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Abstract

In this paper, we prove an existence and uniqueness result for solutions of some
hilateral problems of the form

(Au,v—u) > (fv—u), WweK

uwe K

where A is a standard Leray-Lions operator defined on W Ly;(€2), with M an
N-function which satisfies the A,-condition, and where K is a convex subset
of W Ly(€2) with obstacles depending on some Carathéodory function g(z, u).
We consider first, the case f € W~! E4;(92) and secondly where f € LY(9). Our
method deals with the study of the limit of the sequence of solutions u,, of some
approximate problem with nonlinearity term of the form |g(z, u, )" 'g(z, u,) x
M(|Vuy|).

2000 Mathematics Subject Classification: 35325, 35J60.
Key words: Strongly nonlinear elliptic equations, Natural growth, Truncations, Varia-
tional inequalities, Bilateral problems.
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Let Q be an open bounded subset®f, N > 2, with the segment property.
Consider the following obstacle problem:

(Au,v —u) > (f,v —u), Yo € K,
(P)
ue€ K,

whereA(u) = —div(a(z, u, Vu)) is a Leray-Lions operator defined &} L, (),
with M being an/N-function which satisfies thé,-condition and wheréx is
a convex subset d¥/] L,/ (9).

In the variational case (i.e. whefee W~!E:7(Q)), it is well known that
problem (P) has been already studied by Gossez and Mustonenjjn [

In this paper, we consider a recent approach of penalization in order to prove

an existence theorem for solutions of some bilateral problemB)atyfe.
We recall that L. Boccardo and F. Murat, seg, [have approximated the
model variational inequality:

(—Ayu,v —u) > (f,o—u), Vve K

ue K ={veW,PQ): |vz) <1ae.inQ},
with f € W= (Q) and—A,u = —div(|Vu[P~2Vu), by the sequence of prob-
lems:

—Apuy, + Uy tuy, = fin D'(Q)

u, € WyP(Q) N L*(Q).
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In [7], A. Dall'aglio and L. Orsina generalized this result by taking increasing
powers depending also on some Carathéodory fungtisatisfying the sign
condition and some hypothesis of integrability. Following this idea, we have
studied in [] the sequence of problems:

— Ayt + g(, wn)|" gl )|V = f in D(Q)

un € Wo(Q), |g(2, un)|" [Vun|? € L)

Asymptotic Behaviour of Some

Here, we introduce the general sequence of equations in the setting of Orlicz- £ jations in orlicz Spaces

Sobolev spaces
D. Meskine and A. Elmahi

Aty + |g(z, u) " g(@, un) M(|Vuy|) = fin D'(Q)

U, € Wi Lar(Q), |g(x,un)|" M(|Vu,|) € L1(Q). i
Contents
We are interested throughout the paper in studying the limit of the sequgnce <« >
We prove that this limit satisfies some bilateral problem of #gform under
some conditions op. In the first we take € W' E47(Q2) and next inL'(2). 4 d
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Let M : Rt — R* be anN-function, i.e. M is continuous, convex, with
M(t) > 0fort >0, ﬁ—>0ast—>0andM—(t)—>ooast—>oo
Equivalently, M admits the representatior/ () fo s)ds, wherea :
R* — R* is nondecreasing, right continuous, witf0) = 0, a(t) > 0 for
t > 0 anda(t) tends tooo ast — oo.
The N-function M conjugate taV/ is defined byM (t)
a: Rt — R* is given bya(t) = sup{s : a(s) < t} (see []).
The N-function is said to satisfy th&, condition, denoted by/ € A,, if
for somek > 0:

(2.1) M(2t) < kM(t) Vt > 0;

= [y a(s)ds, where

when @.1) holds only fort > somet, > 0 then M is said to satisfy the\,
condition near infinity.

We will extend theseV-functions into even functions on a¥.

Let P and@ be two N-functions. P < () means thaf grows essentially

less rapidly thar, i.e. for eache > 0, % — 0 ast — oo. This is the case if

and only iflim;_, g E g =0.

