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ABSTRACT. Making use of the generalized hypergeometric functions, we introduce some gen-
eralized class of—uniformly convex and starlike functions and for this class, we settle the
Silverman’s conjecture for the integral means inequality. In particular, we obtain integral means

inequalities for various classes of uniformly convex and uniformly starlike functions in the unit
disc.
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1. INTRODUCTION
Let A denote the class of functions of the form

(1.1) f(z)= z+ianz”
n=2

which are analytic and univalent in the open disc= {z : z € C, |z| < 1}. For functions
f € Agiven by [1.1) andj € A given byg(z) = z + > ", b,2", we define the Hadamard
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product (or convolution ) of andg by
(1.2) (fxg)(z) =2+ Z anby 2", z e U.
n=2
For complex parameterxs,,...,a; andfy,..., 0, (6; # 0,—1,...;5 = 1,2,...,m) the

generalized hypergeometric functighi,(z) is defined by

[e.e]

B (1)n - (qg)n 2™
(1.3) 1Fn(2) = 1F(aq, ..o 81, .0, By 2) i= ; B (ﬁ;)n =

(<m+1; I,me Ny:=NU{0};z€U)

whereN denotes the set of all positive integers &g, is the Pochhammer symbol defined by

1, n=20
(1.4) (x)”:{:U(x+1)($+2)"'(95+”_1)a neN.

The notation, F},, is quite useful for representing many well-known functions such as the
exponential, the Binomial, the Bessel, the Laguerre polynomial, and others; for example see [5]
and [17].

For positive real values afy, ..., andpy, ..., 3, (8; #0,—1,...;5 = 1,2,...,m), let
H(aq,...q;501,...,0m) : A— Abe alinear operator defined by

(H (o, .oq; B2, Bo))())(2) =z 1 F (o, cn, . coq; Br, Ba oo, B 2) % f(2)

(15) =z + Zrn anzn’
n=2

where

(1.6) r — (1)n-1 -+ (Q)n1

(n—=DB1)n-1-- (Bm)n '

For notational simplicity, we use a shorter notatidfy [, 31] for H(ay,...ap;531,..., Bm) in
the sequel.

The linear operatof!! [, 3] called the Dziok-Srivastava operator (see [7]), includes (as
its special cases) various other linear operators introduced and studied by Bérnardi [3], Carlson
and Shaffer([B], Libera [10], Livingston [12], Owa [15], Ruscheweyh [21] and Srivastava-Owa
[27].

ForA > 0,0 <~ < landk > 0, we letS! () ~, k) be the subclass of consisting of
functions of the form[(1]1) and satisfying the analytic criterion

2(Hylan, Bi]f(2)) + A2 (Hyp o, B f(2))" }
(1= N H} on, Bi]f (2) + Az(H] [ea, 51] f(2))

2(Hy o, 1] f(2)) + A2 (Hy, [oa, Bil f(2))"
(1= N H}on, Bi]f (2) + Az(H][on, Bi] £ (2))
whereH! [y, 31 f(2) is given by [(1.5). We further I6FS%, (), 7, k) = S%, (A, 7, k) N T, where

(1.7) Re{

>k —1

, zeU,

(1.8) T::{fEA:f(z):z—imn]z”, zEU}

is a subclass ofl introduced and studied by Silverman [24].
In particular, for0 < X < 1, the classI'S! (A, v, k) provides a transition frorh—uniformly
starlike functions td—uniformly convex functions.
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By suitably specializing the values &fm, ay,as, ..., 51, B2, ..., Bm, A, v andk, the
classT'S! (), v, k) reduces to the various subclasses introduced and studiedin [1/4] 13, 14, 20,
22,23] 24/ 28, 29]. As illustrations, we present some examples for the case\when

Example 1.1.If [ =2andm = 1witha; =1, a3 = 1, 8; = 1, then
(1.9)  TS}(0,7,k) = UST(v, k)
— 1‘ , Z € U} .

f(2) } ‘zf’(Z)
= €T :Re — >k
{rerere{ 35 - > 4 5
AfunctioninUST (v, k) is calledk—uniformly starlike of ordery, 0 < v < 1. This class was
introduced in[[4]. We also note that the clas&&sI’(vy, 0) andU ST (0, 0) were first introduced
in [24].

Example 1.2.1f [ =2andm = 1 witha; =2, a3 = 1, 51 = 1, then
(1.10) T5%(0,v,k) = UCT (v, k)

= {feT:Re{1+ZJ£/;iZ))—7}>k ZJJ:;(ZZ)) , zeU}.

A function inUCT (v, k) is calledk—uniformly convex of ordery, 0 < v < 1. This class
was introduced in [4]. We also observe that

UST(v,0) =T"(v), UCT(7,0)=C(y)

are, respectively, well-known subclasses of starlike functions of or@erd convex functions
of order~. Indeed it follows from[(1.9) and (1.10) that

(1.11) feUCT(y, k)< zf € UST(~, k).
Example 1.3.1f [ =2andm = 1witha; =0+ 1(6 > —1), ap = 1, 51 = 1, then
TS%(Oa’% k) = R5(’77k)

- R (ZD°f(2)) 2D f(2))
whereD? is called Ruscheweyh derivative of ordets > —1) defined by

z
(1— 2"

The classRks(v,0) was studied in[[20, 22]. Earlier, this class was introduced and studied by
the first author in[[11, 2].

