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Abstract

In the present paper, by virtue of new analysis technique, we will establish sev-
eral strong convergence theorems for the modified Ishikawa and Mann iteration
schemes with errors for a class of asymptotically demicontractive mappings in
arbitrary real normed linear spaces. Our results extend, generalize and im-
prove the corresponding results obtained by Igbokwe [1], Liu [2], Osilike [3] and
others.
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iteration schemes with errors; arbitrary linear space.
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1. Introduction
Let X be a real normed linear space and letJ denote thenormalized duality
mappingfrom X into 2X∗

given by

J(x) = {f ∈ X∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2}, x ∈ X,

whereX∗ denotes the dual space ofX and〈·, ·〉 denotes the generalized duality
pairing of elements betweenX andX∗.

Let F (T ) denote the set of all fixed points of a mappingT . Let C be a
nonempty subset ofX.

A mappingT : C → C is said to bek-strictly asymptotically pseudocon-
tractivewith a sequence{kn} ⊂ [0,∞), kn ≥ 1 andkn → 1 asn →∞ if there
existsk ∈ [0, 1) such that

(1.1) ‖T nx− T ny‖2 ≤ k2
n‖x− y‖2 + k ‖(x− T nx)− (y − T ny)‖2

for all n ≥ 1 andx, y ∈ C.
The mappingT is said to beasymptotically demicontractivewith a sequence

{kn} ⊂ [1,∞) andlimn→∞ kn = 1 if F (T ) 6= ∅ and there existsk ∈ [0, 1) such
that

(1.2) ‖T nx− p‖2 ≤ k2
n‖x− p‖2 + k‖x− T nx‖2

for all n ≥ 1, x ∈ C andp ∈ F (T ).
The classes ofk-strictly asymptotically pseudocontractive and asymptoti-

cally demicontractive mappings, as a natural extension to the class of asymptot-
ically non-expansive mappings, were first introduced in Hilbert spaces by Liu
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[5] in 1996. By using the modified Mann iterates introduced by Schu [4, 5],
he established several strong convergence results concerning an iterative ap-
proximation to fixed points ofk-strictly asymptotically pseudocontractive and
asymptotically demicontractive mappings in Hilbert spaces. In 1998, Osilike
[3], by virtue of normalized duality mapping, first extended the concepts of
k-strictly asymptotically pseudocontractive and asymptotically demicontractive
maps from Hilbert spaces to the much more general Banach spaces, and then
proved the corresponding convergence theorems which generalized the results
of Liu [2].

A mappingT : C → C is said to bek-strictly asymptotically pseudocon-
tractivewith a sequence{kn} ⊂ [0,∞), kn ≥ 1 andkn → 1 asn →∞ if there
existk ∈ [0, 1) andj(x− y) ∈ J(x− y) such that

(1.3) 〈(I − T n)x− (I − T n)y, j(x− y)〉

≥ 1

2
(1− k)‖(I − T n)x− (I − T n)y‖2 − 1

2
(k2

n − 1)‖x− y‖2

for all n ≥ 1 andx, y ∈ C.
The mappingT is called anasymptotically demicontractive mappingwith a

sequence{kn} ⊂ [0,∞), limn→∞ kn = 1 if F (T ) 6= ∅ and there existk ∈ [0, 1)
andj(x− y) ∈ J(x− y) such that

(1.4) 〈x− T nx, j(x− p)〉 ≥ 1

2
(1− k)‖x− T nx‖2 − 1

2
(k2

n − 1)‖x− p‖2

for all n ≥ 1, x ∈ C andp ∈ F (T ).
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Furthermore,T is said to beuniformlyL-Lipschitzianif there is a constant
L ≥ 1 such that

(1.5) ‖T nx− T ny‖ ≤ L‖x− y‖
for all x, y ∈ C andn ≥ 1.

Remark 1.1. The definitions above may be stated in the setting of a real normed
linear space. In the case ofX being a Hilbert space, (1.1) and (1.2) are equiv-
alent to (1.3) and (1.4), respectively.

