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Abstract:

Acknowledgements:

By using the theory of majorization, the following inequalities of Jensen-
Pe&aric-Svrtan-Fan type are established: lebe an interval,f : I — R
andt € Lo,a,be I Ifay < -~ <ay <by <+ <bpyag +b <o <

ap + by F(E) >0, f/(¢) >0, f(¢t) > 0, f”(t) < 0foranyt € I, then

f(A(a)) _ fn,n(a) << fk+1,n(a) < fk,n(a)

f(A<b)) fmn(b) - - fk+1,n(b) - fk’n(b) Jensen-Pe Cari ¢-Svrtan-Fan Type
<< fl,n(a) _ A(f(a)) Inequalities »
o o fl’n(b) A(f(b))7 Chaobang Gao and Jiajin Wen

. .. . vol. 9, iss. 3, art. 74, 2008
the inequalities are reversed f6f(t) < 0, f"/(¢t) > 0,Vt € I, whereA(-) is

the arithmetic mean and
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1. Introduction

In what follows, we shall use the following symbols:

= (z1,...,2,);  f(@):=(f(21),...,f(zn): Gx):=(z129- )"
Afw) = DRI R (0 o0 RY = (0, +00)"
I" :=A{z|lx; € I,i=1,...,n,1is an interva};
fk,n<x)::@ Z f<%>u kzlu"'an'
1< << <n

Jensen’s inequality states that: Lt I — R be a convex function and € I".
Then

(1.1) f(A(z)) < A(f(2)).

This well-known inequality has a great number of generalizations in the literature
(see ] - [6]). An interesting generalization @fi.1) due to Péaric and Svrtan9]
Is:

(1-2) f(A<x>> = fn,n<x> - < fk+1,n(x) < fk,n<x>
- < fin(z) = A(f(2)).
In 2003, Tang and Wer6] obtained the following generalization 6f.2):

(13) fT,S,n Z Tt Z fr,s,i Z Tt Z fr,s,s 2 v Z fr,j,j Z v Z fr,r,r = O;

IA A

where

fr,s,n = <n) (Z) (fr,n - fs,n)7 fk,n = fk,n<x>7 1<r<s<n.

r
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Ky Fan'’s arithmetic-geometric mean inequality is (sé@:[Let x € (0,1/2]". Then

(1.4) S

A(l —x)
In this paper, we shall establish further extension§laf) and(1.4) as follows:
Theorem 1.1.Let] be aninterval. Iff : I — R, a,b € I" (n > 2) and

() ar < <ap<b, < - <bi,ar+b < <ap+by;

(i) f(t)>0,f'(t)>0,f"(t) >0, f"(t) <0foranyt € I,
then

(1.5)

f(A@) _ funla)
FAG) ~ funl®)

1
<...<f1’"(a —
- - fl,n(b

The inequalities are reversed fgf'(¢) < 0, f”(t) > 0, Vt € I. The equality
signs holdifand only ifi; = --- = a,, andb; = --- = b,,.

In Section3, several interesting results of Ky Fan shall be deduced. In Settion
the matrix variant of 1.5) will be established.
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2. Proof of Theoreml1l.1

LemmaZ2.1l.Letf : I — R be afunction whose second derivative existsard/",

a€,={aeR} a1+ -+, =1}

Writing
1
S(avz) 1= o 30 flons, + -+ anti,)
fin
where), ., denotes summation over all permutationd 0f2, . .., n},
S, a)
Fla):=1 bel"
(@) =tog |55 aver

n
wi(x) == g, + qomy, + g T,

Jj=3
n

v (x) 1= a1, + 0oxy, + E T, 4= (1,0, ., 0n).
Jj=3

Then there exis{;(a) betweenu;(a) andv;(a), and &;(b) betweenu;(b) and v;(b)
such that

(21) (Oél — 042) <% — %)
_ 1 f(&i(a)(ui(a) —vi(a))* " (&(b))(ui(b) — vi(b))?
Tl Z Z [ S(a, a) - S(a, b) ’

i3+t 1<01 <2<

where) ., denotes the summation over all permutation§IloR, . . ., n}\ {4, i}
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Proof. Note the following identities:

x) :% Y. D, flawwy 4+ anm,)

" igein 1<iy#ia<n

=Y S [l + )

030 1<i1<i2<n

SO )+ 0)] = el ) + S(00)] = 1) = £ @], — 1)

! 2 8061 8042

= % S ) - )l - as)(ey —a2,)

13-1p 1<01<2<n

(2.2) =~ Z > "(09)] (us — 7).

