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Making use of the generalized hypergeometric functions, we introduce some gen-
eralized class of—uniformly convex and starlike functions and for this class, we
settle the Silverman’s conjecture for the integral means inequality. In particular,
we obtain integral means inequalities for various classes of uniformly convex and
uniformly starlike functions in the unit disc.
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1. Introduction
Let A denote the class of functions of the form
(1.1) ) =2+ a.2"
n=2
which are analytic and univalent in the open disc= {z : z € C, |z| < 1} For

functionsf € A given by (L.1) andg € A given byg(z) = z + Zoo b, 2", we
define the Hadamard product (or convolution )fadndg by

(1.2) (f*xg)(z —z—i-Zanbz zeU.

For complex parametets, ..., andfy, ..., G, (B, #0,—1,...;5=1,2,...,m)
the generalized hypergeometric functigh,, (=) is defined by

_ > (al)n Ce (al)n "
(1.3) Fo(z) = Fu(aq,...o; 81, ..., B 2) i= ol
l l l 2 B G

(<m+1;I,me Ny:=NU{0};z€U)

whereN denotes the set of all positive integers dngl, is the Pochhammer symbol
defined by

1, n=>0
(1.4) (m)":{q;(x—i—l)(:c—i—Z)"'(x—i‘n_l)a n € N.

The notation £, is quite useful for representing many well-known functions such

as the exponential, the Binomial, the Bessel, the Laguerre polynomial, and others;

for example seeq] and [17].
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For positive real values ofy,...,oq @and 8y,..., 05, (8; # 0,—1,...;j =
1,2,...,m), let H(ay,...aq;51,...,08m) : A — A be a linear operator defined

by
[(H(aq,...a; 01, Bn)(H)](2) :i= 2z 1F(aq, ag, ..o aq; 81, Bo ooy B 2) * f(2)

W

&F< "
*

oo
(1.5) =z+ E r,a,z",
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(n = DNB)n-1- - (Bm)n-1
Title Page

For notational simplicity, we use a shorter notatifi) [, 3,] for H(ay,...qy;
b1, - .., Bn) in the sequel. Contents
The linear operatofi! [oy, 3] called the Dziok-Srivastava operator (s&@),[ 7 w°
includes (as its special cases) various other linear operators introduced and studied
by Bernardi B], Carlson and Shafferg], Libera [10], Livingston [12], Owa [15], < 4
Ruscheweyh1] and Srivastava-Owe&2[/].
ForA > 0,0 <~ < landk > 0, we letS! (\,v,k) be the subclass of
consisting of functions of the form.(1) and satisfying the analytic criterion Go Back

Page 4 of 18

(1 7) Re{ Z(H%[Czl,ﬁl]f(z))’ + )\22(an[041,§1]]€(2))” - 7} Full Screen
' (1= NHL [, B f(2) + Az(H [, Bi]f(2))" Close
ok 2(Hylan, B f(2) + X2 (H) o, B f(2)" o Lew journal of inequalities
(1 = N HL [aq, B1]f(2) + Az(HE [oa, Bi] f(2)) ’ ’ in pure and applied
mathematics
whereH! [y, 31]f(z) is given by (L.5). We further letl’S! (X, v, k) = SL (A, v, k)N issn: L443-575k
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T, where

