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1. INTRODUCTION

Cauchy principal value integrals of the form

/ (TidT = lim

— e—0+

| o, bfde]

L1 (TF)(abt) :PV/

play an important role in fields like aerodynamics, the theory of elasticity and other areas of the
engineering sciences. They are also helpful tools in some methods for the solution of differential
equations (cf., e.gl [23]).

For different approaches in approximating the finite Hilbert transfgrm (1.1) including: inter-
polatory, noninterpolatory, Gaussian, Chebychevian and spline methods, see for example the
papers([1] —[[12],[14] -{[22]/]24] +133] and the references therein.

In contrast with all these methods, we point out here a new method in approximating the finite
Hilbert transform by the use of the Ostrowski inequality for functions of bounded variation
established in [13].

For a comprehensive list of papers on Ostrowski’s inequality, visit the site
http://rgmia.vu.edu.au
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2 S.S. RAGOMIR

Estimates for the error bounds and some numerical examples for the obtained approximation
are also presented.

2. SOME INEQUALITIES ON THE INTERVAL [a, b]

We start with the following lemma proved in [13] dealing with an Ostrowski type inequality
for functions of bounded variation.

Lemma 2.1. Letu : [a,b] — R be a function of bounded variation dn, b]. Then, for all
x € |a, b], we have the inequality:

(2.1)

u(x)(b—a)—/abu(t)dt‘ < B(b—a)+

x—aij\j:/(u),

where\/’ (u) denotes the total variation af on [a, b].
The constang is the best possible one.

Proof. For the sake of completeness and since this result will be essentially used in what fol-
lows, we give here a short proof.
Using the integration by parts formula for the Riemann-Stieltjes integral we have

/x(t—a)du(t):u(x)(x—a)—/xu(t)dt
and . .
/(t—b)du(t):u(:c)(b—x)—/ u () dt.

If we add the above two equalities, we get

2.2) u(:c)(b—a)—/ u(t)dt:/x(t—a)du(t)jL/ (t = b) du (t)

foranyz € [a, b).

If p: [e,d] — Ris continuous orc, d] andwv : [¢,d] — R is of bounded variation ofr, d],
then:
d

< sup |p (@) \/ (u).

x€[e,d]

(2.3) / p(z)dv(x)

Using (2.2) and[(213), we deduce

u(x)(b—a)—/abu@)dt) .

C

Lb(t—b)du(t)‘

/;(t—a)du(t)‘%-

<(@—a)\/(w)+0b-2)\/ ()

< max{r —a,b—z}

= B(b—aﬂ—

x_a—;bH\Z/(u)

and the inequality] (2]1) is proved.
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Now, assume that the inequalify (2.2) holds with a constan®), i.e.,

b
(2.4) x_a;—bH \/(u)

u(x)(b—a)—/abu(t)dt‘ < [c(b—a)+

forall z € [a, b].
Consider the functiomy : [a,b] — R given by

{O if z¢€lab)\{<}

1 if x:“TH’.

up () =

Thenu, is of bounded variation ofu, b] and

\/ (o) = 2. / o (£) dt = 0.

If we apply ) forug and chooser = “T“’ then we geRc > 1 which implies thatc > %
showing that; is the best possible constant|in (2.1). O

The best inequality we can get from (2.1) is the following midpoint inequality.
Corollary 2.2. With the assumptions in Lemina]2.1, we have

(2.5) ‘u(a;b) (b—a)—/abu(t)dt‘g%(b—a)\:/(u).

The constang is best possible.

Using the above Ostrowski type inequality we may point out the following result in estimating
the finite Hilbert transform.