131 1< <22<n

By F(«) = log S(a, a) — log S(«, b) and(2.2), we have
oF  OF
e (32

Ja;  Oay
- (o st [ 5 250
(S, )" [8553{ oo b)} }
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1 "(ug(a)) — f(vi(a)|u;(a) — vi(a
Ly v {[f(()) f'(wi(a))][ui(a) — vi(a)]

nl igevin 1<i1 <ia<n S(a, a)
(b)) — f7(wi(b))] i (b) — vi(b)]}
S(a, b)
1 f"(&ia)[ui(a) —vi(@)]*  f"(&(b))[wi(b) — vi(D)]?
_EZ Z { S(a,a) B S(a, b) }

" igein 1<i1<i2<n
Here we used the Mean Value Theorem fot). This completes the proof. [

Lemma 2.2. Under the hypotheses of Theorém, ' is a Schur-convex function or
a Schur-concave function dn,, whereF' is defined by Lemma 1.

Proof. It is easy to see thd?, is a symmetric convex set arfd is a differentiable
symmetric function ori2,,. To prove thatF' is a Schur-convex function dn,,, it is
enough from @, p .57] to prove that

oF  OF

. - g s 0,
(2 3) (a1 052) (aal aa2) = 0, Va € n

To prove(2.3), itis enough from Lemma.1to prove

f'(&ia))[ui(a) —vi(@)* _ f(&(0))[ui(b) — vi(b)]*
S(o, a) - S(a,b) '

(2.4)

Using the given conditions; < --- < a, <b, <--- <by, f(t) >0andf'(t) >0
we obtain that;; < b, (j = 1,2,...,n) and the inequalities:

1 1
(2.5) > > 0.

S(a,a) — S(a,b)
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By the given condition (i) of Theorem.1andl < i; < i, < n, we have

Ay — Ajy 2 bil _big Z 0

and

(2.6) (@) — vi(@))? = [u,(b) — v, () > 0.

From(2.5) and(2.6), we get

2.7) [ui(g(; Z;G)P

Note thata, b € I", u;(a), v;(a), u;(b), v;(b) € I, and
min{u;(a), vi(a)} < &i(a)

It follows that

(2.8) &ia) < &(b)

If f”(t) >0, f"(t) < 0foranyt € I, from these and2.8) we get

< max{u;(a),v;(a)}
< min{u;(b), v;(b) }
< &(b)

< max{u;(b), v;(b)}.

(&(a),&() € 1).

(2.9) f(&(a)) = f(&(b)) > 0.

Combining with (2.7) and (2.9), we have proven that’(1) holds, henceF' is a

Schur-convex function of,,.
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Similarly, if f”(t) < 0, f"(t) > 0 for anyt € I, we obtain
(2.10) —["(&(a)) = = f"(&(b)) > 0.

Combining with(2.7) and(2.10), we know that the inequalities are reversedin)
and(2.3). Therefore,F' is a Schur-concave function @n,. This ends the proof of
Lemma?2.2. [

Remarkl. Whena; # as, thereis equality ii2.3) if a; = --- = a, andb; = - -+ =
b,. In fact, there is equality if2.3) if and only if there is equality in2.5), (2.8),
(2.9) and the first inequality i2.6) or all the equality signs hold if2.6). For the

firstcase, byi; <---<a, <b,<---<b,wegeta; =+ =a,,by = =b,.
For the second case, we haye — a;,, = 0 = b;;, — b;,. Sincel <i; < i, < nand
i1,1o are arbitrary, we get; = --- = a,, by = --- = b,. Clearly, ifa; = --- = a,,
by = --- = by, then(2.3) reduces to an equality.

Proof of Theoreni.1. First we note that if

a=ap:= |k k70,000,

we obtain that
S(aw, ) = fin(x)
and

(2.11) F(ay) = log J}’ZZEZ?

By LemmaZ2.2, we observe that’(«) is a Schur-convex(concave) function 0.

Usingag1 < ag for ag, agy1 € Q,, and the definition of Schur-convex(concave)
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functions, we haveg]

(2.12) Flags) < (>)F(ag), k=1,...,n—1.

It follows from (2.11) and(2.12) that(1.5) holds. Sincey,.; # ax, combining this
fact with Remarkl, we observe that the equality signs hold(in5) if and only if
ay = -+ = ay, by =--- =b,. This completes the proof of Theorell. O
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3. Corollary of Theorem 1.1
Corollary3.1. Let0 <7 < 1,5 >1,0<a; <27V by = (1—a))'/*,i=1,...,n,
f(t) =t",t € (0,1). Then the inequalities ifil.5) are reversed.

Proof. Without loss of generality, we can assume that a; < --- < a,. By
by = (1—a) and0 < a; <27V° (i = 1,...,n), we have

O<ay <+ <a, <27 <, < <by < L.

