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Abstract

By introducing some parameters and the /3 function and improving the weight

function, we obtain a generalization of Hilbert’

s integral inequality with the best

constant factor. As its applications, we build its equivalent form and some par-

ticular results.

2000 Mathematics Subject Classification: 26D15.

Key words: Hardy-Hilbert’s inequality, Holder's inequality, weight function, 8 func-

tion.
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fp>1,.+.=1
oo and0 < fO g(t)

(1.2) /0 [0 ;i;dx] dy < [Si

p [e.e]
s
— fP(t)dt
n<;>] |
where the constant factorsT and [Sm o7 are the best possible (sed)|

Inequality (L.1) is well known as Hardy-Hilbert’s integral inequality, which is
important in analysis and applications (s€p.[Inequality (L.1) is equivalent to
(1.2.

In 2002, Yang E] gave some generalizations 6f {) and (L.2) by introducing
a parametek > 0 as:

(1:3) / / x“ry
) Asiz@) Lo
X {/Ooot@ D= ga ()dt}l;

, [, g are non-negative functions such that. [;° f7(t)dt <
t)dt < oo, then we have

ai [ {[ o}

B =
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p o0
T
=A== £2($\dt
< [)\sin(;{)] /0 1)

where the constant faCtOFS# and [%]
D) sin(/p)
equality (L.3) is equivalent to {.4).
When\ = 1, both (L.3) and (L.4) change to{.1) and (L.2). Yang [/] gave

another generalization of (1) by introducing a parameterand a3 function.

p
are the best possible. In-

In 2004, by introducing some parameters and estimating the weight function,

Yang [5] gave some extensions df.() and (L.2) with the best constant factors
as:

(1.5) / / x“ry

< opy >~ fl=) 8
(1.6) /0 Y s [/0 x}\_i_y/\dx} dy

< T p/oo xp(l’é)’lfp(:c)dx
Asin(%) ] Jo ’
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p
where the constant factopsﬁ and [m] are the best possible. In-

equality (.5 is equivalent to 1.6). Recently, §, 7, 8, 9] considered some
multiple extensions ofl(.1).

Under the same conditions with.(), we still have (seell, Th. 342]):

wn /Ooo /Ooo In <§z f_"(:v)g(y)dxdy
[ rouf o)

(1.8) /000 wdm dy < sm£] / (1)

(m/p) | sin(/p)
equality (L.7) is equivalent to 1.8). In recent years, by introducing a parameter

A, Kuang [L(] gave an new extension of (7).
In 2003, by introducing a parameter> 0 and the weight function, Yang
[11] gave another generalisation df. {) and the extended equivalent form as:

o /Ooo /Ooo In (2 Ji(zig(y)dxdy

- 2p
where the constant facto{s—} and L} are the best possible. In-
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2 1 1

T o0 P © q
(=D 24\t / Ha D garp e b
< [mn(%)] {/ rauf’{ | IOrasE

p
= [() 7@
(1.10) Yy S dx | dy
0 e =Y
2p -
T 0o Best Generalization of
< t(P*l)(lfA)fp(t)dt Hardy-Hilbert's Inequality With
A sin(%) 0 ’ Multi-Parameters
9 9 Dongmei Xin
P .
where the constant factor{m} and [m] are the best possible.

Inequality (L.9) is equivalent to 1.10). Title Page

In this paper, by using thg function and obtaining the expression of the
weight function, we give a new extension df.]) with some parameters as
(1.5. As applications, we also consider the equivalent form and some other <44 >
particular results. < >
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Lemma2.1.1fp>1, -+ . =17>1 ;41 =1\ >0, define the weight

functionw, (s, p, =) as

o In (5) 2(P—1(1-2)
IA — yA . ylfé

(2.1) wa(s,p,x) = /0 dy, x € (0,00).

Then we have

2
_ p(1-2)-1 T
(22) u))\(S,p7ZE) x [)\Slﬂ(%)} :

Proof. For fixedz, settingu = (%)A in the integral 2.1) and by [|] (see [L, Th.

342 Remark]), we have

1 [ Inu  ze-D0-2)

2.3 == :

@3)  wlspa) )\2/0 Mu—1) (uig)i=?

— ixp(l_%)_l /OO In urdu
0o u—1

2
— m p(1-2)—1
{Asm(g)} v '

1
ruxtdu

Hence, £.2) is valid and the lemma is proved. O
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Note. By (2.3), we still have

o In (g) 2la-1)(1-2)
(2.4) on(ry ) = / -
0
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Theorem3.1.1fp> 1,1 +1=1,7>1, 1+, =1,A>0, f,g > 0such that

0< [5° 2?11 P () d < oo, and0 < I 210="1g4(z)dx < oo, then we
have

o /Ooo /Ooo In (iz f_"(zzg(y)dxdy

2 0o 1 Best Generalization of
m Ay P Hardy-Hilbert’s Inequality With
< {)\Sin(ﬂ)} {/ a?1=7) 1fp(x)dx} Multi-Parameters
r 0
00 1 Dongmei Xin
X {/ a:qu_é)_lgq(x)dx} ,
0
Title Page
2 - - - g

where the constant fact({rmn%} is the best possible. In particular, Contents
(a) for r = s = 2, we have 4 dd
< | 2

= oo ln (2) f(2)g(y)
(3.2) / / id S S dxdy Go Back
o Jo o —2y o i Close
p -
< <§> {/ l'p(l_;\)_lfp(x)dx} Qu|t
‘ 1 Page 9 of 18
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(b) for A = 1, we have

. /Ooo /Ooo In <§Zf(x)g(y)d:cdy

Jaia ([ o ([ o

Proof. By Holder’s inequality and Lemma.1, we have

Best Generalization of

00 oo In £) T Hardy-Hilbert's Inequality With
/ / ( 4 f( )g(y) d Multi-Parameters
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(3.4)

A _ oA
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( _ % \
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- /0 /0 xr —yA ' y(lfé)/pﬂx) Title Page
) i g Contents
¢ 41 :
ln <§> y=3)/p e «“ NS
X .
x}\_y}\ I(l—%)/qg(y) x y 4 }
\ - y,
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] {/OOO e x)f”(x)dx}; {/ooo wA(r g, y)gq(y)dy}; .