Recall that there are two iterative schemes with errors which have been used
extensively by various authors.

Let X be a normed linear space,C be a nonempty convex subset ofX and
T : C → C be a given mapping. Then themodified Ishikawa iteration scheme
{xn} with errors is defined by

x1 ∈ C,

yn = (1− βn)xn + βnT
n(xn) + vn, n ≥ 1,

xn+1 = (1− αn)xn + αnT
n(yn) + un, n ≥ 1,

where{αn}, {βn} are some suitable sequences in[0, 1] and{un}, {vn} are two
summable sequences inX.

With X, C, {αn} andx1 as above, themodified Mann iteration scheme{xn}
with errors is defined by

(1.6)


x1 ∈ C,

xn+1 = (1− αn)xn + αnT
n(xn) + un, n ≥ 1.
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Let X, C andT be as in above. Let{an}, {bn}, {cn}, {a′n}, {b′n} and{c′n}
be real sequences in[0, 1] satisfyingan+bn+cn = 1 = a′n+b′n+c′n and let{un}
and{vn} be bounded sequences inC. Define themodified Ishikawa iteration
schemes{xn} with errorsgenerated from an arbitraryx1 ∈ C as follows:

(1.7)


yn = anxn + bnT

n(xn) + cnun, n ≥ 1,

xn+1 = a′nxn + b′nT
nyn + c′nvn, n ≥ 1.

In particular, if we setbn = cn = 0 in (1.7), we obtain the modified Mann
iteration scheme{xn} with errors given by

(1.8)


x1 ∈ C,

xn+1 = a′nxn + b′nT
nxn + c′nvn, n ≥ 1.

Osilike [3] proved the following convergence theorems fork-strictly asymp-
totically demicontractive mappings:

Theorem 1.1. [3] Let q > 1 and let E be a real q-uniformly smooth Ba-
nach space. LetK be a nonempty closed convex and bounded subset ofE
and T : K → K be a completely continuous and uniformlyL-Lipschitzian
asymptotically demicontractive mapping with a sequence{kn} ⊂ [1,∞) for all
n ≥ 1, kn → 1 asn → ∞ and

∑∞
n=1(kn

2 − 1) < ∞. Let {αn} and{βn} be
real sequences in[0, 1] satisfying the conditions:

(i) 0 < ε ≤ cqαn
q−1 ≤ 1

2
{q(1 − k)(1 + L)−(q−2)} − ε for all n ≥ 1 and for

someε > 0,
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(ii)
∑∞

n=1 βn < ∞.

Then the sequence{xn} defined by(1.6) with un ≡ 0 and vn ≡ 0 for all
n ≥ 1 converges strongly to a fixed point ofT .

Very recently, Igbokwe [2] extended the above Theorem1.1to Banach spaces.
More precisely, he proved the following results:

Theorem 1.2. [2] Let E be a real Banach space andK be a nonempty closed
convex subset ofE. Let T : K → K be a completely continuous and uni-
formlyL-Lipschitzian asymptotically demicontractive mapping with a sequence
{kn} ⊂ [1,∞) for all n ≥ 1, kn → 1 asn →∞ and

∑∞
n=1(k

2
n − 1) < ∞. Let

the sequence{xn} be defined by(1.7) with the restrictions that

(i) an + bn + cn = 1 = a′n + b′n + c′n,

(ii)
∑∞

n=0 b′n = ∞,

(iii)
∑∞

n=0 (b′)2 < ∞,
∑∞

n=0 c′n < ∞,
∑∞

n=0 bn < ∞ and
∑∞

n=0 cn < ∞.

Then the modified Ishikawa iteration{xn} defined by(1.6) and (1.7) con-
verges strongly to a fixed pointp of T .

It is our purpose in this paper to extend and improve the above Theorem
1.2 from Banach spaces to real normed linear spaces. In the case of Banach
spaces, we use the Condition(A) to replace the assumption thatT is completely
continuous.

