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Abstract

In this paper we establish new Chebyshev type inequalities via linear function-
als.
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Let f, g : [a,b] — R be two absolutely continuous functions whose derivatives
f'.g" € Losla, b].
The Chebyshev functional is defined by:

A1) Th9) = ;= [ f@l)is

1 I
_ d [ d On Chebyshev Type Inequalities
(b —a /a f(ZL’) :)3) <b —Qa /a g(x) JZ) Involving Functions Whose
. . . Derivatives Belongto L,
and the following inequality (se€]) holds: Spaces via Isotonic Functionals
1 I. Gavrea
(1.2) [F(f9)l < 750 = @)l llselllloo-
Many researchers have given considerable attentiofh.® &nd a number Title Page

of extensions, generalizations and variants have appeared in the literature, see

(11, 21, 121, [6], [7]) and the references given therein, Contents
In[7] B.G. Pachpatte considered the following functionals: 4« >
< 4
U= L[y (18Y],
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and

1
b—a

H(f,qg)

/ F(f)g(z) + F(g) f(x)]dz

—9 <ﬁ /abf(x)dx) (ﬁ /abg(x)dx).

B.G. Pachpatte proved the following results:

Theorem 1.1.Let f, ¢ : [a,b] — R be absolutely continuous functions whose
derivativesf’, ¢’ € L,[a,b], p > 1. Then we have the inequalities

(L9 T < Gt bl [ B,
1 b
@O TN g [Tl + 7l B e
where
(1.5) B(x) = (x—a)™ + (b—2)"

q+1
1 1 _
forz € [a,b] and + o = 1.

Theorem 1.2.Let f, g : [a,b] — R be absolutely continuous functions whose
derivativesf’, ¢’ € L,[a,b], p > 1. Then we have the inequalities:

1
(b—a)?

(1.6) 1S(f,9)] < M I lg'll
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and

1

(1.7) [H(f, g)] < b—a2

where
(2971 + 1) (b — a)?t!

M =
3(q+ 1)6¢

1 1
and5+5—1.

The main purpose of the present note is to establish inequalities similar to

the inequalities1.3) — (1.6) involving isotonic functionals.

b
M0 [ lg@INF 1+ 1@l e
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Let I = [a,b] a fixed interval. For every € I we consider the function; :

la, b] — R defined by
0, x € [a,t),
u(x) =
1, z€[tb].

Let L be a linear class of real valued functiofs I — R having the prop-
erties:

Ly: f,gel = af+pgelL, foralla,feR
Ly: w € Lforallt € a,b)].

An isotonic linear functional is a functional : L — R having the following
properties:

Ay Alaf + Bg) = aA(f) + BA(g) for f,g€ L, a, €R
Ay feL, f(t) >0onIthenA(f) > 0.

In what follows we denote byM the set of all isotonic functionals having
the properties:

M,: Ae MthenA(u) € L,(R)forallp > 1
M,: Ae MthenA(l) =1.

Now, we state our main results as follows.
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Theorem 2.1.Let f, g : [a,b] — R be absolutely continuous functions whose
derivativesf’, ¢’ € L,[a,b], p > 1 and A, B, C isotonic functionals belong to
M. Then we have the following inequalities:

(2.1) [C(f9)=C(f)B(9)=C(9)Af)+A(f) Blg)| < CIK(A, B pllg'll»

and

(2.2) 2C(fg9) = C(F)B(g) = C(9)AN)| < ClHy 4,

where

1

KB = ([ " () — A(ut”th); ( /abm(x) )

and
b i
Hf,g<x>=|g<x>|( / |ut<x>—A<ut>|th) 11

wirl ([ ) — B(um%f 11

Theorem 2.2.Let f, g : [a,b] — R be absolutely continuous functions whose
derivativesf’, ¢’ € L,[a,b], p > 1 and A, B two isotonic functionals belong to
M. Then we have the inequality:

(2.3) |A(f)A(g) — A(F)C(9) = C(HA9) + C(NC(g)] < M £l |,
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where ,
M :/ A(s) — C(up)|"dt

1 1 _
am5+5_L
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2.1

From the identity: i
f@) = s+ [ s
and using the definition of the functian we obtain the following equality
b
(3.1 f@) = 1@+ [ wo)r e
FunctionalA being an isotonic functional fron3(1) we get
b
(3.2 AD = 1@+ [ w0
From 3.1) and (3.2 we obtain
b
(3.9 @)= A = [ Tle) = Alw)) 0.
Similarly we obtain:
b
(3.4 o) = Blo) = [ lie) — Blun)lg (0)e.
Multiplying the left sides and right sides d3.(3) and 3.4) we have:
(3.5) f(z)g(z) — f(x)B(g) — g(x)A(f) + A(f)B(9)

a/mm—mmwmw/mu%Bmmmw
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From (3.5) we obtain:

(3.6) [f(x)g(x) — f(x)B(g) — g(x)A(f) + A(f)B(9)]

/ () — A(un)| /(1) / () — Bur)| g/ ().

Using Holder’s integral inequality fronB(6) we get:

3.7) [f(x)g(x) — f(z)B(g) — 9(x)A(f) + A(f)B(9)]

b :
< ([t - awpar)” ( / ) = Bl ) 171l

From (3.7) applying the functional’ and using the fact thdt is an isotonic
linear functional we obtain inequality (1).

Multiplying both sides of §.3) and (3.4) by ¢g(z) and f(z) respectively and
adding the resulting identities we get:

Q=

(3.8) 2f(x)g(x) — g(x)A(f) — f(x
- / o) [ue(z) — i + / F(@) i) — Blug)lg ().

From (3.9), using the properties of modulus, Hélder’s integral inequality we
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have:
(3.9) [2/(x)g(x) — g(@)A(f) — F(x)B(g)
b i
g|g<x>|( / |ut<as>—A<ut>|th) Tah

e ( / jus(r) — Blu |th) 19l
or

(3.10) 2f(x)g(x) — g(x)A(f) — f(x)B(g)| < Hy,4().
The functionalC' being an isotonic linear functional we have:
(3.11) C(12f(x)g(x) — g(x)A(f) — f(x)B(g)])
> [2C(fg) — Clg)A(f) = C(f)B(9)l

From 3.10 applying the functional’ and using §.11) we obtain inequality
(2.2.
The proof of Theoren2.1is complete.
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From 3.1) we have:

@1) ) 50) = [ ) ~ wlls
and

@2) @) = 900) = [ Tule) = )l (Ot
Applying the functionalsA andc' in (4.1) and @.2) we obtain
4.3) an-cin- | AGw) - Clu))f (0t
and

(4.4) Alg)—Cla) = | LA Gu) — Clu)lg (.

Multiplying the left sides and right sides of.() and ¢.4) we have

(4.5) A(f)A(g) — A(f)C(9) — Al9)C(f) + C(f)C(9)

— [ 1At = Clalr@at [ [AGw) - Clu)lg ()
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Using Holder’s integral inequality fron¥(5) we obtain

[A(f)Alg) = A(S)C(g) — Alg)C(f) + C(f)C(9)|

( / Au) utht) TAREIN

The last inequality proves the theorem.
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a) For

AU =B =) = = [ oo

then from Theoren2.1we obtain the results from Theorelml

b) Inequality (L.6) is a particular case of the inequality.8) whenA = F,

c(h == [ fad.
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