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Abstract

In the present paper, by virtue of new analysis technique, we will establish sev-
eral strong convergence theorems for the modified Ishikawa and Mann iteration
schemes with errors for a class of asymptotically demicontractive mappings in
arbitrary real normed linear spaces. Our results extend, generalize and im-
prove the corresponding results obtained by Igbokwe [1], Liu [2], Osilike [3] and

others. Strong Convergence Theorems
for Iterative Schemes with
) ) o ) Errors for Asymptotically
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Let X be a real normed linear space and Jetlenote thenormalized duality
mappingfrom X into 2X" given by

J@)={fe X" (z.f) =z’ =fI"}, zeX

whereX* denotes the dual space.&fand(:, -) denotes the generalized duality
pairing of elements betweeXi and X*.

Let F(T) denote the set of all fixed points of a mappifig Let C' be a
nonempty subset of .

A mappingT : C' — C'is said to bek-strictly asymptotically pseudocon-
tractivewith a sequencék,,} C [0,00), k, > 1 andk,, — 1 asn — o if there
existsk € [0, 1) such that

11 T - Ty <K —yl? + k(- T 2) — (y — T"y)|)?

foralln > 1andx,y € C.

The mappind is said to beasymptotically demicontractiwgith a sequence
{k,} C [1,00) andlim,, ., k, = 1if F(T) # () and there exist& € [0, 1) such
that

(1.2) 17"z = pll* < k7 lle = pl* + Ello — T"a|*

foralln > 1,2 € Candp € F(T).
The classes ok-strictly asymptotically pseudocontractive and asymptoti-

cally demicontractive mappings, as a natural extension to the class of asymptot-
ically non-expansive mappings, were first introduced in Hilbert spaces by Liu
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[5] in 1996. By using the modified Mann iterates introduced by Schio]

he established several strong convergence results concerning an iterative ap-
proximation to fixed points ok-strictly asymptotically pseudocontractive and
asymptotically demicontractive mappings in Hilbert spaces. In 1998, Osilike
[3], by virtue of normalized duality mapping, first extended the concepts of
k-strictly asymptotically pseudocontractive and asymptotically demicontractive
maps from Hilbert spaces to the much more general Banach spaces, and then
proved the corresponding convergence theorems which generalized the results

of Liu [ ] Strong Conyergence Theo_rems
A mappingT’ : C' — C' is said to bek-strictly asymptotically pseudocon- e
tractivewith a sequencék,,} C [0, o), k,, > 1 andk,, — 1 asn — o if there Demicontractive Mappings in
existk € [0,1) andj(z — y) € J(z — y) such that Ay R e o
(13) ((I—T")x (I~ Ty j(z —y)) R
1 1
> S(L=MII =Tz — (I =T"yl* = Sk = Dz — y]?
2 2 Title Page
foralln >1 a.ndx,.y e C. . . . - FES—
The mappindl” is called amasymptotically demicontractive mappingth a
sequencék,} C [0,00),lim, . k, = 1if F(T) # () and there exist € [0,1) 4 dd
andj(z — y) € J(x — y) such that < >
_ 1 n 1 Go Back
L4 (o =Tz —p) 2 51— B)llz = T = Sk = Dz - p|]
Close
foralln > 1,2 € Candp € F(T). Quit
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Furthermore " is said to beuniformly L-Lipschitzianif there is a constant
L > 1 such that

(1.5) [Tz = T"y|| < Lz -yl
forall x,y € C'andn > 1.

Remark 1.1. The definitions above may be stated in the setting of a real normed
linear space. In the case of being a Hilbert space,l(1) and (L.2) are equiv-

alentto (L.3) and (L.4), respectively.

Recall that there are two iterative schemes with errors which have been used Strong Convergence Theorems
for Iterative Schemes with

extensively by various authors. Errors for Asymptotically
Let X be a normed linear spac€,be a nonempty convex subsetXfand DI G RIS I
X X . . X K Arbitrary Real Normed Linear
T : C — C be a given mapping. Then tmeodified Ishikawa iteration scheme Spaces

{z,,} with errorsis defined by veol Je Cho, Haiyun Zhou and

T, € C Shin Min Kang
Yn = (1 - 671)1‘71 + ﬁnTn(xn> + Un, n =1, Title Page
T = (1= an)Zp + T (yp) + tn, n > 1, Contents
where{w, }, {3,} are some suitable sequence$iin] and{u,}, {v,} are two « dd
summable sequences < >
With X, C, {«,, } andzx; as above, thenodified Mann iteration schere,, }
with errorsis defined by Go Back
r,€C Close
(1.6) Quit