Let() be an open subset B. The Orlicz clasd(,,(2) (resp. the Orlicz space
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functionsu on €2 such that:

/ M (u(x))dr < 400 (resp / M @)dw < +oo for somel > 0)

L)(Q2) is a Banach space under the norm

lullase = inf {/\ >0 /QM(@)CLT < 1}

and K, (©?) is a convex subset df,(£2).

The closure in_,,(2) of the set of bounded measurable functions with com-

pact support if2 is denoted by, (€2).

The equalityE,/(2) = Ly (€2) holds if only if M satisfies the\, condition,
for all ¢ or for ¢ large according to whethél has infinite measure or not.

The dual of £,,(€2) can be identified with;;(€2) by means of the pairing
Jq uvdz, and the dual norm of;7(Q2) is equivalent td| - |57 ¢

The spacd. (1) is reflexive if and only ifM and M satisfy theA, con-
dition, for all ¢ or for t large, according to whethét has infinite measure or
not.

We now turn to the Orlicz-Sobolev space,W!'L,(2) (resp.
WE(Q)) is the space of all functions such thatu and its distributional
derivatives up to order 1 lie i), (Q2) (resp. £y (£2)). It is a Banach space
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under the norm
lulliar = (1D ar-
laf<1

Thus, WLy () andW!E,(Q2) can be identified with subspaces of product of
N + 1 copies ofL,,(2). Denoting this product by L,,, we will use the weak
topologieso ([ L, [ E37) ando (I Las, [T Lay)-

The spacéV; E,,(9) is defined as the (norm) closure of the Schwarz space
D(Q) in WEy(Q) and the spac®/; L, (2) as thes ([ L, [[ F57) closure e

. A totic B

of D(Q) in W' Ly (). [

We say that.,, converges ta for the modular convergence 'L, (Q) if
for some\ > 0

D. Meskine and A. EImahi

/M (M) dx — 0 forall |a| <1. Title Page
@ Contents
This implies convergence for ([ [ Las, [T L3yp)- <« NS
If M satisfies the\,-condition onR*, then modular convergence coincides
with norm convergence. < 4
Go Back
Close
Let W1L17(Q2) (resp. W1E(€)) denote the space of distributions én Quit
which can be written as sums of derivatives of orded of functions inLs; Page 8 of 34
(resp.E7(2)). Itis a Banach space under the usual quotient norm.
If the open sef2 has the segment property then the spB¢e) is dense in O s T T 26 v 55 A
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(cf. [, 9]). Consequently, the action of a distributionlin—! L37(£2) on an ele-
ment of W, L, () is well defined.

We recall some lemmas introduced i} yvhich will be used in this paper.

Lemma 2.1. Let ' : R — R be uniformly Lipschitzian, witl#'(0) = 0. Let

M be anN—function and let, € W' L,(Q2) (resp. W' Ey(Q2)). ThenF(u) € _ _

WLy (Q) (resp. W Ey(Q)). Moreover, if the seD of discontinuity points of AséqmupiﬁﬂﬁsBiihSﬁ'ﬁirsf’;iZ'Se
F' is finite, then

D. Meskine and A. EImahi

F'(u)2-u a.e.in{z cQ:u(z) ¢ D},

0 ox;
5 F(u) = Title Page
ZT; .
0 a.e.in{z € Q:u(x) ¢ D}. Contents
Lemma2.2.LetF : R — R be uniformly Lipschitzian, wit'(0) = 0. We sup- <44 44
pose that the set of discontinuity pointstdfis finite. Letd/ be an/N-function, p >
then the mappind” : W' L, () — WLy (Q) is sequentially continuous with
respect to the weak* topology([ [ L, [ [ E77)- Go Back
Close
Quit
We now give the following lemma which concerns operators of the Nemytskii Page 9 of 34

type in Orlicz spaces (se€]).

J. Ineq. Pure and Appl. Math. 4(5) Art. 98, 2003

Lemma 2.3. LetQ2 be an open subset & with finite measure. http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:meskinedriss@hotmail.com
http://jipam.vu.edu.au/

Let M, P and (@ be N-functions such thaf) < P,andletf : @ xR — R
be a Carathéodory function such that azec 2 and all s € R:

|f(2,5)] < c(@) + ki P M (ks|s]),
wherek;, k, are real constants and(z) € Eg(2).