Theorem 2.3.Let f : [a,b] — R be a function such that its derivativé : [a,b] — R is of
bounded variation offu, b]. Then we have the inequality:

(2.6) (Tf)(a,b;w—fff)m(f:;)—b;a[f;At+(1—A)b,At+<1—A)a]
11 1711 a+b[1\",, .
< [s+pesl] po-o+ -5 v
foranyt € (a,b) and\ € [0, 1), where|[f; «, f] is the divided difference, i.e.,
g @)
[fs e, 8] : P I

Proof. Sincef’ is bounded oria, b}, it follows that f is Lipschitzian orja, b and thus the finite
Hilbert transform exists everywhere (n, b).
As for the functionf, : (a,b) — R, fo (t) = 1,t € (a,b), we have

(Tfo) (a,b:1) = ~In (f‘t), Le (ab),

—a

then obviously

@7) ey -0 (3=) < Loy [LO =10,

t—a
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Now, if we choose in[(2]1)y = [, ©=Ac+ (1 —X)d, A € [0,1], then we get

[f(d) = f(c) = (d=c) f'(Ae+ (1= A)d)

d
< B'CZ_CH e+ (1= d—”dH \/
wherec, d € (a,b), which is equivalent to
d
2.8) 'W_f’()\c—k(l—)\)d)‘ < BJF'A_%H \ ()

foranyc,d € (a,b), c # d.
Using (2.8), we may write

(2.9) ‘%Pv/bwdf_%pv/bf/(AHu—A)r)dT

t

\/ (f)]dt

T

bl ) £ ()

T

I
2
I
+
>
|
|

t

_ - b
g%_%Jr A—%_ (t—a)\a/( b—t\t/ ]
1[1 1 ’

<zlsepeal| pe-wr -5 Ve

Since (for\ # 1)

1 b
%PV/G M+ (=N 7)dr

=;€1gg+ [/ /J (A + (1= \)7) dr)

t—e

:%glgﬂll—f(AtJr(l—)\)r) +1%f()\t+(1—A) )b ]
L O (A=Na)+ fAE+ (1= M) = f ()

m 1—\

b

=2 M (L= N DM+ (1= N .
™
Using (2.9) and[(2]7), we deduce the desired refult (2.6). O

It is obvious that the best inequality we can get fr(2.6) is the ona f@r%. Thus, we
may state the following corollary.
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Corollary 2.4. With the assumptions of Theorem|2.3, we have

b—t _b—a .t+ba+t
272

(2.10) |[(Tf) (a,b:t)— L 7(:) In (

t—a s

g% E(b—a)Jr’t—a;rbH\b/(f’)-

a

The above Theorefn 2.3 may be used to point out some interesting inequalities for the func-
tions for which the finite Hilbert transformd'f) (a, b; t) can be expressed in terms of special
functions.

For instance, we have:

1) Assume thayf : [a,b] C (0,00) — R, f (z) = 1. Then

<Tf><a,b;t>=%1n[§’;:i>)ﬂ, fe (b)),
b—a b—a

M+ (L= N M+ (L—Na]

-[f;)\t+(1—>\)b,)\t+(1—/\)a]:—%-

b b 2 2
/ 1" b*—a
V)= [ 15 ol ="
Using the inequality| (2]6) we may write that

1 (b—1t)a 1 b—t b—a
t n{(t—a)b} Tt n(t—a)+7r[>\t+(1—)\)b][)\t+(1—/\)a]

1[1 171 a+bll v —ad?
< 2|z L _ .
<3 larp-afl pe-or -5

which is equivalent to:

b—a 1 b
(2.11) ‘[)\t IR VATV Vs R (5)

1 1] [1 a+b|] v —a?
< |= — =1 |=(b— - : :
<faepeaf po-o-

If we use the notations
L(a,b) = _bza (the logarithmic mean)
Inb—1Ina
Ay (z,y) ==X+ (1—-X)y (the weighted arithmetic mean)
G(a,b) = +ab (the geometric mean)
A(a,b) = ¢ ;r b (the arithmetic mean)
then by [2.1]1) we deduce
1 1 1 171 24 (a,b)
— < |2 — Z(p— _ - 7
A b A (La) IL (a,b)‘ = {2 * ‘A QH {2 (b—a)+t = Ala.0)l) Zre gy

giving the following proposition:
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Proposition 2.5. With the above assumption, we have

