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In this paper we obtain the Hyers-Ulam-Rassias stability for the functional equation

] 2 @tk ) = f@) + ). myed,

keEK

where K is a finite cyclic transformation group of the abelian grddp, +), acting by
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1. Introduction

In the book,A Collection of Mathematical Probleni82], S.M. Ulam posed the
guestion of the stability of the Cauchy functional equation. Ulam asked: if we re-
place a given functional equation by a functional inequality, when can we assert that
the solutions of the inequality lie near to the solutions of the strict equation?
Originally, he had proposed the following more specific question during a lecture Hyers-Ulam-Rassias

given before the University of Wisconsin's Mathematics Club in 1940. T

and E. Elgorachi

Given a group,, a metric group@-, d), a numbee > 0 and a mapping
f : Gi — G4 which satisfies the inequality( f (zy), f(z) f(y)) < e for
all z,y € G, does there exist an homomorphigm G; — G, and a
constant: > 0, depending only oid-; andG, such thatd(f(z), h(z)) <
ke forall x in G, ?

vol. 8, iss. 3, art. 89, 2007

Title Page

. . . . . Contents
A partial and significant affirmative answer was given by D.H. Hy8fauphder

the condition thatz; and(, are Banach spaces. <4 >
In 1978, Th. M. RassiadlB] provided a generalization of Hyers'’s stability theo-

rem which allows the Cauchy difference to be unbounded, as follows: ¢ ¢
Theorem 1.1.Letf : V — X be a mapping between Banach spaces ang letl Page 3 of 25
be fixed. Iff satisfies the inequality Go Back
1z +y) = flz) = F)ll < Ol ]” + [lylI”) Full Screen
for somed) > 0 and forallz,y € V (z,y € V' \ {0} if p < 0), then there exists a .

unique additive mapping@ : V' — X such that
20
1f(x) =T ()] <

2—2]
forallz € V (z € V\ {0} if p < 0).
If, in addition, f(tx) is continuous irt for each fixedr, thenT' is linear.
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During the 27th International Symposium on functional equations, Th. M. Ras-
sias asked the question whether such a theorem can also be proyed-far Z.
Gajda [7] following the same approach as i&dd], gave an affirmative answer to
Rassias’ question fgs > 1. However, it was showed that a similar result for the
casep = 1 does not hold.

In 1994, P. Gavr [8] provided a generalization of the above theorem by replac-
ing the function(z,y) — 0(||z||” + ||ly||”) with a mappingys(x, y) which satisfies
the following condition:

S —-n n n n y
22 90(2 z,2 y) < 0 or 22 <2n+1’ 2n+1> < 00
n=0

for everyx, y in a Banach spackg.
Since then, a number of stability results have been obtained for functional equa-
tions of the forms

(1.1) flx+y) =g(x) + h(y), z,y €@,
and
(1.2) flx+y) + flr—y) =g(x) +hly), =,y€eq,

where( is an abelian group. In particular, for the classical equations of Cauchy and
Jensen, the quadratic and the Pexider equations, the reader can be refetfed to [
[22] for a comprehensive account of the subject.

In the papersd34] — [31], H. Stetkeer studied functional equations related to the
action by automorphisms on a groGpof a compact transformation group. Writ-
ing the action ok € K onx € GG ask - x and lettingdk denote the normalized Haar
measure ork, the functional equations.(1) and (L.2) have the form

(1.3) /K flx+k-y)dk = g(x)+ h(y), x,y € G,
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whereK = {I} andK = {I,—1}, respectively] denoting the identity.
The purpose of this paper is to investigate the Hyers-Ulam-Rassias stability of

(1.4) ﬁ S fdkey) = f@) +fy),  wyed,

keK

whereK is a finite cyclic subgroup aflut(G) (the group of automorphisms 6f),
| K| denotes the order of, andG is an abelian group.

The set up allows us to give a unified treatment of the stability of the additive
functional equation

(1.5) f@+y) =f@)+fly), 2yed,
and the quadratic functional equation
(1.6) flea+y)+ fle—y) =2f(x) +2f(y), zyel.

In particular, we want to see how the compact subgriBugnters into the solutions
formulas.

The stability problem for the quadratic equationd) was first solved by Skof
in [23]. In [4] Cholewa extended Skof’s result in the following way, whéfés an
abelian group and’ is a Banach space.