Then the Nemytskii operatof; defined byV,(u)(z) = f(x, u(x)) is strongly
continuous from

into Eg(Q2).
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Let © be an open bounded subseffgf, N > 2, with the segment property.
Let M be anN-function satisfying the\,-condition near infinity.
Let A(u) = —div(a(z, Vu)) be a Leray-Lions operator defined @y L, ()
into
W1L7(Q), wherea : Q x RY — RY is a Carathéodory function satisfy-
ing fora.e.x € Qandforall¢,’ e RY, (¢ # (') :

Asymptotic Behaviour of Some

(3.1) |&($, C)’ < h(%) + M_lM(lﬁ ’Cl) Equations in Orlicz Spaces

D. Meskine and A. EImahi

(3.2) (a(z,¢) —a(z,¢))(¢ - () >0 Title Page
Contents
(3.3) a(z, ()¢ > aM ('-i’) 4 dd
< 2
with a, A > 0, k; > 0, h € E7(Q). Go Back

Furthermore, ley : 2 x R — R be a Carathéodory function such that for

|
a.e.z € Q) and for alls € R: Closte

Quit

3.4 >0
(3.4) g(x, 8)8 o Page 11 of 34
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( for almostz € Q\Q° there exists = ¢(z) > 0 such that:

g(x,s) > 1, Vs €lqi(r), ¢4 () + €[;
(3.6)
for almost z € Q\Q> there existse = ¢(z) > 0 such that:

( 9(z,8) < —1, Vs €lg_(z) — €, ¢-(2)],

. . . . A totic Behavi f S
whereb : R, — R, is a continuous and nondecreasing function, with = 0 e (1 G Sams
and where

Q+(CL‘) _ inf{s >0 g(m, 8) 2 1} D. Meskine and A. EImahi

q-(z) =sup{s < 0:g(z,s) < —1}

Title Page
QF ={z €Q:q(z) = +oo} Contents
O ={r€Q:q(r)=—o0}. <« >
We define fors andk in R, k& > 0, Ty(s) = max(—Fk, min(k, s)). < >
Theorem 3.1.Let f € W~ 'FE5(Q). Assume that3(1) — (3.6) hold true and Go Back
that the functions — g¢(z, s) is nondecreasing for a.ec € (2. Then, for any
real number. > 0, the problem Close
Quit

py [ A un) " gl ua) M (2221) = fin D/(©) Page 12 of 34
P,

Uy € WELpi (), 1g(ar, un)|" M (M) e L'(9Q)
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admits at least one solution, such that:
(8.7 Vk>0 Ty(u,) — Ti(u) for modular convergence i, Ly, ()
whereu is the unigue solution of the following bilateral problem

(Au,v —u) > (f,v —u), Vv € K
(P)
ve K={veWiLy(Q):q <v<gq, ael},

Remark 3.1. If the functions — g(z, s) is strictly nondecreasing for a.e. €
then the assumptior3(6) holds true.

Proof.

Step 1: A priori estimates.
The existence of,, is given by Theorem 3.1 ofj]. Choosingv = u,, as a
test function in {,), and using the sign conditio.{), we get

(A, up) < (f, ).

By Proposition 5 of [ 1] one has:

(3.8) /M (!V)’I\Ln\) dr < C, and/ a(x, Up, Vu,)Vu,dr < C,
Q Q

(3.9) (a(x, up, Vuy,)) is bounded i L17(Q))",

Asymptotic Behaviour of Some
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|Vu,|

co [ |g<x,un>|“g<z,un>M( h

We then deduce

/ lg(z,u,)|" M (M) de < C, forall k> 0.
{lun|>k} p

) u,dr < C.

Sinceb is continuous and sindg0) = 0 there exist$ > 0 such that
b(|s|) < 1forall |s|] <.

On the other hand, by th&, condition there exist two positive constants
K and K’ such that

M(£> < KM (;) + K’ forall t >0,
W

which implies

{\Un|§5} K

< (K’ L KM (W“"')) da.
{lun|<6} A

(3.11) /|g(m,un )" M (|Vun|) dz < C, forall n.
Q

Consequently from3.9)

Asymptotic Behaviour of Some
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Step 2:

Step 3:

Almost everywhere convergence of the gradients.
Since (u,,) is a bounded sequence ) Ly, () there exist some, €
Wy L () such that (for a subsequence still denoted:hy

(3.12)  w, — uweakly inW. Ly (Q) for o (H | EH) ,

strongly inE,,(€2) and a.e. if).