D f(z) == flz) = HI(6+1,1;1)f(2).

Example 1.4.1f [ =2andm = 1witha; =c+ 1(c > —1),as = 1, f; = ¢+ 2, then
T5%(0,v,k) = BT.(v, k)

::{fGT:Re(M—7>>k

M_1’, zGU}v

Jef(2) Jef(2)
where J. is a Bernardi operator [3] defined by
Tf(2) = C:Cl / e f (D dt = H e+ 1, 1; ¢+ 2) f(2).
0

Note that the operataof, was studied earlier by Libera [10] and Livingston|[12].
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Example 1.5.1f [ =2 andm = 1 witha; = a(a > 0),ay =1, #; = ¢(c > 0), then
TS2(0,7,k) = LT (v, k)
,_ , z(L(a,0) f(2)) z(L(a,0) f(2))"
.—{fET.Re( (@, /(2) ’y)>k (a0 f(2) 1‘, zEU},
whereL(a, c) is a well-known Carlson-Shaffer linear operatar [6] defined by
L(a,c)f(z) := <§ %2“1) * f(2) = Hi(a, 1;0) f(2).

The classL.T?(v, k) was introduced in [13].

We can construct similar examples for the case 3 andm = 2 with appropriate real
values of the parameters by using the operaidiv,, 4], that is H (o, ae, az; 31, 52) studied
by Ponnusamy and Sabapathy![16].

We remark that the classes of uniformly convex and uniformly starlike functions were intro-
duced by Goodman [8] 9] and later generalized by Ronning [18, 19] and others.

In [24], Silverman found that the functiofy(z) = z — § is often extremal over the family.
He applied this function to resolve his integral means inequality, conjectured in [25] and settled
in [26], that

Ahﬁwwwwegé%uxm%ﬁw,

forall f € T,n > 0and0 < r < 1. In [26], he also proved his conjecture for the subclasses
T*() andC(~) of T.

In this note, we prove Silverman’s conjecture for the functions in the family; (\, v, k).
By taking appropriate choices of the parameters, a1, ..., a;, 51, ..., Om, A, 7, k, we obtain
the integral means inequalities for several known as well as new subclasses of uniformly convex
and uniformly starlike functions ify. In fact, these results also settle the Silverman’s conjecture
for several other subclassesif

2. LEMMAS AND THEIR PROOFS
To prove our main results, we need the following lemmas.

Lemma 2.1. If v is a real number andv is a complex nhumber , thete(w) > v < |w + (1 —
NN =lw—=1+7)]=0.

Lemma 2.2. If w is a complex number angd & are real numbers, then
Re(w) > klw — 1| + v & Re{w(1 + ke?) — ke®} > v, —n<0<T.

The proofs of Lemmds 2.1 apd P.2 are straight forward and so are omitted.
The basic tool of our investigation is the following lemma.

Lemma2.3.Let0 < A< 1,0 <~y <1, k> 0andsuppose that the parameters ..., «; and

B, ..., 3m are positive real numbers. Then a functigrbelongs to the family’S! (A, v, k) if
and only if
(2.1) D (1 +nA =N (n(1+k) = (v + k)T an| < 1-17,
n=2
where
(2.2) r — (a1)n—1 S (Oéz)n—l

(ﬂl)n—l cee <ﬁm>n—1(n - 1)!.
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Proof. Let a functionf of the form f(z) = z — >°°, |a,|2™ in T satisfy the condition (2]1).
We will show that[(1.) is satisfied and goc 7'S! (), v, k). Using Lemma 2]2, it is enough to
show that

(2.3) Re { (Z(Hm[ah B f(2)) + A22(H. oy, 1] f(2))"

L= NH] [a1, 3] f(2) + Az(HL [, 1] f(2))
—r<6<m.

(1 + ke') — /{:ew} > 7,

B(z)

A(z) = [e(Hpylon, Si] f(2)) + A2 (Hy,[on, Bilf(2))")](1 + ke')
= ke[(1 = N Hy[on, 1] f(2) + Az(Hy[on, 1] f(2))]

=24 Z(l + M — N (ke (n — 1) + n)Typ|an|2",

n=2

B(z) := (1 = N Hy[on, Bi)f(2) + Az(H,, o, 5] f(2))

That is,Re { A(z) } > ~, where

=24+ > (14— ANya,[2".

n=2

In view of Lemmg 2.]L, we only need to prove that
[A(2) + (1 = 7)B(2)| = |A(2) = (1 +7)B(2)| = 0.
It is now easy to show that
[A(z) + (1 =7)B(2)| = [A(z) = (1 +7)B(2)]

> [2(1 —7) =23 (L4 mA = Nn(1+ k) — (1 + k)]rn|an|] F

n=2

>0,

by the given condition| (2]1). Conversely, suppgse T'S%, (), 7, k). Then by Lemma 2]2, we
have [2.8).