Theorem 1.2.Letn > 0 be areal number and : G — F satisfies the inequality

(L7)  |fl@+y)+ fl@—y) - 2f(2) ~2f(y)| <y forall z,yeC.

Then for every: € G the limitg(z) = lim, . Y% exists and; : G — E'is
the unique quadratic function satisfying

(18) 7(@) = q@)| < 3,

red.
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In [5] Czerwik obtained a generalization of the Skof-Chelewa result.

Theorem 1.3.Letp # 2,0 > 0,6 > 0 be real numbers. Suppose that the function
f: By — E, satisfies the inequality

1f(z+y)+ f(z—y)—2f(z) =2f ()| <5+0(]z[|”+[[y[[") forall z,ye E.

Then there exists exactly one quadratic funcgan®; — F, such that Hyers-Ulam-Rassias
Stability
_ < p M. Ait Sibaha, B. Bouikhalene
1£(@) = a@)]| < e+ ko]l T

forall z € E, if p > 0and forallz € £, \ {0} if p <0, where vol. 8, iss. 3, art. 89, 2007

o = WLk — 2 andg(z) = lim, . o £22, forp < 2.

Title Page
_ _ 2 —_ 7 f2"z)
e c=0,k= 5 andg(r) = lim, o =5, forp > 2. Contents
Recently, B. Bouikhalene, E. Elgorachiand Th. M. Rassiig 2] and [3] proved <« "

the Hyers-Ulam-Rassias stability of the functional equatibd) (with K = {I,0}
(o is an automorphism a¥ such that o o = I). < >
The results obtained in the present paper encompass results Zfand [L8]

] - A Page 6 of 25
given in Corollarie2.5and?2.6 below.

, . : Go Back
General Set-Up.Let K be a compact transformation group of an abelian topological o
group(G, +), acting by automorphisms ¢f. We letdk denote the normalized Haar Full Screen
measure ork’, and the action ok € K onz € G is denoted byt - . We assume

Close
that the functiork — £ - y is continuous for aly € G.
A continuous mapping : G — C is said to beK-quadratical if it satisfies the journal of inequalities
functional equation in pure and applied

mathematics
(1.9) / g(z + k- y)dk = q(z) +q(y), zyeG. i LTS
K
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WhenK is finite, the normalized Haar measutieon K is given by

foranyh : K — C, where| K| denotes the order dk. So equation.9) can in
this case be written

Hyers-Ulam-Rassias

1 M. Ait Sibai:bgi.néouikhalene
(110) W ];(Q(x + k - y) = Q(‘T) + Q(y)a xr,Y € G. and E. Elgorachi
€
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2. Main Results

Let o : G x G — R* be a continuous mapping which satisfies the following
condition

(2.1) Y(z,y)

S [ [ el Y ek
n=1 KJK K Z'j <’LA]'+17 ki].G{khk‘Q ..... knfl}
Y+ > (kikiy - ki) -y | dkydky ... dk, < oo,

15 <ijy1, i e{k1,k2,....kn_1}

for all p such thatl < p <n — 1, forall z,y € G (uniform convergence). In what
follows, we setp(x) = p(z, x) andy(z) = ¢ (x,z) forall z € G.
The main results of the present paper are based on the following proposition.

Proposition 2.1. Let G be an abelian group and lep : G x G — R* be a
continuous control mapping which satisfies1j. Suppose thaf : G — C is
continuous and satisfies the inequality

(2.2)

[ gk g - f(y)‘ < p(a,y)

forall z,y € G. Then, the formulg(z) = lim =) with

277. H
n—-aoo

(23)  folz) = f(z) and f.(x / faoilz +k-2)dk forall n>1,
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defines a continuous function which satisfies

(2.4) |f(z) —q(z)| < Y(x) and /Kq(x + k- x)dk = 2q(x) forall x € G.

Furthermore, the continuous functigrwith the condition £.4) is unique.

