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ABSTRACT. By introducing some parameters and thieinction and improving the weight func-
tion, we obtain a generalization of Hilbert’s integral inequality with the best constant factor. As
its applications, we build its equivalent form and some particular results.
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1. INTRODUCTION

If p > 1, .+ . = 1, f,g are non-negative functions such tilat [ f?(t)dt < oo and
0 < fy7 g%(t)dt < oo, then we have

(1.1) /OOO /OOO %g;y)da:dy< Sin%) {/0“ fp(t)dt}i {/:qu(t)dt};;

o] [ee] p p oo
(1.2) / { /() dx] dy < Lﬂ / fP(t)dt,
0 o Tty sin(%) | Jo
where the constant factoglsn(’;w and [Sm(’fwr are the best possible (see [1]). Inequality

(1.7) is well known as Hardy-Hilbert's integral inequality, which is important in analysis and
applications (seé [2]). Inequality (1.1) is equivalenfto](1.2).
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2 DONGMEI XIN

In 2002, Yang([3] gave some generalizations[of](1.1) (1.2) by introducing a parameter
A >0 as:

(1.3) / / x”y H@)9W) 4o g,
- {o-D(1-X) o dt} {/ @D jagy dt} ;
o Pl { (1)

(1.4) /Oooy“ UOOO xff?yxd“’]pd“ [)\siZ( ) p

! are the best possible. Inequali1.3) is

where the constant factops— and

B(7 ) [Asin?_w/m]
equivalent to[(1.}4).
When\ = 1, both [1.3) and[(1]4) change {o ([L..1) ahd(1.2). Yang [4] gave another general-
ization of [1.]) by introducing a parameteand a5 function.
In 2004, by introducing some parameters and estimating the weight function, Yang [5] gave
some extensions df (1.1) arid (1.2) with the best constant factors as:

(-5) // x’\-i-y

[e'e) A [e's] f(x) p T P/oo 2
1.6 s 1 dr| d pL=7)=1 ¢p
we [ v V P } y<[xsm<$>1 , T
where the constant factops— and

S/ [Asm( /T)] are the best possible. Inequali1.5) is
equivalent to[(1]6). Recently,|[6] (7,8, 9] considered some multiple extensidnsJof

Under the same conditions with (IL.1), we still have (sée [1, Th. 342]):

(1.7) /0‘” /Ooo In (fz f_‘"<z)g(y)dxdy< [#(E)r{/o‘” fp(t)dt}i {/Omgq(t)dt};;

p

(1.8) /000 de dy < [smﬁl / F2(1)

P

=

<

2p ) . .
79 Sm—ﬁ/p)] are the best possible. Inequahl.?) IS

equivalent to[(1]8). In recent years, by introducing a parametéuang [10] gave an new
extension of[(1]7).

where the constant facto{s—} and [
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In 2003, by introducing a parametgr> 0 and the weight function, Yang [11] gave another
generalisation of (I]7) and the extended equivalent form as:

Gﬁ)émlmm€kijmm

(1.10) /ooyxl de dy < [)\s'z(ﬂ)]%/wt(pl)(lpr(t)dt’
0 gy 0

xA_yA

RS

2 2
where the constant facto{m} and [m] ' are the best possible. Inequali1.9)
is equivalent to[(1.70).
In this paper, by using the function and obtaining the expression of the weight function, we
give a new extension of (J.7) with some parameter§ as (1.5). As applications, we also consider
the equivalent form and some other particular results.

2. SOME LEMMAS

Lemma2.1.1fp>1, 4+ =1,7> 1, ;+; =1, > 0, define the weight functiam (s, p, z)
as

= (2) Lo-n0-d
(2.1) arlspa) = [ Ty, e (000)
0 Yy Y s
Then we have
2
2.2 gD T |
( ) W)\<3,p,$) T /\sm(%)

Proof. For fixedz, settingu = (%)A in the integral ) and by [1] (seel[1, Th. 342 Remark]),
we have

1 [ Inu ge-DA=2)
2.3 == : 7l
( ) w)\(S,p, l‘) A2 /(; SL’)‘(U . 1) (U%ﬂf)lfé Tur U
1 121 > Inu _1
:ﬁxp( ") /0 1Y rdu
™ 2 A
- p(1-2)-1
{Asﬂ(%)} !
Hence,[(2.R) is valid and the lemma is proved. O
Note. By (2.3), we still have
o In <§> 2la-1(1-2)
(2.4) w)\(ra%y) = /0 > — y)\ ) yl_% dx
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3. MAIN RESULTS AND APPLICATIONS

Theorem 3.1.1fp > 1, . + - = 1,7 > 1,1+ 1 = 1,A > 0, f,g > 0 such that0 <
I 2?71 2 (2)dz < oo, and0 < I 291=9"1g4(z)dz < oo, then we have

o /Ooo /Ooo In (iz f_"(zzg(y)dxdy

2 g S ;
<] Uy e e

where the constant fact({rm#

2
r)} is the best possible. In particular,

(@) forr = s = 2, we have
co roo In <§> f(@)g(y)
(3.2) /0 /o pE— dzxdy
T 2

<Gl ([
(b) for A = 1, we have

03 /Ooo /Ooo In (iz Ji (:;)g(y) dody

fuia ([ o ([ o)

Proof. By Holder’s inequality and Lemnja 2.1, we have

(3.4) /O * /0 > n %2 ’: (=)g(y) dady

y)\

1
0o oo 1H<£> g $(1—%)/q 111(&) (1-2)/p
:/ / — f() L T e) ¢ dedy
o Jo -y

. y(1=2)/p A — gy 21-2)/a

=

Q=

00 ooln<§) x(p—l)(l—%)d b
< .

