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ABSTRACT. In this paper we prove a general theorem]ﬁhpg; 5|k summability, which gen-

eralizes a theorem of Ozarslan [6] bﬁ,pn; 5|k summability, under weaker conditions and by
using quasps -power increasing sequences instead of almost increasing sequences.
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1. INTRODUCTION

A positive sequenceéy,,) is said to be a quagi-power increasing sequence if there exists a
constant’ = K (3,v) > 1 such that

(1.1) KnPy, > mPy,

holds for alln > m > 1. It should be noted that every almost increasing sequence is a quasi
(-power increasing sequence for any non-negativieut the converse need not be true as can
be seen by taking the example, say= n~" for 3 > 0. So we are weakening the hypotheses
of the theorem of Ozarslanl[6], replacing an almost increasing sequence by asepmser
increasing sequence.
Let > a, be a given infinite series with partial surfis,) and let(p,) be a sequence with
po>0,p, >0forn>0andP, =>"_, p,. We define
(1.2) pe=Y Alp,  PY=>pl  (PY=p%=0i>1),
v=0 v=0
where
(a+1D)(a+2)---(a+mn)
n!

(13) A2=1, A°= , (a>-1,n=123.)
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The sequence-to-sequence transformation

(1.4) U, = Pa Zpysy

n y=0

defines the sequenc¢g) of the (N, pg) mean of the sequenc¢e, ), generated by the sequence
of coefficients(p) (seel[T]).

The series  a,, is said to be summabl{é\_f,pg k> 1,if (seel2])

It

00 pa k—1 X
(1.5) > (—2) Us — U2, ]" < oo,
n=1 Dn,
and it is said to be summabl&’, pg; 6|, k > 1 andd > 0, if (see [7])
S po ok+k—1 L
1.6 = ve — v, " < .
(10 ; (p% ) | !

In the special case when= 0, a = 0 (respectivelyp, = 1 for all values ofn) \N,pg;é
summability is the same a4V, p,,| (respectivelyC, 1; ],) summability.
Mishra and Srivastava[4] proved the following theorem|fdr1|, summability.
Later on Bor [3] generalized the theorem of Mishra and Srivasiava [ZI\]Z\?Qpn
bility.
Quite recently Ozarslan|[6] has generalized the theorem ofiBor [3] under weaker conditions.
For this, Ozarslan [6] used the concept of almost increasing sequences. A positive sequence
(b,) is said to be almost increasing if there exists a positive increasing sequgn@and two
positive constantsl and B such thatdc,, < b, < Bc, (seell1]). Obviously every increasing
sequence is an almost increasing sequence but the converse needs not be true as can be seen
from the exampleé,, = ne=1".

k

|k summa-

Theorem 1.1. Let (X,,) be an almost increasing sequence and the sequepggésand (\,)
such that the conditions

(1.7) |[ANL| < pus
(1.8) pn — 0 asn — oo,
(1.9) IAn| Xn=0(1), asn — oo,
(1.10) > n|Ap,| X, < oo
n=1

are satisfied. Ifp,) is a sequence such that the condition
(1.11) P,=0 (np,), asn— oo,
is satisfied and

m P 0k—1 3
1.12 —= spl” =0 (X,,), asm — oo,
(1.12) S () sl =0
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00 ok—1 ok
o R

n=v+1

then the seriey” a, A, is summableN, p, ; §

kforkZlandO§5<%.

2. MAIN RESULT

The aim of this paper is to generalize Theofen) 1.1 forpS; 6|, summability under weaker
conditions by using quagi-power increasing sequences instead of almost increasing sequences.
Now, we will prove the following theorem.

Theorem 2.1.Let (X,,) be a quasi3-power increasing sequence for some: 5 < 1 and the
sequencegp,,) and(),,) such that the condition§ (1.7) |- (1]10) of Theofen) 1.1 are satisfied. If
(p%) is a sequence such that

(2.1) PY* =0 (npy), asn— oo,

is satisfied and
m po ok—1
2.2) S () sl =00, asm- o

2

n=1

00 po 0k—1 1 pa ok 1
2.3) (_) L _o (_) LN
nE;;1 p% F%—l pg [ﬁx

then the serie§ " a,, A, is summableN, p2; 6|, for k> 1and0 <4 < 1.