Proof. Replacingy by = in (2.2) gives

(2.5) [f1(z) = 2f(2)] = < ¢()

/Kf(m—l—k:-x)dk:—Qf(m)

and consequently

(2.6)  |falx) = 2f1(z)| =

/fl(x‘i‘klx)dk1_2/f(l'+k'1$)dk’1
K K

< [ MGt hea) =25+ ko)l
K

< / o(x + ky - x)dk;.
K
Next, we prove that

fn(x) . fn—l(l')
mn 2n—1

ST”/K/K'”/K“O v 3

ij<iji1, ki €{k1,k2,....kn—1}

2.7)

(kil k?l'Q cee kip> T dklde . dkn_l

foralln € N\ {0}. Clearly ¢.7) is true for the case = 1, since setting. = 1 in
(2.7) gives @.5). Now, assume that the induction assumption is truexferN \ {0},
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and consider

(2.8) [fui1(x) = 2/fn(2)] =

/ ol + b - )y — 2/ For(+ o - 2)dly
K K

S/ |folx 4+ Ky x) = 2f1(x + ky - x)|dky.
K

Then
(2.9) 2—;1-1-1 - on
falx tky-z)  faa(x k-2
<5 2 / on on—1 dkn

< n+1>// /90 o+ S ik -+ ki) - | dkydky . dy,

i5<ij41, ki; €{k1,k2,....kn}

so that the inductive assumptioh {) is indeed true for all positive integers. Hence,

forr > s we get
fr() _ fs()
2" 28
r—1

n=s

r—1
< 22_("+1)/K---/ch T+ Z (kiykiy -+ ki) - x| dky ... dk,,

ij<ijt1, ki; €{k1kz,.. kn}

(2.10)
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which by assumption?(1) converges to zero (uniformly) asands tend to infinity.
Thus the sequence of complex functio@é’—) is a Cauchy sequence for each fixed
x € G and then this sequence converges for each fixedG to some limit inC,
which is continuous oK. We call this limitg(x). Next, we prove that

2n

(2.11)

- 1)

Hyers-Ulam-Rassias

Stability
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< Z 24 / .. / olx+ Z (k’hkig e kip) . dkl o dklfl and E. Elgorachi
=1 K K
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ij<ijy1, kij€{k1ka, i1}

foralln € N\ {0}. We get the case of = 1 by (2.5)

Title Page

(2.12) |fi(x) —2f(x)| = / fle+k-z)dk —2f(2)| < o(z), Contents
K « 33
so the induction assumptiofi.(L]) is true forn = 1. Assume that4.11) is true for p N

n € N\ {0}. By using ¢.9), we obtain

Page 11 of 25
(213)  [fopa(z) = 2" f(2)]

Go Back
< |frr(@) = 2fn(2)] + 2| ful2) — 2" f(2)|
Full Screen
g/ ~--/<p T+ > (kikiy - kyy) - x| dkydky . dk, Close
K K

ij<iji1, ki; €{k1,k2,....kn} . ; -
journal of inequalities
in pure and applied

+2n+122l/,,_/¢ T+ Z (kikiy - ki) - x| dkidks .. . dki—q mathematics
=1 K K
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so (2.11) is true for alln € N\ {0}. By lettingn — +oc0, we obtain the first

assertion of Z.4). We now shall show that satisfies the second assertion .
By using ¢.2) we get

(2.14) / Fuo + by - 2)dky — fi(z) — fu(x)
K
Hyers-Ulam-Rassias
== / / f(l' + ]{71 - T+ k?g . (.l’ + k?l . x))dk’ldk’g Stability
KJK M. Ait Sibaha, B. Bouikhalene
and E. Elgorachi
—/ flx+ ki - x)dky — / flx+ ki - x)dky vol. 8, iss. 3, art. 89, 2007
K K
S/ / flx+ki-x+ ko (x+ k- x))dks Title Page
K |JK
Contents
—flx+k-x)— f(x+ k- x)|dky
44 >
< / o(x + ky - x)dky. < 3
K
Make the induction assumption Page 12 of 25
Go Back
(2.15) / folz + k- z)dk — 2f,(2) Full Screen
K
Close
- /K /K 4 o Z (ki ki - hiy ) - @ | k- dR, journal of inequalities
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which is true forn = 1 by (2.14). Forn + 1 we have

[ funal e 2)bss = 26,1(2)
K

/ Fulm 4o -3 (@ 4 Foe - )b ydh — 2/ £+ e - 7))

(x+kppr-x+ k- (x+kyrr-x))dk —2fp(x + kpyy - x)

/{//(

+ iy T+ S (ki ki) - (@4 kg x)) dky ... dkn}dan

i <ijt1, ki €{k1,k2,..., kn}

dkn—i—l

://90 T + Z (l{/‘“kjlzkzp)ﬂf dkl...dkn+1.
K K

15 <ij+1, ki, e{k1,k2,....kng1}

Thus @.19 is true for alln € N\ {0}. Now, in view of the conditionZ.1), ¢ satisfies
the second assertion df.¢).