Furthermore, if we have

Aty = £ = late )" gt )t (221)

with |g(z, u,)[" ™" g(z, un) M <%> being bounded i.! () then as in
[2], one can show that

(3.13) Vu, — Vua.e. inf.

we K={veWiLy(Q):q <v<gq, a.e.inQ}.
Sinces — g¢(z, s) is nondecreasing, then in view d.¢), we have:

{seR:|g(x,s)| <lae. inQ}={seR:q <s<gqsae. inQ}.

It suffices to verify thatg(z,u)| < 1 a.e.

We have v
/M@%WM(‘W)MSQ
Q M

Asymptotic Behaviour of Some
Equations in Orlicz Spaces

D. Meskine and A. EImahi

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 15 of 34

J. Ineq. Pure and Appl. Math. 4(5) Art. 98, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:meskinedriss@hotmail.com
http://jipam.vu.edu.au/

Step 4:

which gives

/ 9(s )" M (M) dr < ©
{lg(zun)|>k} H

{lg(sun) >k} iz k

wherek > 1. Lettingn — +oo for k fixed, we deduce by using Fatou’s

lemma v
{lg(z,u)|>k} H

lg(z,u)] < 1a.e.inf.

and

and so that,

Strong convergence of the truncations.

Let ¢(s) = sexp(ys?), wherey is chosen such that> (1)
Itis well known thatp'(s) — 25 |¢(s)| > 1,Vs € R, whereK is a constant
which will be used later. The use of the test functign= ¢(z,,) in (P,)
wherez,, = Ti(u,) — Tp(u) gives

2

(ot + [ Tote )P gloudt (21) oo = (7.0t

which implies, by using the fact thatx, u,)¢(z,) > 0on{z € Q :
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lun| >k},

m%ww»+/ 9, )"

{OSUnSTk(U)}m{‘UﬂSk}

|Vu,|

X g(z,u,) M ¢(z)dx
()

+/ g, 1)
{T (w) <un <0}N{|un|<k}

<atant (501 o0 )0 < (1,06

Asymptotic Behaviour of Some
Equations in Orlicz Spaces
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The second and the third terms of the last inequality will be denoted re-
spectively byl , andI? , ande;(n) denote various sequences of real num- Title Page
bers which tend t0 asn — +oo.

Contents
On the one hand we have
44 >
n VU’TL
1l < | oo )51 (1) oG <
{0<un <Tj (w) }n{|un | <k} G 5
. |Vun| 0 Bac
</ oo 31 () ol |
{0<up <uln{jun|<k} Close
but sincelg(z, u,)| < lon{z € Q:0 < wu, < u}, then we have Quit
Page 17 of 34
Vu,
< [ () ot
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By using the fact that

[ A

we obtain

14l < [ Kloalde + 5 [ e, VTV Tiu) o) de.

which gives Asymptotic Behaviour of Some
K Equations in Orlicz Spaces
(3'14) | k‘ < 61 + E /Q a(x, VTk(un))VTk(un)’¢(zn)|dx D. Meskine and A. Elmahi
Similarly,
|V ‘ Title Page
U,
(3.15) | k‘ < / ( ) |p(2n)|dx Contents
{lun|<k} K
K 44 44
<eé(n)+— / a(x, VTi(u,))VTi(un)|o(2n)|de.
@ Jo < >
The first term on the left hand side of the last inequality can be written as: Go Back
(3.16) / a(w, Vun)[VTi(tn) — VTi(u)]¢ (2,)dx Close
Q Quit
_ /{ ol V) [VTudu) = V()6 (a0 Ev———

_ / CL(J}, VUR)VT]C (U)¢l (zn)dx J. Ineq. Pure and Appl. Math. 4(5) Art. 98, 2003
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For the second term on the right hand side of the last equality, we have

‘/ a(z, Vun)VTk(u)qb/(zn)d:B
{lun|>k}

SC’k/ a(x, V) || VT (W) | X fun| >k} d-

Q

The right hand side of the last inequality tends to hagnds to infin-
ity. Indeed, the sequende(z, Vu,)), is bounded in(L:7(2))" while
VT () X{jun >k} tENS to O strongly ifE,, (Q))".