(1.8) T::{fEA:f(z):z—imn\z", zEU}
n=2

is a subclass ofl introduced and studied by Silvermazd].
In particular, for0 < A < 1, the classT'S! (), ~, k) provides a transition from
k—uniformly starlike functions té&—uniformly convex functions.
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andk, the class'S! (A, v, k) reduces to the various subclasses introduced and stud- and . Magesh
ied in [1, 4, 13, 14, 20, 22, 23, 24, 28, 29]. As illustrations, we present some exam- vol. 8, Iss. 4, art. 118, 2007
ples for the case whek= 0.
Examplel.1 If [ = 2andm = 1witha; =1,a, =1, 5, =1, then Title Page
(1.9) TS}0,v,k) =UST(v,k) Contents
zf'(2) 2f'(2) «“ >
= fET:Re{ —7}>k‘ -1, z€eU;.
{ f(2) f(2) < >
A function in UST (v, k) is calledk—uniformly starlike of ordery, 0 < v < Page 5 of 18
1. This class was introduced id]] We also note that the class&sS7T'(y,0) and Go Back
UST(0,0) were first introduced inZ4].
Examplel.2 If [ =2andm = 1 witha; = 2, as = 1, 8 = 1, then Full Screen
Close
(1.10) T57(0,7, k)
=UCT (v, k) journal of inequalities
’ , , in pure and applied
= {f eT: Re{1+ () —’y} NP E2C0) pp U}. mathematics
f'(z) f'(z) issn: 1443-575k
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A function in UCT (v, k) is calledk—uniformly convex of ordery, 0 < v < 1.
This class was introduced id]f We also observe that
UST(v,0) =T"(y),  UCT(v,0)=C(y)

are, respectively, well-known subclasses of starlike functions of ordeid convex
functions of ordery. Indeed it follows from (.9) and (L.10) that

(1.11) feUCT(v,k) < zf € UST(v, k).
Examplel.3 If [ =2 andm = 1withay =0+ 1(0 > —1), a0 =1, 51 = 1, then

TS%(Ov e k) = RtS(’yv k)

_ n (2D f(2) 2D f(2))
.—{fET.Re( DA F(2) vl >k DA (=) 1}, z€e U,
whereD? is called Ruscheweyh derivative of ordefs > —1) defined by

(1_—2)“1 s f(2) = HH 0+ 1,1;1)f(2).

The classRks(v, 0) was studied inZ0, 22]. Earlier, this class was introduced and
studied by the first author iri] 2].

Examplel.4d If [ =2andm = 1withay = c+ 1(c > —1), 0 = 1, 1 = ¢+ 2,

then
, zEU},

D°f(z) :=

T5%(0,v,k) = BT.(v, k)

:z{fET:Re(%g))y—v)>k

2(Jef(2))

AE
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where . is a Bernardi operatoB] defined by
Tf(2) = (’;1 / N f (D dE = H e+ 1, 1 e+ 2) f(2).
0

Note that the operatof; was studied earlier by Liberd (] and Livingston [L2].
Examplel.5 If [ =2 andm = 1 witha; = a(a > 0),ay =1, 51 = ¢(c > 0), then

TSlz (0, v, k) Integral Means for Uniformly Convex
= LTCa (7’ k) OomP. Aﬁﬂjc;,s (tz‘a.lrll\illk:r:;:;gir?g:ramoorthy
2(L(a,c) f(2)) z(L(a,c) f(2)) and . Magesh

= T — k -1 U .

{f € Re ( L(a, C)f(2> 'Y > L(CL, C)f(z> ) VS ) vol. 8, iss. 4, art. 118, 2007
whereL(a, c) is a well-known Carlson-Shaffer linear operat6f flefined by
0o ( ) Title Page
a
L(a,c)f(2) = (Z (C_):ZkH) * f(2) = Hi(a,1;¢) f(2). Contents
e « 13
The class.T? (v, k) was introduced in13].

We can construct similar examples for the case 3 andm = 2 with ap- S %
propriate real values of the parameters by using the opefafar,, 5,], that is Page 7 of 18
H(a, as, as; 81, B2) studied by Ponnusamy and Sabapattfy.[ o Back

We remark that the classes of uniformly convex and uniformly starlike functions
were introduced by Goodmas,[9] and later generalized by Ronningd, 19] and Full Screen
others. , .

In [24], Silverman found that the functiof,(z) = 2 — % is often extremal
over the familyT. He applied this function to resolve his integral means inequality, journal of inequalities
conjectured in25] and settled in26], that in pure and applied

2 A 27 A mathematics
/ ‘f(rew)}n do < / }fg(rew)‘n de, issn: 1443-575k
0 0

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

forall f € T,n > 0and0 < r < 1. In [26], he also proved his conjecture for the
subclasse$™(y) andC(~) of T.