Now we takeg(t) = t + (1 — )50 < t < 27V%), sog'(t) = 1 — (1 —
t5)(I/)=1s=1 > 0, i.e., ¢ is an increasing function. Thus

a1+b1§"'§an+bn‘

It is easy to see that(t) =" > 0, f'(t) = rt"' > 0, f"(t) = r(r — )t" 2 <0,
() =r(r—1)(r—2)t"* > 0 foranyt € (0,1). By Theoreml.1, Corollary3.1
can be deduced. This completes the proof. O

Corollary 3.2. Leta € (0,1/2]™. Writing

mgﬂmﬁz< I1 f&ii;ﬂﬁ)®’

1<ip < <ip<n

we have
Ale)  [AG;d]un
A(l —a) a [AG; 1 — a]nn
Z L. 2 [AG7 a]k—i—l,n 2 [AG, a]km
[AG7 - a]k+1,n [AG, 1-— a]k,n
(3.1) [AG;ali,,  G(a)

> . > — .
- - [AG;1 —a)1, G(1—a)
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Equalities hold throughout if and only if; = --- = a
[7, 10, 11])

Proof. We choose = 1 in Corollary3.1. Raising each term to the powerbfr and
lettingr — 0in (1.5), (3.1) can be deduced. This ends the proof. O

Corollary 3.3. Let f : I — R be such thatf(¢t) > 0, f'(t) > 0, f"(¢t) > 0,
f"(t) < 0foranyt € I. Let® : I, — I be increasing andV : I, — I be
decreasing, and suppose thiat+- U is increasing andup @ < inf . Then

(10l fy @), (@)
f(|[0|—1f10\11dt) f[o f(0)d

(Compare(3.1) with

(3.2)

where|l,| is the length of the interval,. The inequality is reversed fgt’(¢) < 0,
f"(t) > 0,vt € I.

In fact, since(3.2) is an integral version of the mequahﬁ«“‘— < there-
fore (3.2) holds by Theorem. 1.

According to Theorem..1, (1.5) implies inequalitieg1.1), (1.2) and(3.1), and
the implication(3.1) to (1.4) is obvious. Consequently, Theoreinl is a gener-
alization of Jensen’s inequality . 1), P&aric-Svrtan’s inequalitie$!.2) and Fan’s

inequality (1.4). Note that Theorem.1 contains a great number of inequalities as

special cases. To save space we omit the details.
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4. A Matrix Variant

Let A = (a;j)nxn(n > 2) be a Hermite matrix of ordet. Thentr A = > | a;
is the trace ofA. As is well-known, there exists a unitary matfixsuch thatd =
U diag(A1,...,\,)U*, whereU* is the transpose conjugate matrix @fand the
components ok = (\q, ..., \,) are the eigenvalues &f. Thustr A = A\;+-- -+ \,,.
Let A € I™. Then, forf : I — R, we definef(A) := U diag(f(A1),..., f(A\))U*
(see P]). Note thatdiag(\,...,A,) = UAU. Based on the above, we may use
the following symbols: If, forA, we keep the elements on the cross points of the
i1, ...,i,throws and the,, . . . i th columns; replacing the other elements by nulls,
then we denote this new matrix by, .., . Clearly, we haver[U*AU|;,..., = \;, +

.-+ ;.. Thus we also define that

Fen(A) = é Z f (Ail + k +Aik)
1

1<in < <ig<n
(k:) 1<ip < <ig<n K

In particular, we have

Rald) = 320 = Sl 4
Jun(A) = f (W) =f (%trA) ;

o Zf (“:_ L ) Vs (—E':f;A) ,
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whereF is a unit matrix. In fact, from

o <E’-1;1FA—A)U:diag<1:1r/1—)\1"”7ter—)\n)7

n—1

E - trA— A trdA — \;
W(—f:fa—gy<7?r)
Based on the above facts and Theorker we observe the following.

Theorem 4.1. Let I be an interval and let\, . € I". Suppose the components of
A, are the eigenvalues of Hermitian matricdsand B. If

(i) the functionf : I — R satisfiesf(¢) > 0, f'(t) > 0, f"(t) > 0, f(t) < 0 for
anyt € I, and we have

we get

f(Gtrd) _ o (55EE0) ferran(A) _ fen(4) trf (A)
FQuB) = wf (BeEEY =S50 (B S B S S wi(B)
The inequalities are reversed fgf' (1) < 0, f(t) > 0, vt € I. Equalities hold

throughoutifand only i, = --- = X, andpu; = - - = p,.
Remark2. If T = (0,1/2],0 < A\ < --- < )\, < 1/2, B = E — A, then the
precondition (i) of Theorem.1can be satisfied.

Remark3. LemmaZ2.2 possesses a general and meaningful result that should be an
important theorem. Theorefnlis only an application of Lemma 2.

Remarkd. If f(t) < 0, f’(t) < 0 for anyt € I, then we can apply Theorefnlto
_f.

Remarkb. In [12, 13], several applications on Jensen’s inequalities are displayed.
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