Tnt1 = (1 — an)zp + T (20) + up, 12> 1. Page 5 of 16
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Let X, C'andT be as in above. Léfa,}, {b.}, {c.}, {a),}, {¥,} and{c,}
be real sequencesi|io\ 1] satisfyinga,,+b,+c, = 1 = a,+b,,+c, and let{w, }
and{v,} be bounded sequences@h Define themodified Ishikawa iteration
schemegz,, } with errorsgenerated from an arbitrany € C' as follows:

Yn = Ay + 0, T () + crttn, n>1,
(1.7)
Tpi1 = abxy, + 0, Ty, + v, n > 1.

In particular, if we seb, = ¢, = 0in (1.7), we obtain the modified Mann
iteration scheméz,, } with errors given by

1 € C,
(1.8)

/ / /
Tpy1 = Ty + 0. T2, + v, n > 1.

Osilike [3] proved the following convergence theorems festrictly asymp-
totically demicontractive mappings:

Theorem 1.1.[3] Let ¢ > 1 and let £ be a realg-uniformly smooth Ba-

nach space. LeK be a nonempty closed convex and bounded subsgt of

andT : K — K be a completely continuous and unifornilylLipschitzian
asymptotically demicontractive mapping with a sequefige C [1, co) for all
n>1k, - lasn — occandd > (k,” — 1) < co. Let{a,} and{3,} be
real sequences ifi), 1] satisfying the conditions:

(i) 0 <e <o, < 3{g(1—k)(1+ L)@ 2} —eforall n > 1and for
somee > 0,
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(||) Zzozl ﬁn < 0Q.

Then the sequencl,, } defined by(1.6) with w,, = 0 andwv,, = 0 for all
n > 1 converges strongly to a fixed point’6f

Very recently, Igbokwe’] extended the above Theordnito Banach spaces.
More precisely, he proved the following results:

Theorem 1.2.[”] Let E be a real Banach space andl be a nonempty closed
convex subset ab. Let7T : K — K be a completely continuous and uni-
formly L-Lipschitzian asymptotically demicontractive mapping with a sequence
{k.} C [l,00) foralln >1,k, - 1lasn — occandd - (k2 — 1) < co. Let

the sequencéz,, } be defined by1.7) with the restrictions that

() an+b,+c,=1=a,+b, +c,
(i) > 0o b, = o0,
i) 3200, (V)? < 00, 322 ¢l < 00, 32 b, < coand Y e, < oc.

n=0"n

Then the modified Ishikawa iteratidn:,, } defined by(1.6) and (1.7) con-
verges strongly to a fixed poiptof 7.

It is our purpose in this paper to extend and improve the above Theorem
1.2 from Banach spaces to real normed linear spaces. In the case of Banach
spaces, we use the Conditioa) to replace the assumption ttiais completely
continuous.

In the sequel, we will need the following lemmas:
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Lemma 1.3. Let X be a normed linear space ar@d be a nonempty convex
subset ofX. LetT : C' — C be a uniformlyL-Lipschitzian mapping and the
sequencéz,, } be defined byl1.7). Then we have

(1.9) [Tz, — x| <[ T"2p — w0l + L(1 + LQ)HTn_lxn—l — Ty
+ L1+ L)e, yllva-1 — @n]
+ L2(1 + L)en1l[un—1 — 2|
+ Le, zny — T 'zpyll, n>1

Proof. See Igbokwe T, Lemma 1]. O

Lemma 1.4. Let X be a normed linear space and be a nonempty convex
subset ofX. LetT : C — C be a uniformlyL-Lipschitzian and asymptot-
ically demicontractive mapping with a sequende, } such thatk, > 1 and
> (k,—1) < co. Letthe sequencgr,, } be defined byl.7) with the restric-
tions

oo o0 o0 o0
Zb;:oo, Z(b;l)2<oo, Zc;<oo, ch<oo.
n=1 n=1 n=1 n=1

Then we have the following conclusions:
(i) lim, o ||z, — p|| exists for any € F(T).
(i) lim, o d(z,, F(T)) exists.

(iii) liminf, e ||z — T2,/ = 0.
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Proof. Itis very clear that1.7) is equivalent to the following:

(2.10)
Tpr1 = (1 =0)x, + 0,7y, + ¢, (v, — x,), 1> 1.