(212) |tL (a, b) - A)\ (t, b) A)\ (t, a)|

el

foranyt € (a,b), A € [0,1).
In particular, fort = A (a,b) and = 1, we get

a-+b

H tAx (t,0) A\ (t,a) L (a,b)

(2.13) ’A(a,b) L(a,b) — (A(a,b) +a)(A(a,b) + b)’

< - : L(a,b).

G*(a,b) 4
2) Assume thaff : [a,b] CR — R, f(x) = exp (z). Then

4
1 A2(a,b) (A(ab)+a)(A(a,b) +b)
2

exp (t)

(T'f) (a, b;t) = [Ei(b—t) - Ei(a—1)],

where

Also, we have:

b—a

lexp; At + (1 — A) b, At + (1 — A) d]
L exp(M+(1-A)b)—exp(\t+(1-X)a)

T 1—A ’

b

b
\ () = / 7 (1)) dt = oxp (b) — exp (a).

a

Using the inequality{ (2]6) we may write:

(2.14) |exp (t) [Ez (b—t)— Ei(a—t)—In (f:fl)}
_expM+(1-=Nb) —exp(M+(1-)N)a)
1—A

1 1
< |Z _ - (b —
_{2—1—’/\ 2” [2<b a) +
for anyt € (a,b).

If in (2.14) we make\ = 1 andt = “t2, we get

o ()85 - on(52) (2]

(b—a) [exp (b) — exp (a)],

= e ) - e )

J. Inequal. Pure and Appl. Math3(4) Art. 51, 2002 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

FINITE HILBERT TRANSFORM 7

which is equivalent to:

() e () oo ()]

If in this inequality we makés% = z > 0, then we get

W

(2.15) ‘Ez (z) =2 [exp <%) — exp <—§>} < %z lexp (2) — exp (—2)]

foranyz > 0.
Consequently, we may state the following proposition.
Proposition 2.6. With the above assumptions, we have
1
FEi(z) —4sinh (52)

(2.16) < zsinh (2)

foranyz > 0.

The reader may get other similar inequalities for special functions if appropriate examples of
functionsf are chosen.

3. A QUADRATURE FORMULA FOR EQUIDISTANT DIVISIONS

The following lemma is of interest in itself.

Lemma 3.1. Letu : [a,b] — R be a function of bounded variation ¢ b]. Then for alln > 1,
Ai€[0,1) (i =0,...,n—1)andt, 7 € [a,b] witht # 7, we have the inequality:

n—1
1 T 1 . T—1
11 N
< — | = P — = .
_n{2+if&%}51 A 2” \t/(u)

Proof. Consider the equidistant division @f 7| (if ¢ < 7) or [r, ] (if 7 < t) given by

(3.2) By iaj=t+i-—" i=0n.

n
Then the pointg; = \; [t +i- =] + (1= N) [t+ (i +1)- =] (A €[0,1], i =0,n—1)
are between; andz;, . We observe that we may write for simplicify= ¢+ (i + 1 — \;) =t
(i =0,n—1). We also have

T+ T Tt
§ 5 5 )

§i—xi=(1-XN)

T—1

n

and
T—1

Tip1 —& =N -

foranyi =0,n — 1.
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If we apply the inequalitl) onthe intenjal, =; 1] and the intermediate poit (2 =0,n— 1) ,
then we may write that

— — t Ti+1
(3.3) ‘T u(t—i—(i—i—l—)\i)T )—/ u(s)ds
n o
< 1|T—ﬂ+_T tﬂ—QX) <7(>
— |2 n 2n ! M -
Summing, we get
T T—t e T—1
/u(s)ds— u{t—i—(i—i—l—)\i) ]
t [ — n
|7_ ¢ n—1 Tit1
<A -2 |V @
=0 x;
T —t [1 NN
— o )\’L - 5 )
n 2-+ziﬁi§1 2 x/(u)
which is equivalent tq (3]1). O

We may now state the following theorem in approximating the finite Hilbert transform of a
differentiable function with the derivative of bounded variation@rb|.