In this note, we prove Silverman’s conjecture for the functions in the family
TS! (X 7, k). By taking appropriate choices of the parameters, o, . .., oy, 31,

-, Bms A, 7, k, we obtain the integral means inequalities for several known as well
as new subclasses of uniformly convex and uniformly starlike functiof’s in fact,

these results also settle the Silverman’s conjecture for several other subclagses of
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2. Lemmas and their Proofs

To prove our main results, we need the following lemmas.

Lemma 2.1. If v is a real number andv is a complex number , théRe(w) > v <
jw+ (1 =) —|w—(1+7)] =0.

Lemma 2.2. If w is a complex number angd & are real numbers, then
Re(w) > kjw — 1| + v & Re{w(1l + ke') — ke®} > ~, —n1<0< 7

The proofs of Lemma&.1and2.2 are straight forward and so are omitted.
The basic tool of our investigation is the following lemma.

Lemma 2.3.Let0 < A < 1,0 < v < 1, £ > 0 and suppose that the parameters

a1, ..., and gy, ..., 3, are positive real numbers. Then a functigrbelongs to
the familyT'S! (), , k) if and only if
(2.1) (T4+nA=XN)n1+k)— (v+k)Th |an] <1 —17,
n=2
where
(22) Fn _ (a/l)n—l cee (al)n—l

(Bi)n—1-- (Bm)p—a(n— 1)1

Proof. Let a functionf of the form f(z) = z — >~ , |a,|2" in T satisfy the con-
dition (2.1). We will show that (.7) is satisfied and s¢ € T'S! (\,~, k). Using
Lemma2.2, it is enough to show that

(2.3) Re{<Z(H7ln[a17 B f(2)) + A2 (HL [, B £ ()"

L=N)HL [, 1) f(2)+Az(HL [aq, B1] f(2))
—m <6<

(1+ke™) — k:eie} >,

Integral Means for Uniformly Convex

and Starlike Functions

Om P. Ahuja, G. Murugusundaramoorthy

and N. Magesh
vol. 8, iss. 4, art. 118, 2007

Title Page
Contents
44 44
< 14
Page 9 of 18
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

That is,Re {gg;} > ~, where

A(2) = [z(Hy, a0, B f(2)) + X22(Hy,lan, Bi] f(2)))] (1 + ke®)
— ke®[(1 — N H! [eu, B1]f(2) + A2(HL [, 3] f(2))]
=24 > (14 n—A)(ke”(n

n=2

B(z) == (1= N Hy,lon, 8] f(2) + Ne(Hy[on, Bilf(2))

=24 > (14 n— Aya,|2".
n=2
In view of Lemma?2.1, we only need to prove that
|A(z) + (1 =7)B(z)| = [A(z) = (1 +7)B(2)] = 0.

It is now easy to show that

[A(z) + (1 = 7)B(2)| = |A(2) = (1 +7)B(2)]

— 1) +n)lya,|2",

2(1 — —ZZH—nA N1+ k) — (v + k)|Talanl | 2]

>0,

by the given conditionZ.1). Conversely, supposg € T'S' (\,v,k). Then by
LemmaZ2.2, we have £.3).

Choosing the values afon the positive real axis the inequality.f) reduces to

(1=v)—

ﬁmg

(14+nA=X)(n—)Thanz" 1 —ke'? Z(l-‘,—n)\ AN (n—1)Tpapz""1
n=2 > 0
1- Y (I+nA—A)Tnanz"—1t B

n=2

2

Re
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SinceRe(—¢e) > —e® = —1, the above inequality reduces to

1—=7) =S (A+n\=N[nk+1)—(y+k)]Tpa,r™ !
Re n=2 - > 0.
1— > (14+n\—Aha,rm!
n=2

Lettingr — 1, by the mean value theorem we have desired inequalify.( [
Corollary 2.4. If f € TS! ()\,7, k), then

1 _
jan| < 1

L <AL 0<y< k>
_(P()\’f)/?k’n)’ O— — 70—7< Y —07

where®(\, v, k,n) = (1 +nA — X)[n(1 + k) — (v + k)|]I', and wherel',, is given
by (2.2).
Equality holds for the function

A-7 .

fz)=z- D(N, v, k,n)

Lemma 2.5. The extreme points GfS! (A, v, k) are

(2.4) fi(z)=z and f,(2)=2z-— %z”, for n=2,3,4,....,

where®(\,~, k, n) is defined in Corollary?.4.