Foranyp € F(T), let M > 0 be such that

M = max{sup{||u, — p||},sup{|lv. — pl|}}.
Observe first that
(1.11) [jyn —pll < (1 = bo)l|2n — pll + b Lz, — pl| + cn(M + ||z — p|)
<A+ L)|len —pll + M
and
(1.12) 1T"Yn — 20|l < Lllyn — pll + |20 — pl|

< L[(1+ L)||@n — p|| + M] + ||z, — p||
<[+ LA+ L)][|zn — pl| + ML.

Observe also that

(1.13)  M@nsr = yall < 2 =yl + 0,17y — Il + lyn — pII]
+ cplllve = Il + llyn — pll]
< [bn(l + L)+ cn]Hxn _pH + (cn + c,n)M
+ b, (1+ L) + & J[(1 + L) ||z, — pl| + M]
< onllzn — pl| + <,
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where
opn=[bp(1+L)+c,)+[b,(1+L)+c](1+L)
and
G =MV (14 L)+ 2c, + ¢

Thus we have
(1.14) 201 — 2nll S ONT Y — 2| + (M + ||z, — pl|)

< bilan”xn _pH + Sp CIn(M + Hxn —p”)-
Using iterates1.10, we have
(1.15) ||#n1 — pII° < 2w — plllznsr — pll = b, (20 — T"Yn, j(Tns1 — D))

+ ¢ (Un — T, J (T — )|

1
< Sllen = pl* + Sllznss = pl?

N | —

- b;<xn+1 - Tnxn—l-l;j(In—l—l - p)>
+ b;<xn+1 — Tp + Tnyn - Tnxn+17j(zn+1 - P)>
+ (M A ||lzn = pl)|#ns1 = pll,

which implies that

(116) s — pl> < llan — pl> = (1 = R, fns — T
0,k = 1)lnss — plI” + 26, (s —
T 201 = Tyl s — p
+2¢,(M + [l = pl)l|nsr — pll
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Substituting (.12 — (1.14) in (1.16 and, after some calculations, we obtain
117)  lzasr = plI* < @+ 30)llzn = pII* = (1= B)b lznsr — T2 [|®

for all very largen, where the sequendey, } satisfies thad >~ v, < co. A
direct induction of {.17) leads to

(1.18) | Tns1 — p”2 < lzn — p||2 + M~, — b;zH%H-l - Tnxm-l“Q?

which implies thatim,, .. ||z, — p|| exists by Tan and Xu/}, Lemma 1] and so
this proves the claim (i). The claim (ii) follows fromi.(19).
Now, we prove the claim (iii). It follows from1(.18) that

(o]
D b lznpr = Trapa || < 00
n=1
and hence
liminf ||z,11 — T"2p11]| =0
(o]

since) b, = oo. Therefore, we havBm inf, ., ||z, — T"xz,| = 0 by (1.7)
and solim inf,, .. ||z, — T'z,|| = 0 by Lemmal.3. This completes the proof.
O

A mapping7 : C — C with a nonempty fixed point sef'(7") in C will
be said to satisfy th€ondition(A) on C' if there is a nondecreasing function
f:[0,00) — [0,00) with f(0) =0andf(r) > 0 forall r € (0, 00) such that

le = Txl| = f(d(z, F(T)))

forallz € C.
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Now we prove the main results of this paper.

Theorem 2.1. Let X be a real normed linear spacé; be a nonempty closed
convex subset ok and7 : ¢ — C be a completely continuous and uni-
formly L-Lipschitzian asymptotically demicontractive mapping with a sequence
{k,} C [1,00) such thatk, > 1and)>_° (k, — 1) < oco. Let the sequence

{z,,} be defined by1.7) with the restrictions

Strong Convergence Theorems

00 0o 0o 0o for Iterative Schemes with
2 : ;o ;2 E : / 2 : Errors for Asymptotically
bn =% Z b” < 00, Cn < 00, Cn < 00 Demicontractive Mappings in
n=1 n=1 n=1 n=1 Arbitrary Real Normed Linear
Spaces

Then{z, } converges strongly to a fixed poinbf 7. Vool 36 Cho, Haiyun Zhou and

Proof. It follows from Lemmal.4that Sl g
h}ggf |#n — Tyl = 0. Title Page
SinceT" is completely continuous, we see that there exists an infinite subse- Contents
quence{zx,, } such that{x,, } converges strongly for somec C andTp = p. <44 >»
This shows thap € F(T'). Howeverlim,, .., ||z, — p|| exists forany € F(T) < >
and so we must have that the sequefiecg} converges strongly tp. This
completes the proof. O Go Back
Theorem 2.2.Let X be a real Banach spacé€; be a nonempty closed convex Close
subset ofX and7 : C' — C' be a uniformlyL-Lipschitzian and asymptotically Quit