Theorem 3.2.Let f : [a,b] — R be a differentiable function such that its derivatifeis of
bounded variation offiz, 0]. If A = (\),_g7—r, Ai € [0,1) (i = 0,n — 1) and

n—1

b—t ¢
{ (i+1— )—;—+u@+1—Aga
1=0

—a

(3.4) Su(fiht) = — +4,

then we have the estimate:

(3.5) (Tﬁ@haw—f:>m(b_t)—sMﬁA¢ﬂ

t—a
A o2

b—a {1
< — 4+ max

i=0,n—1

b—ay
<— VU

Proof. Applying Lemm4 3.1 for the functioif’, we may write that

(3.6) LE%E%EE—%Eif{r+@+1—AJT;1
=0

foranyt,r € [a,b],t # T.
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Consequently, we have

(3.7) PV/ Jo) =1 T_t mzpv/f -t+(i+1—)\i)7;t]dr

1 [1 1 o,
—ﬂgﬂ%iﬁ“aﬂw/a V)ar

111 1] [1 (1.
< [+ s of | [s0 -0+ -5 Vi

On the other hand

3.8) PV/ 7 {t+(2+1—)\)7_t}dr

([ L))

t—e
a

n T—1
- 41— A\
i—|—1—>\if(t+(l+ Ai) - )
T—1 b
- t 4+ 1 — X
rrd (e =)

:,L[f<t+<z'+1—%'>$)‘f(”(”l”i)a;t)}

= lim
e—0+

— (b—a) {f;t+(@'+1—Ai)$,(i+1—Ai)aT_t+t].

Since (see for example (2.7)),

(Tf) (a,b;t) = PV/ Jn =70 f(t>1n(b_t>
T — s t—a
for ¢ € (a,b), then by [3.F) and (3]8) we deduce the desired estirhate (3.5). O

Remark 3.3. Forn = 1, we recapture the inequality (2.6).
Corollary 3.4. With the assumptions of Theorgm|3.2, we have

(3.9) (Tf) (a,b: t) = fff) In (i’:;) + lim S, (f; A1)

n—oo

uniformly by rapport ot € (a,b) and X with \; € [0,1) (i € N).
Remark 3.5. If one needs to approximate the finite Hilbert Transfdfftf) (a, b; ¢) in terms of

f), (f—t) + S0 (fi A1)

s —a
with the accuracy > 0 (¢ small), then the theoretical minimal numberto be chosen is:
b

(3.10) ne == [b;ra \V ()

a

where|qa] is the integer part o.
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Itis obvious that the best inequality we can ge(3.5) ISXor % (1 =0,n— 1) obtaining
the following corollary.

Corollary 3.6. Let f be as in Theorefn 3.2. Define

Pt b—t 1\ a—t
3.11 M, ( — | —+t [+ = t|.
@12 0=t (rg) e (rg) ]
Then we have the estimate

12 [ @nn - (F20) <)

t—a
b
b—a a+b
<o s+ - V)

for anyt € (a,b).
This rule will be numerically implemented in Section 5 for different choiceg andn.

4. A M ORE GENERAL QUADRATURE FORMULA

We may state the following lemma.