To demonstrate the uniqueness of the mappisgbject to £.4), let us assume
on the contrary that there is another mappjhgG — C such that

|f(z) — ¢ ()] < () and /Kq’(x +k-x)dk =24 (x) forall z € G.
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First, we prove by induction the following relation

()

@16) 220~ (o)

< 2n/ / x4 > (kikiy ki) -2 | dky ... dk,.

ij<ijt1, ki; €{k1,k2,...kn}

Forn = 1, we have

(2.17) |f1(z) — 2¢' ()] = /Kf(x—l—k-x)dk—/Kq’(x—l—k-x)dk‘

S/Kw(:c—i-kw’)dk

SO (2.16) is true forn = 1. By using the following

(218) |fura(z) — 2771/ ()| = /K ful + k- )k — 27 /K q'<x+k-x>dk\

< [ Vot ko) = 2+ o)k
K

we get the rest of the proof by proving that

1
I n 3 kik, - ki) a | dka .. dk,
2"/K /Kw ! (ks ) i

1;<ij41, kije{kl,kz ..... kn}
converges to zero. In fact by setting
X=z+ > (kikiy - k) - @

i5<ij+1, ki €{k1,k2,... . kn}
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it follows that

1
Q_n/K/Kw T+ Z (kiskiy -+ ki) - | dby . dk,

ij<ijt1, ki; €{k1,k2,...kn}

1 <
= % /K U /K §2T /I; T /;( | X+ Z (ku kiz T kiq) - X Hyers-Ulam-Rassias

i5<iji1, kij €{knt1,knt 2, knyr—1} Sty

M. Ait Sibaha, B. Bouikhalene

and E. Elgorachi
dkpyq ... dknirq }d/ﬁ ..odky, vol. 8, iss. 3, art. 89, 2007
3 Title Page
:ZQ(’”’")/ / o|z+ > (kikiy - ki) -2 | dky ... dkpgr—s J
r=1 K K i <ijs1, iy €{ki k2, hnir 1} Contents
+o0 44 42
= > Qm/K--~/Kg0 T+ > (kiskiy - ki) -2 | dky .. dkpy. p S
m=n+1 ij<ij+1, kije{kl,kg,...,kmfl}
. . . Page 15 of 25
In view of (2.1), this converges to zero, o= ¢'. This ends the proof. O e e
Go Back
Our main result reads as follows.
Theorem 2.2. Let K be a finite cyclic subgroup of the group of automorphisms of Full Screen
the abelian grougG, +). Lety : G x G — R* be a mapping such that Close
(2.19) ¢(x,y) journal of inequalities
o K in pure and applied
_ A mathematics
=2 gry, 2 et 2 (wheeek)w
n=1 ki,...kn_1€K i <ijiu; kiy€{k1, hn—1}
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Y+ Z (k“kmklp)y < 00,

ij<iji1; kiy€{k1, hn—1}

forall =,y € G. Suppose that : G — C satisfies the inequality

(2.20) ﬁ S fla+k-y) - f(@) - f9)] < ola,y)

keK

forall =,y € G. Then, the limiy(z) = lim, ., 222, with

(2.21)  fo(z) = f(z) and f,(z) = % > faci(@+ k) forall n>1,
keK

exists for allx € G, andq : G — C is the uniquek-quadratical mapping which

satisfies

(2.22) |f(z) —q(z)] < ¢(x) forall z € G.

Proof. In this case, the induction relations corresponding’t@)(and ¢.11) can be

written as follows

(2.23) f’;(f> - f’;;(f)

K
<oy X oeler T keek)

k1,0, kn—1€K 15 <tj+1; kije{kl ..... kn—1}
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foranyn € N\ {0}.