We define for every > 0, Q, = {x € Q : |VTi(u(z))| < s} and we

denote byy, its characteristic function. For the first term of the right hand
side of 3.16), we can write

(3.17) / a2, V) [V Tk () — V()] (20)da
{lun|<k}
= /Q[a(a:, VTi(un)) — a(z, VI (w)x)] [V Tk () — VTk(1)xs]@ (20)d
+ [ e, VI )V Te(un) — VT(@)J6 (o)
Q
- /Q a2, V(1)) VT () X, (20 d.

The second term of the right hand side 8fl(/) tends to 0 since

a(, VTi(un)xs)d (2n) — alz, VTi(u)x,) strongly in(Ez(2))"

Asymptotic Behaviour of Some
Equations in Orlicz Spaces

D. Meskine and A. EImahi

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 19 of 34

J. Ineq. Pure and Appl. Math. 4(5) Art. 98, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:meskinedriss@hotmail.com
http://jipam.vu.edu.au/

by Lemma2.3and
VT (1) — VTi,(u) weakly in (L ()N for o (H Lu(@), ] Eﬁm)) .

The third term of 8.17) tends to— [, a(x, VT, (u)) VT (u)xao\o.dz as
n — oo since

a(z, VTi(un)) = a(z, VTi(u)) weakly foro (H Ex(9). ] LM<Q)) .
Asymptotic Behaviour of Some

Consequently, from3 16 we have Equations in Orlicz Spaces
D. Meskine and A. Elmahi

(3.18) /Q a2, V) [V Tk () — V()] (20)da

Title Page
= /Q[a(:v, VTi(un)) — a(z, VT (u)xs)] Contents
X [VTi(tn) — V(1) xs] 0 (20)d + €3(n). <« >
We deduce that, in view of3(17) and 3.18), < >
Go Back
/ la(@, VTe(un)) — alz, VTi(u)y)] Close
@ , 2K QUit
<[V w) = VT (6 = 210 ) da ee 200150
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and so

/Q[a(il% VTi(un)) = alz, VT (w)x)[V Tk (un) — Vi (u)xs]dx

Q

Hence
[la(x,VTk(un))VTk(un)dx
< /Qa(x,VTk(un))VTk(u)Xsda:

+ / a(x, VT (u)xs) [VTi(un) — VTi(u)xs|de
Q

+ 2e3(n) + 2/ a(x, VI (u))VTi(u)xa\o,de.

Q
Now considering the limit sup over, one has

(3.19) limsup/ga(w,VTk(un))VTk(un)dx

n—-+00

< limsup/ a(x, VIi(u,))VTi(u)xsdz
0

n—-+o0o

+ lim sup/ga(x, VTi(uw)xs) VT (un) — VTi(u)xs|dx

n—-+00

+2/a(w,VTk(u))VTk(u)XQ\QSda:.
Q
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The second term of the right hand side of the inequalty 9 tends to O,
since

a(x, VI (uy)xs) — al(z, VI (u)xs) strongly in E57(£2),

while VT (u, ) tends weakly tov T} (u).
The first term of the right hand side 08.(L9 tends to [, a(z, VT}(u))
VT, (u)xsdz since

a(x, VTi(u,)) — a(z, VIi(u)) weakly in(Lz(Q))Y

for o (I] Lyz, [ [ Eam) while VT (u)xs € En (). We deduce then

lim sup / a(x, VIi(u,))VTi(u,)dx
Q

n—-—+00
S/a(x,VTk(u))VTk(u)xsdw
Q

_'_2/a(x>VTk<u))VTk(u)XQ\Qde:
Q

by using the fact that(z, VTj(u))VTi(u) € LY(Q) and lettings — oo
we get, sinceneas(2\2;) — 0

limsup/Qa(a:,VTk(un))VTk(un)d$ S/a(:v,VTk(u))VTk(u)dx

n—-+4o0o [9)
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Step 5:

which gives, by using Fatou’s lemma,

(3.20) lim

n—-400 Q

a(x, VTi(u,))VTi(u,)dx
- / oz, VT (1)) V T () da.
Q
On the other hand, we have

M (W) <K'+ g/ﬂa(x,VTk(un))VTk(un)dx,

then by using$.20 and Vitali's theorem, one easily has

821) M (M) — M (W) strongly inL'(9).