In the sequel, we will need the following lemmas:
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Lemma 1.3. Let X be a normed linear space andC be a nonempty convex
subset ofX. Let T : C → C be a uniformlyL-Lipschitzian mapping and the
sequence{xn} be defined by(1.7). Then we have

‖Txn − xn‖ ≤ ‖T nxn − xn‖+ L(1 + L2)‖T n−1xn−1 − xn−1‖(1.9)

+ L(1 + L)c′n−1‖vn−1 − xn−1‖
+ L2(1 + L)cn−1‖un−1 − xn‖
+ Lc′n−1‖xn−1 − T n−1xn−1‖, n ≥ 1.

Proof. See Igbokwe [1, Lemma 1].

Lemma 1.4. Let X be a normed linear space andC be a nonempty convex
subset ofX. Let T : C → C be a uniformlyL-Lipschitzian and asymptot-
ically demicontractive mapping with a sequence{kn} such thatkn ≥ 1 and∑∞

n=1(kn−1) < ∞. Let the sequence{xn} be defined by(1.7) with the restric-
tions

∞∑
n=1

b′n = ∞,
∞∑

n=1

(b′n)
2

< ∞,
∞∑

n=1

c′n < ∞,
∞∑

n=1

cn < ∞.

Then we have the following conclusions:

(i) limn→∞ ‖xn − p‖ exists for anyp ∈ F (T ).

(ii) limn→∞ d(xn, F (T )) exists.

(iii) lim infn→∞ ‖xn − Txn‖ = 0.
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Proof. It is very clear that (1.7) is equivalent to the following:

(1.10)


yn = (1− bn)xn + bnT

n(xn) + cn(un − xn), n ≥ 1,

xn+1 = (1− b′n)xn + b′nT
nyn + c′n(vn − xn), n ≥ 1.

For anyp ∈ F (T ), let M > 0 be such that

M = max{sup{‖un − p‖}, sup{‖vn − p‖}}.

Observe first that

‖yn − p‖ ≤ (1− bn)‖xn − p‖+ bnL‖xn − p‖+ cn(M + ‖xn − p‖)(1.11)

≤ (1 + L)‖xn − p‖+ M

and

‖T nyn − xn‖ ≤ L‖yn − p‖+ ‖xn − p‖(1.12)

≤ L[(1 + L)‖xn − p‖+ M ] + ‖xn − p‖
≤ [1 + L(1 + L)]‖xn − p‖+ ML.

Observe also that

‖xn+1 − yn‖ ≤ ‖xn − yn‖+ b′n[‖T nyn − p‖+ ‖yn − p‖](1.13)

+ c′n[‖vn − p‖+ ‖yn − p‖]
≤ [bn(1 + L) + cn]‖xn − p‖+ (cn + c′n)M

+ [b′n(1 + L) + c′n][(1 + L)‖xn − p‖+ M ]

≤ σn‖xn − p‖+ ςn,
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where
σn = [bn(1 + L) + cn] + [b′n(1 + L) + c′n](1 + L)

and
ςn = M [b′n(1 + L) + 2c′n + cn].

Thus we have

‖xn+1 − xn‖ ≤ b′n‖T nyn − xn‖+ c′n(M + ‖xn − p‖)(1.14)

≤ b′nσn‖xn − p‖+ ςn + c′n(M + ‖xn − p‖).