Lemma 4.1. Letu : [a,b] — R be a function of bounded variation da, b], 0 = 1o < p1 <
v < i1 < pyp, = landy; € [, piva], © = 0,n — 1. Then for anyt, 7 € [a, b] with ¢ # 7, we
have the inequality:

n—1

1 T
(4.1) ‘:/t u(s)ds — ; (i1 — pi) w[(1 — 1) t + v47]
< EA” (M)‘f’i:m% v — U2+Mz+1 ] \/

t

whereA,, (1) := max (g1 — 1) -
; T

i=0,n—

Proof. Consider the division oft, 7| (if ¢ < 7) or [r, ] (if 7 < t) given by

4.2) Iyiap=(1—mw)t+pwr (i=0,n).

Then the points; := (1 — ;) ¢t + ;7 (i = 0,n — 1) are between; andz, ;. We have
Tiy1 — T = (pip1 — ) (T — 1) (l = M——l)

and

&_%: (y_%> (r—t) (i=0m=T).

Applying the inequality[(2]1) ofi;, z;41] with the intermediate point (i = 0,n — 1), we get

/%Hl w(s)ds — (o1 — 1) (1 — ) u[(1 — vi) t + 7]

i + it
2

Vi — } 1’\/ (u)

T

1
< §(Mi+1—ui)|7—t\+|7—ﬂ
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for anyi = 0,n — 1. Summing ovet, using the generalised triangle inequality and dividing by
|t — 7| > 0, we obtain

1 b n—1
T ACEE WOl G
n—1 Ti41
1 ,U/z + M’L—f—l
; [2 Hit+1 — ,uz) + v — 9 :| y (u)
1 ,uz + ,uz—i-l !
< {gAn (W) + max v, — } \t/ ‘
and the inequality| (4]1) is proved. O

The following theorem holds.

Theorem 4.2. Let f : [a,b] — R be a differentiable function such that its derivatiy'eis of
bounded variation onja,b]. If 0 = po < p1 < -+ < fp—1 < pp, = landy; € [u;, pi1,
(i=0,n—1),then

b—t
t—a

4.3) (Tf) (a,b;t) = f7(rt) In ( ) + %Qn (p,v,t) + Wy, (p, v, t)

for anyt € (a,b), where

[\

(@.4) Qu (v t) = puf' (1) (b—a) + (b— a) {wiﬂ—m)

1

3

7

X [ (L= vi) t 4+ b, (L= wi) t + vid] } + (1= pna) [f (0) = f ()]

if Vg = O, Vp—1 = 1,

i
L

(45) Qn (:U’a v, t) = /jllfl (t) (b - CL) (b - CL) (/M+1 - ,U/z)

1
X [f7 (1 — Vi) t+ Vib, (1 — Vi) t+ I/,-a}

i

if vy =0,v,_1 <1,
n—2

(4.6) Qn (p,v,t) == (b—a) Y (Hi1 — )
=1

x [fi (M =wi)t+wvib, (1 — i)t +via] + (1 — pp1) [f (b) — f (a)]

if vy >0,v,_1=1and

n—1
4.7) Qn (1, v,t) = (b—a Z Mit1 — [i(T=v)t+ b, (1 — 1)t + va]
=1
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if vg >0, v, < 1.
In all cases, the remainder satisfies the estimate:

(4.8) (W, (1, v, t)| < % BA" () + max |y, — i +2m+1 ]
<[po-o |- vy
< %An(u){ (b—a)+ ' H \b/

<AL (-0 (F)

Proof. If we apply Lemma 4]1 for the functioff, we may write that

f( n—1
‘ T—t ;:0 Hit+1 — S —w)t+ v
1 i + Mz-f—l
A, + max |v; —
< |58 00+ mox [V

foranyt, € [a,b],t # 7.
Taking thePV in both sides, we may write that

(4.9) EPV / D=1,

T—1

b [n—1
—lPV/ ( (Higr — Mz)f’[(l_yi)t—l—ViT])dT

| [

it i
2

\ ()

If vy = 0, Vp—1 = 1, then

PV /ab (i: (ot — ) £ [(L— i)t + W]) ar
_PV/abulf’(t)dr+§(ui+1—ui)PV/abf’[(l—z/i)t+un]dr
+(1—Mn_1)Pv/bff(T)dT
=uf (t)(b—a)+ (b—a) nzi (piv1 — i) [fs (L — i) t+vb, (1 — 1) t + via

+ (L= 1) [f (0) = f(a)].
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If 1o =0, 1,1 <1,then

/ (Z piv1 — ) f[(1 —Vz)t—f—VZT]) dr

7

—_

n—

= f (t)(b—a)+ (b—a) (pivr — pa) [f; (L= vi) t + v, (1 — vi) t + va] .

