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ABSTRACT. Inthe presentinvestigation, we obtain the Fekete-Szegd inequality for a certain nor-

malized analytic functiorf (z) defined on the open unit disk for whi¢h- [%jj]v('z) - 1}

(e > 0 andb # 0, a complex number) lies in a region starlike with respect to 1 and symmet-
ric with respect to real axis. Also certain application of the main result for a class of functions
of complex order defined by convolution is given. The motivation of this paper is to give a
generalization of the Fekete-Szegd inequalities for subclasses of starlike functions of complex

order.

Key words and phrasesStarlike functions of complex order, Convex functions of complex order, Subordination, Fekete-
Szeg0 inequality.
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1. INTRODUCTION

Let .4 denote the class of all analytic functiofi&z) of the form

(1.1) fR)=z2+) ad (zeA:={zeC/]z| <1}

k=2
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andS be the subclass ofl consisting of univalent functions. Letz) be an analytic function
with positive real part om\ with ¢(0) = 1, ¢'(0) > 0 which maps the unit disk\ onto a region
starlike with respect to 1 which is symmetric with respect to the real axisSi(et) be the class
of functions inf € S for which

2f'(2)
oy S0 (Ged)
andC(¢) be the class of functiong € S for which
2f"(z)
L+ 2505 <00, (€ ),

where< denotes the subordination between analytic functions. These classes were introduced
and studied by Ma and Mindal[4]. They have obtained the Fekete-Szeg0 inequality for functions
in the clasC'(¢). Sincef € C(¢) iff zf'(z) € S*(¢), we get the Fekete-Szego inequality for
functions in the class*(¢).

The classS; (¢) consists of all analytic functiong € A satisfying

142 (ZJ{(,(;)) - 1) < 6(2)

b
and the clas§’,(¢) consists of functiong € A satisfying

() <o

These classes were defined and studied by Ravichandran ét al. [7]. They have obtained the
Fekete-Szeg0 inequalities for functions in these classes.

For a brief history of the Fekete-Szegd problem for the class of starlike, convex and close to
convex functions, see the recent paper by Srivastava ét al. [10].

In the present paper, we obtain the Fekete-Szegd inequality for functions in a more general
classM, ,(¢) of functions which we define below. Also we give applications of our results
to certain functions defined through convolution (or Hadamard product) and in particular we
consider a class/; ,(¢) of functions defined by fractional derivatives.

Definition 1.1. Letb # 0 be a complex number. Let(z) be an analytic function with positive
real part oA with ¢(0) = 1, ¢’(0) > 0 which maps the unit disk onto a region starlike with
respect to 1 which is symmetric with respect to the real axis. A functianA is in the class

M, (9) if

L@ 4aRfE) N L
g (L2 1) <6(:) (a=0)

For fixedg € A, we define the class/; ,(¢) to be the class of functiong € A for which
(f *g) € May(9).
To prove our result, we need the following:

Lemma 1.1([7]). If p(z) = 1+ c12 + 222 + - - - is a function with positive real part, then for
any complex number,

2 — pc?| < 2max{1, |2 — 1}
and the result is sharp for the functions given by

1+ 22
= 11— 2 p(z)

14z
C1—2z

p(z)
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2. THE FEKETE-SZEGO PROBLEM

Our main result is the following:

Theorem 2.1.Let¢(z) = 1+ Biz + Bez? + B3z® + ---. If f(z) given by[(L.]L) belongs to
M, »(¢), then

Proof. If f(z) € M,,(¢), then there is a Schwarz functiar(z), analytic inA with w(0) = 0
and|w(z)| < 1in A such that
1 <zf/(z) + az?f(2)

(2.1) 1+ e

las — pas| 2143 )max{ ,

By N [(1 +2a) — 2u(1 + 3a)

B (15 20)? } o

The result is sharp.