. . . . -
demicontractive mapping with a sequende,} C [1,00) such thatk, > 1 Page 12 of 16
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andd > (k, — 1) < co. Let the sequencér, } be defined by1.7) with the
restrictions

ibﬁl = 00, ib;ﬁ < 00, icﬁ1 < 00, icn < 0.
n=1 n=1 n=1 n=1
Suppose in addition thaf satisfies the ConditiofA), then the sequende:,, }
converges strongly to a fixed poimbf 7.
Proof. By Lemmal.4, we see that
ligicgf |z — Tx,|| = 0.
SinceT satisfies the Conditiof4), we have
h,{riiilff(d(% F(T))=0

and hence
liminf d(x,, F(T')) = 0.

By Lemmal.4 (i), we conclude thatl(z,, F'(T)) — 0 asn — oo.

Now we can take an infinite subsequenrfee,; } of {z,} and a sequence
{p;} € F(T) such that|z,, — p;|| <277. SetM = exp {>_>" | 7,} and write
nj+1 = n; + [ forsomel > 1. Then we have

(2.1) [, = Dill = (20,40 = 2]
< [+ i) ll#n, 411 —

-1 M

m=0
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It follows from (2.1) that
2M +1
[pj+1 —psll < DT
Hence{p,} is a Cauchy sequence. Assume that— p asj — oo. Then
p € F(T) sinceF(T) is closed and this in turn implies that — p asj — oc.
This completes the proof. O

Remark 2.1. We remark that, i’ : C' — C'is completely continuous, then it

must be demicompact (ct]) and, if 7" is continuous and demicompact, it must Strong Convergence Theorems

satisfy the ConditioriA) (cf. [6]). In view of this observation, our TheorePnl 55 [REE SrEliemEs vl
. . . Errors for Asymptotically
Improves Theorem.2in the fO”OWIng aspects: Demicontractive Mappings in
. Arbitrary Real Normed Linear
() X may be not a Banach space. Spaces
(i) T may be not completely continuous. Yeol Je Cho, Haiyun Zhou and
Shin Min Kang

(i) Our proof methods are simpler than those of Igbokwelheorem 2].
As corollaries of Theorem3.1and?2.2, we have the following: Title Page

Corollary 2.3. Let X be a real normed linear spac€; be a nonempty closed Contents
convex subset ok and 7 : ¢ — C be a completely continuous and uni-

formly L-Lipschitzian asymptotically demicontractive mapping with a sequence 4« dd
{k,} C [0,00) such thatk,, > 1 and)_° (k, — 1) < oo. Let the sequence < >
{z,} be defined by!1.8) with the restrictions

Go Back
(o) (o] [o¢]
2
Zb;l = 00, Zb; < 00, Zc;l < 0. Close
n=1 n=1 n=1 QUit

Then{z, } converges strongly to a fixed poinbf 7". Page 14 of 16
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Proof. By taking b,,, ¢, = 0 forn > 1 in Theorem2.1, we can obtain the
desired conclusion. O

Corollary 2.4. Let X be a real Banch spacé, be a nonempty closed convex
subset ofX andT : C' — C be a uniformlyL-Lipschitzian asymptotically
demicontractive mapping with a sequengg,} C [0,00) such thatk, > 1
and> > (k, — 1) < co. Let the sequencgr,,} be defined by1.8) with the

restrictions . . .
Zb; = 00, Zbi < 00, Zc;l < 0.
n=1 n=1 n=1
If T satisfies the ConditioiA) on the sequencézx, }, then{x,} converges
strongly to a fixed poing of 7.
Proof. It follows from Theoren®.2 by takingb,,, ¢, = 0 forall n > 1. [

Remark 2.2. Using the same methods as in Lemfnd, Theorems2.1 and
2.2, we can prove several convergence results similar to Theofeirend 2.2

concerning on the modified Ishikawa iteration schemes with errors defined by

(1.6).

Remark 2.3. Ighokwe [I, Corollary 1] has shown that, it : C' — C'is asymp-
totically pseudocontractive, then it must be uniformiipschitzian and hence
our Theorem®.1and2.2 hold for asymptotically pseudocontractive mappings
with a nonempty fixed point s€{ 7).
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