If (3.4) takes the form of equality, then there exist constah#sd B, such that
they are not all zero and (se&’])

In (5) (p—1)(1-2) In <£> (e-1)(1-2
v) % () — v) Y '
Al‘)‘—y’\ yl_% f (‘T) _Bx)‘—y)‘ J}l_% g (y),
a.e. in (0,00) x (0, 00).
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Hardy-Hilbert's Inequality With
Multi-Parameters
We find thatAz - 22(0—2) =1 f7(2) = By-y?1=)"1g4(y), a.e. in(0, 00) x (0, 00)
Hence there exists a constantsuch that

Dongmei Xin

Ax - xp(l’%)’lfp(av) =C=By- yq(lfé)’lgq(y), a.e. in (0, 00).

Title Page
N Contents
Without loss of generality, supposé # 0, we may getz?!~7)~1 fP(x)
C/(Az), a.e. in(0,00), which contradictd) < [ 2?1~ f7(z)dz < oo S R
Hence 8.4) takes strict inequality as follows: < >
Go Back
= oo ln (2) f(2)g(y)
(3.5) / / S dxdy Close
o Jo ==Yy _
- - 1 Quit
[ oo { [Toeansmal. e—PE
0 0
In view of (2.2) and @.4), we have 8.1).
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If the constant facto{

. /aoo /Ooo In (iz Ji(f;ig(y)dxdy
<K {/Oo xpﬂ—i)—lfp(x)dx}

3=

2
m} in (3.1) is not the best possible, then there

2
exists a positive constaiif (With K < [m} ) and anz > 0. We have

)

Fore > 0 small enough{s < 2) and0 < b < q, settingf. andg. as:

fe(x) = g=(x) = 0,z € (0,b);

fo=a R go=aTE we (b o),
then we find
s pooln () f() - g-(y)
(3.7) / / — dzxdy
a b e —
]_n p i\ . y_l_é—"_%
/ / dxdy.
-y
In (3.7), forb — 07", by (3.6), we have
oo ln (y)
1 Inu Si4loe K
X dy = < .
)\Qaf/o u—l Ndu = 5/ / dzdy < e
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2
Foret — 0, by [1] (see [, Th. 342 Remark]), it follows thaﬁm} < K,

2
which contradicts the fact that < [L} . Hence the constant factor

Asin(w/r)

2
[m} in (3.1 is the best possible. The theorem is proved. O

Theorem 3.2.1fp > 1, -+ . =1, >1, 1 +;=1,1>0, f > 0 such that
0 < [ zP0=2)71fP(z)dx < oo, then we have

o o [rem(2) i@ 1
(3.8) /Oys1 /0 %dw dy
2p 00
<[As£(%)] ot

2p
where the constar{tm] is the best possible. Inequalitg.f) is equiva-

lentto 3.1). In particular,

(a) forr = s = 2, we have

(3.9) /Oooy’?l /Ooowd:c dy

7 — >
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(b) for A = 1, we have

(3.10) /Oooy’s’—l /Omwdx dy

r—y

Proof. Setting a real functiog(y) as

p—1
)=y ooln<§>f(x)d ;
9(y) =y - Al vur el B y € (0,00),
then by @8.1), we find
o] p
(3.11) [ ]
0
p p
o oolﬂ(—)f(x)
= /0 Y's /0 e — dx| dy

IN
>~
]
=R
—
B
=
N
iS]
—N
o\
8
8
i~
-
|
|
I
~
i
—
=
Q.
5
—
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) p—1
X {/ xq(l_i)_lgq(x)dx} .
0

(312) 0< / YD1y dy
0

2p 0
m A
< PA=2)=1 0 () d 0.
B [Asin(%)l /0 ) el <

By (3.1), both 3.11) and (.12 take the form of strict inequality, and we have
(3.9).

On the other hand, suppose thatd] is valid. By Holder’s inequality, we
find

Hence we obtain

rr In (£) f(@)g(y) o

1
(313) 0 0 rr —y?
0o ooln <£> f(l’)
- E v ERe
—/O y /0 pEa— dx [y gy)]dy
p p
o [ (2) @)
<[ [
0 0 e =Y
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Then by @3.8), we have 8.1). Hence 8.1) and (3.8) are equivalent.

2
If the constant[m] ’ in (3.8) is not the best possible, by using 13,

we may get a contradiction that the constant factoBif)(is not the best possi-
ble. Thus we complete the proof of the theorem. ]

Remark 1.

(@) For r = ¢,s = p, Inequality @.1) reduces to 1.9 and (3.8) reduces to
(1.10.

(b) Inequality @3.1) is an extension ofl( 7) with parameterg\, r, s).

(c) Itisinteresting that inequalitiesl(9) and 3.2) are different, although they
have the same parameters and possess a best constant factor.
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