Using iterates (1.10), we have

‖xn+1 − p‖2 ≤ ‖xn − p‖‖xn+1 − p‖ − b′n〈xn − T nyn, j(xn+1 − p)〉(1.15)

+ c′n〈vn − xn, j(xn+1 − p)〉‖

≤ 1

2
‖xn − p‖2 +

1

2
‖xn+1 − p‖2

− b′n〈xn+1 − T nxn+1, j(xn+1 − p)〉
+ b′n〈xn+1 − xn + T nyn − T nxn+1, j(xn+1 − p)〉
+ c′n(M + ‖xn − p‖)‖xn+1 − p‖,

which implies that

‖xn+1 − p‖2 ≤ ‖xn − p‖2 − (1− k)b′n‖xn+1 − T nxn+1‖2(1.16)

+ b′n(k2
n − 1)‖xn+1 − p‖2 + 2b′n(‖xn+1 − xn‖

+ ‖T nxn+1 − T nyn‖)‖xn+1 − p‖
+ 2c′n(M + ‖xn − p‖)‖xn+1 − p‖.
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Substituting (1.12) – (1.14) in (1.16) and, after some calculations, we obtain

(1.17) ‖xn+1 − p‖2 ≤ (1 + γn)‖xn − p‖2 − (1− k)b′n‖xn+1 − T nxn+1‖2

for all very largen, where the sequence{γn} satisfies that
∑∞

n=1 γn < ∞. A
direct induction of (1.17) leads to

(1.18) ‖xn+1 − p‖2 ≤ ‖xn − p‖2 + Mγn − b′n‖xn+1 − T nxn+1‖2,

which implies thatlimn→∞ ‖xn− p‖ exists by Tan and Xu [7, Lemma 1] and so
this proves the claim (i). The claim (ii) follows from (1.18).

Now, we prove the claim (iii). It follows from (1.18) that

∞∑
n=1

b′n‖xn+1 − T nxn+1‖2 < ∞

and hence
lim inf
n→∞

‖xn+1 − T nxn+1‖ = 0

since
∑

n b′n = ∞. Therefore, we havelim infn→∞ ‖xn − T nxn‖ = 0 by (1.7)
and solim infn→∞ ‖xn − Txn‖ = 0 by Lemma1.3. This completes the proof.

A mappingT : C → C with a nonempty fixed point setF (T ) in C will
be said to satisfy theCondition(A) on C if there is a nondecreasing function
f : [0,∞) → [0,∞) with f(0) = 0 andf(r) > 0 for all r ∈ (0,∞) such that

‖x− Tx‖ ≥ f(d(x, F (T )))

for all x ∈ C.
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2. The Main Results
Now we prove the main results of this paper.

Theorem 2.1. Let X be a real normed linear space,C be a nonempty closed
convex subset ofX and T : C → C be a completely continuous and uni-
formlyL-Lipschitzian asymptotically demicontractive mapping with a sequence
{kn} ⊂ [1,∞) such thatkn ≥ 1 and

∑∞
n=1(kn − 1) < ∞. Let the sequence

{xn} be defined by(1.7) with the restrictions

∞∑
n=1

b′n = ∞,
∞∑

n=1

b′n
2

< ∞,
∞∑

n=1

c′n < ∞,
∞∑

n=1

cn < ∞.

Then{xn} converges strongly to a fixed pointp of T .

Proof. It follows from Lemma1.4that

lim inf
n→∞

‖xn − Txn‖ = 0.

SinceT is completely continuous, we see that there exists an infinite subse-
quence{xnk

} such that{xnk
} converges strongly for somep ∈ C andTp = p.

This shows thatp ∈ F (T ). However,limn→∞ ‖xn−p‖ exists for anyp ∈ F (T )
and so we must have that the sequence{xn} converges strongly top. This
completes the proof.

Theorem 2.2. Let X be a real Banach space,C be a nonempty closed convex
subset ofX andT : C → C be a uniformlyL-Lipschitzian and asymptotically
demicontractive mapping with a sequence{kn} ⊂ [1,∞) such thatkn ≥ 1
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and
∑∞

n=1(kn − 1) < ∞. Let the sequence{xn} be defined by(1.7) with the
restrictions

∞∑
n=1

b′n = ∞,
∞∑

n=1

b′n
2

< ∞,
∞∑

n=1

c′n < ∞,
∞∑

n=1

cn < ∞.