1
By writing
B M (VT (un)] M (VT (un)]
22 a (VT V001 ( z“ ) M ( - )
1

one has, by3.21) and Vitali's theorem again,

(3.23)  Ti(u,) — Ty (u) for modular convergence i, L, (Q).

u is the solution of the variational inequality].
Choosingw = T (u, — 07,,(v)) as a test function ink,), wherev € K
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and0 < 0 < 1, gives

(Atn, Ty (un — 0T,(v)))

/ lg (2, u) """ g, un) M <|v:”|) Ty(up, — 0Ty, (v))dx
= <f7 Tk<un - eTm(U»)?

sinceg(x, u,) Ty (u, — 0T,,(v)) > 0o0n
{x ceQ:u, >0 andun > QTm(U)}U{$ eQ:u, <0 andun < QTm(U)} Asymptotic Behaviour of Some

Equations in Orlicz Spaces

we have

/ lg(z, un) " g(, un) M (’V;‘"‘) Ti(un — 0T (v))da

D. Meskine and A. EImahi

\V | Title Page
U,
> [ oo )" gttt () i, — 07, (o) p—
{0<un<0Tym (v)} K
n— Vuy, <4< >
+f oo gt (20) 30,0, 1))

{0Tm (v)<un <0} H 4 4
The first and the second terms in the right hand side of the last inequality Go Back
will be denoted respectively by, ,, and Jg,m
Defining Close

m(z)=sup g(z,s) Quit

0<s<0T, (v)
we get0 < §;,,(z) < 1 a.e. and

1 n |vun| J. Ineq. Pure and Appl. Math. 4(5) Art. 98, 2003
‘Jn,m’ < k / (61,m (x)) M < dz. http://jipam.vu.edu.au
{0<un<O0Tm (v)} H
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Since

|Vu,|
L

(ol (

< ar (1Pt

) X{Jun|<m} [

we have then by using(23 and Lebesgue’s theorem

Jim — 0 asn — 4o0.

Similarly
Tm n
Bl <k [ (@l (M> dr > 0asn — oo
where
Oam(z) = (lgfgsgog(fc, s).

On the other hand , by using Fatou’s lemma and the fact that
a(x, Vu,) — a(x, Vu) weakly in(Li(Q))" for o(I1 L5z, T1E)y,),
one easily has

lim inf (Au,, Ty (u, — 01,,(v))) < (Au, Ti.(u — 0T,,(v))).

n—-+o0o

Consequently

(Au, Ti(u — 0T (v)) < (f, Ti(u — 0T5(v))),
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this implies that by letting: — +o0, sinceT.(u—0T,,(v)) — u—0T,,(v)
for modular convergence i, L, (),

(Au,u — 0T,,(v)) < (f,u—0T,,(v)),
in which we can easily pass to the limit&s- 1 andm — +oo to obtain

(Au,u —v)) < (f,u—v).
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In this section, we study the same problems as before but we assume that
andgq, are bounded.

Theorem 4.1.Let f € L'(Q). Assume that the hypotheses are as in Theorem
3.1, ¢_ and ¢, belong toL>(Q2). Then the probleni?,) admits at least one
solutionu,, such that:

1
u, — u for modular convergence iW,, L(2), Asymptotic Behaviour of Some

. . . . Equations in Orlicz Spaces
whereu is the unique solution of the bilateral problem:
D. Meskine and A. Elmahi

(Au,v —u) > / flv —u)dz,Vv e K
0

@) Title Page
ve K={veWiLy(Q):q <v<gq, ael}.