Remark 1. It may be noted that, if we takgX,,) as an almost increasing sequence and 0
in Theoren| 2.1, then we get Theorém|1.1. In this case, condifions (2.1) and (2.2) reduce to

conditions [(1.1]1) and (1.12) respectively and conditjon| (2.3) reducés tq (1.13). If additionally
d = 0, relation [2.B) reduces to

—  Dn 1
2.4 — —
( ) P%f%—l C)(:PL) ’

n=v+1

which always holds.
We need the following lemma for the proof of our theorem.

Lemma 2.2([5]). Under the conditions of\lX,,), (3,) and(\,,) as taken in the statement of the
theorem, the following conditions hold

(2.5) nppX, =0 (1), asn — oo,
(2.6) anXn < 00.
n=1

Proof of Theorerfi 2]1Let (7%) be the(V, p%) mean of the serie}. a,\,. Then by definition,
we have

n

1 — z 1
T = — o whe = 5= P* — P* Da,\,.

nopy=0
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Then, forn > 1, we get

Tg - Tn—l PaPa Z 1aV v

Applying Abel’s transformation, we have

(67

T Tglzpapa ZA PN, j;"s/\n

_P;;%_l Vngs,,AVJr nga ZP% AN, + 2o P $nAn

:T’V(L)il—{_T;LX,Q_‘_TTLa?)? Say

Since
[T+ Tt + T <3k<‘ |+ 1Tl + |7 3})

to complete the proof of Theorgm P.1, it is sufficient to show that

OO a\ Ok+k—1
> (P—Z) T, < o0, forw=1,2,3.
n=1

Pn

Now, whenk > 1, applying Holder’s inequality with indicek and %/, Where% + ki =1, and

using|\,| = O (X%L) =0 (1), by ), we have

m+1 P€)6k+k 1 m+1 (P7?>6k+k1
S () mr=x (5

Dn Dn

m+1 Pa ok—1 n—1 n—1 k—1
<Z( ) o |5, w( Zs)

R e
Popa ; JSEIY

v=1
m+1 0k—1
P 1
me AL Z( 5 ()
n=v+1 pn P”_l
m ok
o 1
DN C
0wy
v=1

pa o1 )
Bl

Sk—1
k
;) 5.5 )

m

o)

1

pa 961
(p") e
v=1 <
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ZAwi( ) e+ O (1) \Z(];)II

m—1
= 0() S AN| X, + O (1) [A| Xom

v=

,_.

m—1
=0(1) ) pXy +01) M| Xy
v=1

=0(1), asm — oo,

by virtue of the hypotheses of Theor.l and Le 2.2. $ipce- O (Xi) =0(1), by
1.1

(2.9), using the fact than\\,,| < p, by (1.7) andP> = O (np) by (2.1) and after applying the
Holder’s inequality again, we obtain

Wi‘f(ﬁ)ék-f—k 1| ’

n=2 Py
m+1 pe Sk—1 = k
<Z ( ) (Pa ) {ZPVOC|A/\V||3V|}
n—1 v=1
m+1 Sk—1 n—1 n—1 k—1
P 1 o L i 1 o
<5 ( O S} {5l
-1 n—1 v=1

m—+1 a\ 0k—1
- Zps sl 3 ()

n=v+1 Py

m Pa ok—1
—omY () s

v=1 pl/

m—1 v pe 0k—1 Sk—1
=0(1)) Avp,) Z (p—:) su|" +0 (1 mpmz ( ) |5, |"

S
=0 (1) Y 1A (vp,)| X, + 0 (1) mpu X

71:1—11 m—1
= O( ) |ApU‘X +O Zpu+1Xl/+1 +O( )mmem

v=1 v=1

=0(1), asm — oo,

by the virtue of the hypotheses of Theorem| 2.1 and Lemma 2.2. Finally, using the fact that
Py =0 (np), by (2.3) asinl;;,, we have

S(E) il o X (H)

=0(1), asm — oc.
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Therefore, we get

%) po 6k+k—1 L

Z(—") e, =0(), asm— oo, forw=1,23.

P ’

n=1

This completes the proof of Theor¢m[2.1. O
If we takep, = 1 anda = 0 for all values ofn in Theoreni 2.[1, then we obtain a result
concerning the¢C, 1, §|, summability.
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