Suppose in addition thatT satisfies the Condition(A), then the sequence{xn}
converges strongly to a fixed pointp of T .

Proof. By Lemma1.4, we see that

lim inf
n→∞

‖xn − Txn‖ = 0.

SinceT satisfies the Condition(A), we have

lim inf
n→∞

f(d(xn, F (T ))) = 0

and hence
lim inf
n→∞

d(xn, F (T )) = 0.

By Lemma1.4(ii), we conclude thatd(xn, F (T )) → 0 asn →∞.
Now we can take an infinite subsequence{xnj

} of {xn} and a sequence
{pj} ⊂ F (T ) such that‖xnj

− pj‖ ≤ 2−j. SetM = exp {
∑∞

n=1 γn} and write
nj+1 = nj + l for somel ≥ 1. Then we have

‖xnj+1
− pj‖ = ‖xnj+l − pj‖(2.1)

≤ [1 + γnj+l−1]‖xnj+l−1 − pj‖

≤ exp

{
l−1∑
m=0

γnj+m

}
‖xnj

− pj‖ ≤
M

2j
.
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It follows from (2.1) that

‖pj+1 − pj‖ ≤
2M + 1

2j+1
.

Hence{pj} is a Cauchy sequence. Assume thatpj → p as j → ∞. Then
p ∈ F (T ) sinceF (T ) is closed and this in turn implies thatxj → p asj →∞.
This completes the proof.

Remark 2.1. We remark that, ifT : C → C is completely continuous, then it
must be demicompact (cf. [6]) and, if T is continuous and demicompact, it must
satisfy the Condition(A) (cf. [6]). In view of this observation, our Theorem2.1
improves Theorem1.2 in the following aspects:

(i) X may be not a Banach space.

(ii) T may be not completely continuous.

(iii) Our proof methods are simpler than those of Igbokwe [1, Theorem 2].

As corollaries of Theorems2.1and2.2, we have the following:

Corollary 2.3. Let X be a real normed linear space,C be a nonempty closed
convex subset ofX and T : C → C be a completely continuous and uni-
formlyL-Lipschitzian asymptotically demicontractive mapping with a sequence
{kn} ⊂ [0,∞) such thatkn ≥ 1 and

∑∞
n=1(kn − 1) < ∞. Let the sequence

{xn} be defined by(1.8) with the restrictions
∞∑

n=1

b′n = ∞,
∞∑

n=1

b′n
2

< ∞,
∞∑

n=1

c′n < ∞.

Then{xn} converges strongly to a fixed pointp of T .
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Proof. By taking bn, cn ≡ 0 for n ≥ 1 in Theorem2.1, we can obtain the
desired conclusion.

Corollary 2.4. Let X be a real Banch space,C be a nonempty closed convex
subset ofX and T : C → C be a uniformlyL-Lipschitzian asymptotically
demicontractive mapping with a sequence{kn} ⊂ [0,∞) such thatkn ≥ 1
and

∑∞
n=1(kn − 1) < ∞. Let the sequence{xn} be defined by(1.8) with the

restrictions
∞∑

n=1

b′n = ∞,

∞∑
n=1

b2
n < ∞,

∞∑
n=1

c′n < ∞.

If T satisfies the Condition(A) on the sequence{xn}, then{xn} converges
strongly to a fixed pointp of T .

Proof. It follows from Theorem2.2by takingbn, cn ≡ 0 for all n ≥ 1.

Remark 2.2. Using the same methods as in Lemma1.4, Theorems2.1 and
2.2, we can prove several convergence results similar to Theorems2.1 and2.2
concerning on the modified Ishikawa iteration schemes with errors defined by
(1.6).

Remark 2.3. Igbokwe [1, Corollary 1] has shown that, ifT : C → C is asymp-
totically pseudocontractive, then it must be uniformlyL-Lipschitzian and hence
our Theorems2.1and2.2hold for asymptotically pseudocontractive mappings
with a nonempty fixed point setF (T ).
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