The proof of the Lemma.5 is similar to the proof of the theorem on extreme

points given in 4.
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For analytic functiong andh with g(0) = h(0), ¢ is said to be subordinate to
h, denoted byy < h, if there exists an analytic functiom such thatw(0) = 0,
lw(z)| < 1andg(z) = h(w(z)), forall z € U.

In 1925, Littlewood [L1] proved the following subordination theorem.

Lemma 2.6. If the functionsf and g are analytic inU with g < f, then forny > 0,
and0 < r < 1,

(2.5) /Ow}g(rew)wdég/0W|f(rei9)‘nd9.
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3. Main Theorem

Applying Lemma2.6, Lemma2.3and Lemma’.5, we prove the following result.

Theorem 3.1.Suppose € T'SL (A, v,k),n>0,0<A<1,0<~y<1,k>0and
f2(z) is defined by

_ l—y 2
L&) = gk

where®(\, ~, k,n) is defined in Corollary2.4. Then forz = re??, 0 < r < 1, we
have

2 2
3. | i< [ inerae.
0 0
Proof. For f(z) = z — 37, |an|2™, (3.1) is equivalent to proving that

2m o0 n 2m
/ 1—Z|an\zn_1 d@g/
0 =2 0

. n
P C el D IS LY

D(N, v, k,2)
By LemmaZ.6, it suffices to show that
1- i ||zt <1 — 1_—7,2
—~ (N, 7, k,2)
Setting
~ 1_
(3.2) 1 ; lan]z" =1 - mw(z),
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and using 2.1), we obtain

s DN, v, k,n) .
()| = |30 2ALRT g s

2 _’y

k,
|Z ”’ ”|n|

< zl.

n=

This completes the proof by Lemnaas. O
By taking different choices of, m, ay,as,...,a;, B1, B2, ..., Om, A\, v @andk

in the above theorem, we can state the following integral means results for various

subclasses studied earlier by several researchers.
In view of the Examples..1to 1.5in Sectionl and Theorens.1, we have fol-
lowing corollaries for the classes defined in these examples.

Corollary 3.2. If f € UST(v,k),0 <~y < 1,k > 0andn > 0, then the assertion
(3.1 holds true where

_ L=y 5
fo(z) =2 k+2_72.

Remarkl. Fixing k = 0, Corollary 3.2 gives the integral means inequality for the
classT*(y) obtained in 6.

Corollary 3.3. If f e UCT(v,k),0 <~ < 1,k > 0andn > 0, then the assertion
(3.2) holds true where

_ 1—n 2
2(2) =2 =505

Integral Means for Uniformly Convex

and Starlike Functions
Om P. Ahuja, G. Murugusundaramoorthy

and N. Magesh
vol. 8, iss. 4, art. 118, 2007

Title Page
Contents
44 44
< 14
Page 14 of 18
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

Remark2. Fixing £ = 0, Corollary 3.3 gives the integral means inequality for the
classC(y) obtained in 6]. Also, for k = 1, Corollary3.3 yields the integral means
inequality for the clas&/C'T, studied in P§].

Corollary 3.4. If f € Rs(v,k), 6 > —1,0 < v < 1,k > 0andn > 0, then the
assertion 8.1) holds true where

. (1-7) 52
G+1)(k+2—7)

Corollary 3.5. If f € BT.(v,k),c> —1,0 <~ < 1,k > 0andn > 0, then the
assertion 8.1) holds true where

fo(z) ==

(=e+2)
Cc+D(k+2—7)

Corollary 3.6. If f € LT*(v,k),a > 0,¢> 0,0 <~y < 1,k > 0andn > 0, then
the assertiond.1) holds true where

fo(z) =2 —

_ c1=9)
Jalz) =2 = a(k;—l—2—fy)z '
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