(2.24) T f(x)
K |
Z Z 14 T Z (kzl kh o kip) - ’ Hyers-Ulam-Rassias
=1 ]Cl ..... ki_1€K 1 <ij41; kije{kl ,,,,, klfl} Stability
M. Ait Sibaha, B. Bouikhalene
for all integersn € N\ {0}. So, we can easily deduce thgt) = lim,, ., 2 and £ Elqorach!
exists for allz € G andq satisfies the inequality?(22). Now, we will show thay; is vol. 8, iss. 3, art. 89, 2007
a K-quadratical function. For alt, y € GG, we have
Title Page
(2.25) " K| Zfl (z+k-y)— filz) = fi(y) Contents
keK
<44 44
|K|Z| |Zf (z+ky)+ ke (z+ky) p ,
keK kieK
Page 17 of 25
__me+k1 ny—'—kl Go Back
k‘leK k1EK
Full Screen
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1 1
SWZ me(($+k1~x)+k’(?/+kl'y))

kieK keK

—f@tk-x) = fly+k-y)

1
SW Z‘P(iﬂ‘i‘kl'%y—i‘k’l'y)-

kieK

Make the induction assumption

1 fale+k-y)  ful@)  fuly)
(2.26) WZ o —~ —

2n 2n
ke K
1
< o iskiy -+ ki) -,

ki,eees kneK ij<ij+1; ki].E{kl,...,kn}

ij<i]'+1; kije{kl ..... k‘n}

which is true forn = 1 by (2.26). By using

|qu 3" e+ ky) = fule) = fuly)

keK

%Z%an—l(x"r‘k"y‘i‘k/'(x“r‘k‘y))

k'eK k'eK
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1
SWZ

k'eK

we get the resultA.26) for all n € N\ {0}. Now, in view of the conditionZ.19), ¢
is a K-quadratical function. This completes the proof.

Corollary 2.3. Let K be a finite cyclic subgroup of the group of automorphisms of
G, lety > 0. Suppose thaf : G — C satisfies the inequality

Y flat+k-y) -

keK

(2.27)

forall z,y € G. Then, the limig(z) = lim,, .

(2.28) folz) =

‘LZ d foa@ Kzt k- (y+ K -y)

’anlz—{'k IE ’anly+k, )

anlx—l—k: c4+k-(y+k-y))

—faa(@+ kK- 2) = fua(y + £ - y)

f(x) and f,(z) |an1x+k z) for n>1
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exists for allx € G, andq : G — C is the uniqueKk -quadratical mapping which
satisfies

(2.29) |f(z) —q(z)] < UCS{_| forall z € G.

Corollary 2.4. Let K be a finite cyclic subgroup of the group of automorphisms of

D, letd > 0 andp < 1. Suppose thaf : G — C satisfies
the inequality

(2.30) |Zf x+k-y)— fl@) = f)| < o(z|” + ylP)

keK

forall z,y € G. Then, the limig(z) = lim, ., 22, with

(2.31) folz) = f(z) and f,(x) ’an Wz +k-2) for n>1

’ keK

exists for allx € G, andq : G — C is the uniqueX-quadratical mapping which
satisfies

(2.32) [f(x) = q(=)]

p

Z |K| > 20|zt > (kikiy - k) - @

k‘l ..... kn_1€K 15<1j41; k:ijE{kl ..... k’n71}

forall x € G.

Corollary 2.5 ([18)]). Let K = {I},0 > 0 andp < 1. Suppose thaf : G — C
satisfies the inequality
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(2.33) [f(@+y) = f(z) = F)l < 0(zll” + llyll")

for all 2,y € G. Then, the limity(z) = lim,, o, 2%, with

(2.34) fo(z) = f(2"z) for n € N\ {0}

exists for allx € G, andq : G — C is the unique additive mapping which satisfies

forall z € G.

(2.35) (&) — a(w) < 2

Corollary 2.6 ([2]). LetK = {I,0}, Whereo— : G — G is an involution ofG, and
lety : G x G — [0, 00) be a mapping satisfying the condition

(2.36) ¥(z,y) = 22%1 ", 2"y)

+ (2" = Dp((2" 'z + 2" o (), 2"ty + 2" 1o (y))] < oo
forall z,y € G. Letf : G — C satisfy

(2.37) [f(z+y)+ flz+oy) —2f(2) = 2f ()] < ¢(z,y)

for all x,y € G. Then, there exists a unique solutipn G — C of the equation
(2.38) q(z+y)+a(x +o(y)) =2q(x) + 2q(y) v,y G

given by

(2.39) q(z) = lirg 272 f(2") 4+ (2" — 1) f(2" 'z + 2" o (7))}
which satisfies the inequality

(2.40) [f(z) — q(z)] < ¢(z, z)

forall z € G.

Remarkl. We can replace in Theorem?2 the condition thatk is a finite cyclic
subgroup by the condition tha&f is a compact commutative subgroupAit(G).
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