Choosing the values afon the positive real axis the inequalify (2.3) reduces to

> 0.

1=7)= 3 (I+nA=N)(n—y)Thanz" "1 —ke? 3 (14+nA=N)(n—1)panz"""
Re n=2 n=2
1- Y (I4nA—\)Tpanz—1
n=2

SinceRe(—¢e) > —e® = —1, the above inequality reduces to

o0

1=y =S A+nA=Nnk+1)—(y+k)|Tha,r™ !
Re n=2 — > ().
1—=> (14+nA—=Nha,rm !
n=2
Lettingr — 1, by the mean value theorem we have desired inequlity (2.1). O
Corollary 2.4. If f € TS! (X, v, k), then
l—x
W< —— T 0<A<L1,0<~y<1,k>0,
1= G0 ) Ve
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where®(\, v, k,n) = (1 + nA — N)[n(1 + k) — (v + k)], and wherel’, is given by[(2.R).
Equality holds for the function

IO =g
Lemma 2.5. The extreme points GtS! (X, v, k) are
(2.4) fi(z) =z and fn(z):z—uz” for n=2,3.4,....
DN, v, kyn) o

where® (), v, k, n) is defined in Corollary 2/4.

The proof of the Lemmp 2.5 is similar to the proof of the theorem on extreme points given in
[24].

For analytic functiong andh with ¢(0) = h(0), ¢ is said to be subordinate fo denoted
by g < h, if there exists an analytic functiom such thatw(0) = 0, |w(z)| < 1 andg(z) =
h(w(z)), forall z € U.

In 1925, Littlewood[[11] proved the following subordination theorem.

Lemma 2.6. If the functionsf and ¢g are analytic inU with ¢ < f, then forn > 0, and
0<r<l,

(2.5) /0W|g(rei(’)’nd0§/0W’f(re”)‘”d@.

3. MAIN THEOREM

Applying Lemmd 2.5, Lemmja 2.3 and Lemfna]2.5, we prove the following result.
Theorem 3.1.Supposef € TS (\,v,k),n>0,0< A< 1,0<~vy<1,k>0andf(z)is
defined by
_ 1 —v 2

A (PRI
where® (), v, k, n) is defined in Corollary 2]4. Then far=r¢?, 0 < r < 1, we have

(3.1) / \F)de < / " |fa(2)]" db.

0
Proof. For f(z) = z — Yo", |an|2", (3.1) is equivalent to proving that

2m o 2
/ 1—Z|an|z"_1 df < /
0 p—t 0

n

o n
T o) N S

z

(A, 7, k,2)
By Lemmg 2.8, it suffices to show that
1-— e a7

2 ol <L Gy
Setting

o0 B 1 . '}/
3.2 1 — =1 ——
( ) nzzgla’ ‘Z @(A7ry’k’2)w(z)7
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and using[(2]1), we obtain

uz)] = |3 TELE o

n=2 1= v
%k: n)
< |z IZ [an]
< IZI-
This completes the proof by Lemma].3. O

By taking different choices of, m, ay, as, ..., a;, B1, B2, ..., Bm, A, v @andk in the above
theorem, we can state the following integral means results for various subclasses studied earlier
by several researchers.

In view of the Examplep 1]1 {o 1.5 in Section 1 and Thedrerp 3.1, we have following corol-
laries for the classes defined in these examples.

Corollary 3.2. If f € UST(v,k),0 <~ < 1,k > 0andn > 0, then the assertion (3.1) holds
true where

_ L=y
fo(2) =2 k+2—”yz'

Remark 3.3. Fixing £ = 0, Corollary[3.2 gives the integral means inequality for the class
T*(y) obtained in[[26].

Corollary 3.4. If f € UCT(v,k),0 <~ < 1,k > 0andn > 0, then the assertior (3.1) holds
true where

_ =7
fo(2) =z 2(k+2—7)z2'

Remark 3.5. Fixing £ = 0, Corollary[3.4 gives the integral means inequality for the class
C(v) obtained in[[26]. Also, fo: = 1, Corollary[3.4 yields the integral means inequality for
the clasd/C'T), studied in[28].

Corollary 3.6. If f € Rs(v,k),d > —1,0 <~ < 1,k > 0 andny > 0, then the assertion (3.1)
holds true where a )
. -7 2
LA =i v —)”

Corollary 3.7. If f € BT.(v,k),c > —1,0 <~ < 1,k > 0andn > 0, then the assertion
(3-1) holds true where

L -2
falz) == c+r)k+2—7)

Corollary 3.8. If f € LT%(v,k),a > 0,¢> 0,0 <y < 1,k > 0andn > 0, then the assertion
(3.1) holds true where

N C(l _’Y> 2
fa(2) = 2 a(k‘+2—fy)z
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