1

%

If o >0, 1,1 =1, then

/ (Z pivt — i) [ (L —v) t +vr ]) dr

n—

= (b—a) Y (s — ) [f5 (L= wa) b+ vib, (1= vi) t+ via] + (1 = 1) [£ () = [ (a)].

=1
and, finally, ifvy > 0, v,_; < 1, then

/ (Z (i1 — i) 11— )t + i1 ]) dr

7

@

[y

n—

=(b—a) ) (i1 — ) [f; (1 —vi)t + v, (1 = vi) t + vsa] .

%

Since
, b
/a \/ d7'<{ (b—a)+ ’t—a—i_bu\/
and
(Tf) (a,b;t) PV/ f—_{()d7+ F® (f:;)
then by [4.9) we deducg (4.3). O

5. NUMERICAL EXPERIMENTS

For a functionf : [a,b] — R, we may consider the quadrature formula

E.(f;a,b,t) := /) In (f_t) + M, (f;t),t € a,b].

™ —a

As shown above in Section 4, (f;a,b,t) provides an approximation for the Finite Hilbert
Transform(7'f) (a, b; t) and the error estimate fulfils the bound describe(Pifl).
If we consider the functiorf : [—1,1] — R, f(z) = exp(z), then the exact value of the

Hilbert transform is
(Tf) (a,b;t) = exp(t) Bi(1 —t) — exp(t) Ei(—1 — t)’ t
T

and the plot of this function is embodied in Figfre]5.1.

If we implement the quadrature formula provided By( f; a, b, t) using Maple 6 and chose
the value ofn = 100, then the errotEr (f;a,b,t) := (Tf) (a,b;t) — E.(f;a,b,t) has the
variation described in the Figure b.2.

Forn =1,000, the plot o2 (f; a, b, t) is embodied in the following Figufe 3.3.

€-1,1]
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Figure 5.1:
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1e-

Figure 5.2:

Now, if we consider another functiorf,: [-1,1] — R, f(x) = sinz, then the exact value
of the Hilbert transform is
—Si(—141t)cos(t) + Ci(1 — t) sin(¢)
™
n Si(t + 1) cos(t) —sin(t)Ci(t + 1))
™

(T'f) (a,b;t) =

7t€[_1a1]a
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5e-06
4e-08

30081

26081

1eC

Figure 5.3:

where

Si(x) = / Sm(t)dt, Ci(z) =v+Inx —i—/ %dt;
0 0

having the plot embodied in the following Figure[5.4.

1.5

Figure 5.4:

If we choose the value af = 100, then the errotEr (f;a,b,t) for the functionf(z) =
sinz,z € [—1,1] has the variation described in the Fig[ire 5.5 below.
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Figure 5.6:

Moreover, forn =100,000, the behaviour & (f;a, b, t) is plotted in Figure¢ 5]6.
Finally, if we choose the functiofi : [-1,1] — R, f(x) = sin(2?), the Maple 6 is unable
to produce an exact value of the finite Hilbert transform. If we use our formula

E.(f;a,b,t) := ffrt) ln(b_t) + M, (f;t),t € [a,b]

t—a

for n =1,000, then we can produce the plot in Figureg 5.7.
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Figure 5.7:

Taking into account the boun.12)) we know that the accuracy of the plot in Fig{ire|5.7 is
at least of ordet 0.
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