Contents
Proof. We sketch the proof since the steps are similar to those in Settion
The existence of;, is given by Theorem 1 of/]. Indeed, it is easy to see that 4« dd
lg(x,s)] > 1on{|s| > ~}, wherey = max {supessq,, —infessq_} and so < >
that o Back
0 bacC
lg(z, )| M (m) > M (M) for [s| > ~.
M M Close
Step 1: A priori estimates. Quit

Choosingv = 7, (u,), as a test function inf(,), and using the sign condi-
tion (3.4), we obtain

@.1) o [ar (FEE 4o < R
Q

Page 27 of 34
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Step 2:

and

[ tateran (B2 de <.
{lun|>~} K

which gives
/ M (M> de < C
{lun|>7} K
and finally
(V|
. _ <C.
4.2) /QM(max{A,u} de < C

On the other hand, as in SectiBnwe have
[l wrar ( ‘V“"'> de < C.
Q w

Almost everywhere convergence of the gradients.
Due to ¢.2), there exists some € W, Ly(Q) such that (for a subse-
guence)

(4.3)

u, — u weakly inWy Ly () for o(T1Ly, TTE57).
Write

Aty = £ =gt )" gt )t (221)
and remark that, by4(2), the second hand side is uniformly bounded in

L'(©2). Then as in Sectiof

Vu, — Vua.e. inQ.
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Step3:ue K ={veWiLy(Q):q <v<g, ae.inQ}.
Similarly, as in the proof of Theoref 1, one can prove this step with the
aid of property 4.3).

Step 4: Strong convergence of the truncations.
It is easy to see that the proof is the same as in Seétion

Step 5: u is the solution of the bilateral proble(w).
Letv € K and0 < ¢ < 1. Takingv, = Ty(u, — 0v),k > 0 as a test
function in (7,,), one can see that the proof is the same by replaEin@) Asymptotic Behaviour of Some

with v in Section3. We remark thatx ¢ L>(2). Equations in Orlicz Spaces
D. Meskine and A. Elmabhi

Step 6: u,, — u for modular convergence W3 Ly ().
We shall prove tha¥u,, — Vuin (L (2))" for the modular convergence

by using Vitali's theorem. Title Page
Let £ be a measurable subset(ofwe have for any; > 0 Contents
44 44
/M (_]V’un\) dx
E H < >
g/ M('V“"’)da:+/ M(Wun|)dx. Go Back
En{lun|<k} K EN{|un|>k} K Close
Lete > 0. By virtue of the modular convergence of the truncates, there Quit

exists somey(e, k) such that for anys measurable
Page 29 of 34
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Choosingrl (u, — Tk(u,)), with & > 0 a test function in {,) we obtain:

(A, T (tn — Ti(tp)))
/Ig )" g, un) M (M) Ly — To(u))d

/fT1 = T(un))da,

which implies

Vuy,
[ty (R o< [ pa
{|un|>k+1} % {Jun|>k}

Note thatneas{z € Q : |u,(z)| > k} — 0 uniformly onn whenk — oc.

We deduce then that there exists- k(¢) such that

/ |fldz < 5, Vn,
{Jun|>k} 2

which gives

Vuy,
/ lg(z, u,)|" M <| “ |) dz < <, Vn.
{lun|>k+1} I 2

By settingt(¢) = max {k + 1, v} we obtain

(4.5) / M (lvun|) dr < <, vn.
{[unl>t(e)} p 2
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Combining ¢é.4) and @.5) we deduce that there exisis> 0 such that

/M (Wu"|> < ¢, Vnwhen|E| < n, E measurable
E H

which shows the equi-integrability aff (%) in L'(€2), and therefore
we have

M (M) — M (lv—u’) strongly inL*(Q).
f fu

By remarking that

(<3 o () ()

one easily has, by using the Lebesgue theorem
/M(M) dr — 0 asn — +oo,
Q 24
which completes the proof.
O

Remark 4.1. The conditiorb(0) = 0 is not necessary. Indeed, takiég u,,), h >
0, as a test function if7,,) with

hs it |s| <

=

Hh(s): .
sgn(s) if |s| >

=
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we obtain

[ 1ot ot

and then, by letting — +oo,

/Ig:cun

|Vu,|

Ju

il

|Vun|) r<C
U

)Hh(un)d:c < /Qfﬁh(un)dx
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