) oo In (g) y(q_1)(1_§)
X : s—dz | ¢'(y)dy
0 0 (1_7)

e
: {/OOO e x)fp(x)dx}; {/ooo ”A(’”’%y)g"(y)dy};
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If (8.4) takes the form of equality, then there exist constah#nd B, such that they are not all
zero and (see [12])

In (£> (p-1)(1-2) In (£> (¢-1)(1-2)
AAyA'$ X fP(I)IBAyA'y
=y Yyt =y '
a.e. in (0,00) x (0, 00).

9*(v),

s>

We find thatAz - 27021 f7(z) = By - y?1=9)71g1(y), a.e. in(0, 00) x (0, 00). Hence there
exists a constant, such that

Az - a:p(l_%)_lfp(:v) =C=DBy- yqu_%)_lgq(yL a.e. in (0, c0).

Without loss of generality, supposé # 0, we may getz?(1=2)~1 f7(z) = C/(Az), a.e. in
(0, 00), which contradicts) < [ 2?(1=2)=1 f7(z)dx < co. Hence ) takes strict inequality
as follows:

. /Ooo /Ooo In <i2 J:(:;ig(y)dxdy
< { / " wn(sp, W(x)dx}é { / " wn(r 0, )6y >dy};.

In view of (2.2) and[(Z.#4), we havg (3
2
If the constant facto{ in ) is not the best possible, then there exists a positive

Asin(w/r) :|

2
[W} ) and anz > 0. We have

o /:o /Ooo In (I) Ji(gg(y)dwdy
< K{/OO xp(li)lfp(x)dx}; {/OO z10-2)-1 gl(x )dx}l.

Fore > 0 small enough(e < 2) and0 < b < a, settingf. andg. as:
fe(x) = g(x) =0, x€(0,b);

e A _1_E4A
fazx_l_;+ra ge =T ! Z+Sa .Z'E[b,OO),

constantk’ (With K <

then we find
—1—c42 —1-=4

3.7) /aoo /boo In (il/j\f{x;/\ ga(y)d:cdy _ /aoo /boo In (%) x x/\f’_ g’/\ (Y dedy.

In (3.7), forb — 0%, by (3.8), we have

00 ln fz—: )9:(y)
1 | K
\2q° / unul R = E/ / ” dzdy < < P
. u—

Fore™ — 0, by [1] (seel[1, Th. 342 Remark]), it follows th%ﬁ] < K, which contra-

Qo
@[>

Asin(w/r)

2
dicts the fact that< < [L} . Hence the constant fact&éA n(m) |n .) is the best
possible. The theorem is proved.
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Theorem 32.1f p > 1, 1+ 1 =1, 7> 1,1+ 1 = 1,1 >0, f > 0such thatd <
2 ap0==1 fp(2)dx < oo, then we have

(3.8) /OOO y%’l [/000 Mdm] dy <

x)\_y)\

2p [ee)
—.ﬂ-(z)] /0 xp(k%)ilfp(m)dma

2p
where the constanﬁm} is the best possible. Inequali.8) is equivalen (3.1). In
particular,

(@) for r = s = 2, we have

. p
(3.9 /000 y%_l [/000 Mdm] dy < (;)2]3 /000 xp(l_%)_lfp(ac)dx,

(b) for A = 1, we have

(3.10) /Oooy?i—l [/Ooo wc&] dy < Lin%)rp /OOO o2 P (x)d

Proof. Setting a real functiog(y) as

gly) =y~ [/OOOMCZ%] , Y €(0,00),

then by [3.1), we find

(3.11) {jﬁajyﬂl—?**gqqndy]p

2p o] o] p—1
<[] L 7o [ ooy

Hence we obtain

0o 2p  poo
12 a(1-3)-1 ,q < m / p(1—2)—1 rp -
(3.12) 0<A U gy < [t [ e <o

By (3.1)), both|[(3.1]1) and (3.12) take the form of strict inequality, and we (3.8).
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On the other hand, suppose that|3.8) is valid. By Holder’s inequality, we find
= oo ln (2) f(2)g(y)
(3.13) / / S dxdy
0 0 =Yy

:/O yg_;/o‘”wdx [y—%ﬁg(y)] dy

A — >

p

0 » ooln z f(.%') ’ o] %
< /yj_l / —<Ay> —de | dy {/ yq(l‘i)‘lgq(y)dy}-
"=y
0 0 0

Then by [3.8), we havé¢ (3.1). Hen¢e (3.1) gnd](3.8) are equivalent.
2p

If the constant[m] in ) is not the best possible, by using (3.13), we may get a
contradiction that the constant factor [n (3.1) is not the best possible. Thus we complete the
proof of the theorem. OJ
Remark 3.3.

(a) Forr = ¢, s = p, Inequality 3.1) reduces tp (1.9) and (3.8) reduce§ to [1.10).

(b) Inequality [3.1L) is an extension ¢f (1.7) with paramefexs:, s).

(c) It is interesting that inequalitie§ (1.9) arjd (3.2) are different, although they have the
same parameters and possess a best constant factor.
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