr’ ]\/[T7 _) - C (mS,MS, _) < (ASV)\BS)US . (ATV)\BT)UT
r S
1 1
<C <mT,MT, —) +C (ms,Ms, —> )
T S

Though the operator functiof'(r) converges taA(,B asr — 0 in the strong operator
topology, F'(s) is not generally monotone increasing @1 1] under the usual order. Thus, we
have the following estimation of the difference betwdé&m) and AQ, B.

O

Theorem 4.2.Let A and B be positive operators on a Hilbert spaéésatisfyingm < A, B <
M for some scalar§ < m < M andX € [0, 1]. Puth = L,

(1) If 0 < s < 1, then
—C (ms, M, 1) — L(m, M)log Mj(1) < F(s) — AO\B
s
<C (ms,Ms, 1) + L(m, M) log My(1).
s

(i) If 1 < s, then

M —
—L(m, M) log My(1) < F(s) = AO\B < ———C/(m, M, s) + L(m, M)log My (1),

Proof. To prove this, we need the following facts 6fim, M, r) for 0 < m < M andr > 1 by
Yamazaki[16]:
@0<C(m,M,r) < MMt —m" 1 forr > 1
(b) C(m,M,r) — 0asr — 1
(€) C (m", M", %) — L(m, M)log My(1) asr — +0.
Inthe case off < r < s < 1, if we putr — 0in (ii¢) of Theorenj 4.1, thed'(r) — AO\B
andC' (m”, M", 1) — L(m, M)log My(1) asr — 0. Therefore we havé).
In the case 06 < r < 1 < s, if we putr — 0in (i) of Theorenj 4]1, then we have). O

As a result, we obtain an operator version of the Mond-Shisha theprem (1.2):

Theorem 4.3.Let A and B be positive operators on a Hilbert spaéksatisfyingm < A, B <
M for some scalar§ < m < M andh = 2. Then

—L(m, M)log My(1) < AVAB — AO\B < L(m, M)log My(1)
hold for all A € [0, 1].
Proof. SinceC(m, M, s) — 0 ass — 1, we have the conclusion ly:) of Theorenj 4.p. O

By combining Theorer 4|3 and a reverse Young inequdlity (1.4), we obtain an estimate of
the difference between the geometric mean and the chaotically geometric one:
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Corollary 4.4. Let A and B be positive operators on a Hilbert spaéesatisfyingn < A, B <
M for some scalar® < m < M andh = % Then

—(14 h)L(m, M)log My(1) < Af\B — AQ\B < L(m, M) log M (1)
holds for all A € [0, 1].
Proof. SinceAf,B < AV, B, it follows from Theorenj 4]3 that
Af\B — AO\B < AV,B — AO\B < L(m, M) log Mj(1).
By Theorenj 4.8 and a reverse Young inequality|(1.4), it follows that
—L(m, M)log M,(1) < AV,\B — AQ,\B
< Af\B + hL(m, M)log M(1) — AO,\B.
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