- 1) — Bu(2)).
Define the functiom, (z) by

(2.2) pr(z) = 0D

= 24
1—w(z) +Clz+022 +

Sincew(z) is a Schwarz function, we see thap,(z) > 0 andp,(0) = 1. Define the function
p(z) by

/ 2.0
2.3) p(z) =1 +% (zf (2) ;(jf f'2) 1) b by
In view of the equations (2.1), (2.2), (2.3), we have
pi(z) — 1)

2.4 Y
2.4) o= (2
and from this equation (2.4), we obtain
(25) bl = %Blcl
and

1 1 1
(26) bg = EBI (CQ — 50%) + ZBQC%

From equation (2]3), we obtain

(1 + 20[)&2 = bbl,
(2 + 6a)az = bby + (1 + 2a)a3

or equivalently we have

bby
2.7 _
( ) Q2 1 + 2@7

1 b2
2. = L.
(2.:8) %= 5 6a [bb2+1—|—2a]
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Applying (2.5) in [2.7) and (2]5)[ (2.6) if (2.8), we have

. bBlcl
2= 91+ 2a)
b3102 C% bQB%
= —b(By — By)]| .
= 411 3a)  8(1+3a) 1120 BB
Therefore we have
bB
= 0t — ve?
(29) as Hag 4(1 + 3@) {CQ UCI} )
where 1 B 2u(1 4 3a) — (14 2a)
1 _ b2 nl + o) — (1 +2a
Our result now follows by an application of Lemiall.1. The result is sharp for the function
defined by
1 (2f'(2) + a2 f"(2) ) 2
14— —1) =9z
(P =)
e L (=) +asf"(:)
2f'(2) + az?f"(z
1+ - —1) =9¢(z).
(T )=t

O

Example 2.1. By takingb = (1 — f)e " cos A, ¢(z) = 12, we obtain the following sharp
inequality

1— A
oy = ] < L
X max {1, e —2 FMI +(i)a_: ;agi + 20[)} (1 — () cos A } .

Remark 2.2. Whena = 0, Examplé 2.]1 reduces to a result/of [7] fospirallike functionf (z)
of orderg.

3. APPLICATION TO FUNCTIONS DEFINED BY FRACTIONAL DERIVATIVES
In order to introduce the clasg} ,(¢), we need the following:

Definition 3.1. (See [5) 6]; see also [1L, 12]). Let the functigfx) be analytic in a simply
connected region of the-plane containing the origin. The fractional derivativefodf order\
is defined by

where the multiplicity of z — ¢)* is removed by requirintgpg(z — ¢) to be real when — ¢ > 0.

Using the above Definition 3.1 and its known extensions involving fractional derivatives and
fractional integrals, Owa and Srivastava [5] introduced the opefator4 — A defined by

() (2) =T(2=ND2f(2), (A#2,3,4,...).
The class\f}} ,(¢) consists of functiong € A for whichQ* f € M, ,(¢). Note thatM,(¢) =
Sy (9) andM871(¢) = S5*(¢). Also Mg,b(gb) is the special case of the clamg’b(gb) when

(3.1) g(z) =z + Z F(g(—; _131;(3 ;)/\) 2"
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Let

=z+ Zgn (gn > 0).
Since

=z+ Zanz € Mg, (o)
if and only if

(f*9)(2) = 2+ Y gatn2" € Map(9),

n=2

we obtain the coefficient estimate for functions in the cl&&s, (¢), from the corresponding
estimate for functions in the clagé, ,(¢). Applying Theorel for the functiofy * g)(z) =
2+ goa022+g3az23+- - -, we get the following theorem after an obvious change of the parameter

75

Theorem 3.1. Let the functions(z) be given bys(z) = 1+ Byz + Bz + B32® + - -+ If f(2)
given by (1.]L) belongs /7 ,(¢), then

By {(1 + 20)g5 — 2p(1 + 3a)gs

bB
B, (14 2a)2¢2 ] !

Bl
a3 — pad) < — 2L {1,
2g5(1 + 3a)

The result is sharp.

Since
CYICEREDS B
we have -
(3.2) =P =
and
(3:3) o P42 —A) 6

F4-2)  2-NB-XN
For g, andgs given by [3.2) and (3]3), Theorgm B.1 reduces to the following:

Theorem 3.2. Let the functions(z) be given by)(z) = 1+ Byz + Boz? + B3z® + -+ - . If f(2)
given by [(1.11) belongs t1) ,(¢), then

Bifb[(2 = MNB =)
12(1 4 3a)

|ag — paj| <

X max {17

By n {(1 +2a)(3 = A) = 3u(1 +3a)(2 — \)

B B= N+ 20 bBl]

b

The result is sharp.
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