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ABSTRACT. Let7 be the class of functiong(z) with negative coefficients which are analytic
and univalent in the open unit digk with f(0) = 0 and f’(0) = 1. The classe§ * andC are
defined as the subclasses®fwhich are starlike and convex i, respectively. In view of the
interesting results for integral means given by H. Silvernmdouston J. Math23(1977)), some
generalization theorems are discussed in this paper.
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1. INTRODUCTION

Let .4 denote the class of functiorfgz) of the form
(1.2) flz) = z+Zanz"
n=2

that are analytic in the open unit difk = {z € C : |z] < 1}. LetS be the subclass ofl
consisting of all univalent functiong(z) in U. A function f(z) € A is said to be starlike with
respect to the origin it if it satisfies

(1.2) Re{zf/(z)} >0  (zeD).

f(2)
We denote byS* the subclass af consisting of all starlike functiong(z) with respect to the
origin in U. Further, a functiorf(z) € A is said to be convex ifty if it satisfies

(1.3) Re {1 n Z}f/(iz))} >0  (2el).

We also denote b the subclass af consisting off (z) which are convex ifi. By the above
definitions, we know thaf(z) € KL ifand only if zf'(z) € §*, and thatlC € §* C S C A.
The classT is defined as the subclass®fconsisting of all functiong'(z) which are given

by
(1.4) f(z)=2z— Z anz" (@, >0).
n=2
Further, we denote by* = S* N7 andC = K N 7. Itis well-known by Silverman [6] that

Remark 1.1. A function f(z) € 7* if and only if

(1.5) Znan <1
n=2

A function f(z) € C if and only if
(1.6) ZnQan <1
n=2

For f(z) € Aandg(z) € A, f(z) is said to be subordinate igfz) in U if there exists an
analytic functionw(z) in U such thatv(0) = 0, |w(z2)| < 1 (2 € U), andf(z) = g(w(z)). We
denote this subordination by

1.7) f(2) < g(2). (cf. Duren[1]).

For subordinations, Littlewood [2] has given the following integral mean.

Theorem A. If f(z) andg(z) are analytic inU with f(z) < g(z), then, forA > 0 and|z| = r
(0<r<1),

(1.8) / e < / o).
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Furthermore, Silverman|6] has shown that

Remark 1.2. f1(z) = zandf,(z) = z — = (n > 2) are extreme points of the clags (or 7).
fi(z) = zandf,(z) = z — % (n > 2) are extreme points of the claSs

Applying Theoreni A with extreme points af, Silverman [7] has proved the following
results.

2

Theorem B. Suppose thaf(z) € 7*, A > 0 and fo(z) = z — %-. Then, forz = re
(0<r<1),

2m 2m

1.9) | ek < [T ine)ra

Theorem C. If f(z) € T*, A > 0, and fo(2) = » — 2, then, forz = re® (0 < r < 1),
2 2w

(1.10) | irera < [T inera.

In the present paper, we consider the generalization properties for Theprem B and Theorem
[Qwith f(z) € T*andf(z) € C.

Remark 1.3. More recently, applying Theorefm| A by Littlewood![2], Sekine, Tsurumi and
Srivastaval[4]; and Sekine, Tsurumi, Owa and Srivastava [5] have discussed some interesting
properties of integral means inequalities for fractional derivatives of some general subclasses of
analytic functionsf(z) in the open unit diskU. Further, Owa and Seking|[3] have considered

the integral means with some coefficient inequalities for certain analytic funcfiansn U.

2. GENERALIZATION PROPERTIES

Ouir first result for the generalization properties is contained in

Theorem 2.1.Let f(z) € 7%, A > 0, and f(z) = z — % (k> 2). If f(z) satisfies

k—3 Jt1
(2.1) Z 2 (a2k+j—1 T Aptjip1 — ak—j—l) >0
§=0

for k > 3, and if there exists an analytic functiar{z) in U given by

(W) =k (Z anzn‘1> :

n=2

then, forz = re? (0 < r < 1),

2.2) | ireras < [T ek

0

Proof. For f(z) € 7*, we have to show that

2 o) A A
/ 1— g a,z" !
0 n=2

2
deg/ -
0

J. Inequal. Pure and Appl. Math6(2) Art. 50, 2005 http://jipam.vu.edu.au/



http://jipam.vu.edu.au/

4 SHIGEYOSHI OWA, MIHAI PAscu, DAISUKE YAGI, AND JUNICHI NISHIWAKI

By Theorenj A, it suffices to prove that

o L Zk:—l
1— <1 —

;a z < 2

Let us define the function(z) by
- 1
(2.3) 1-— ;anznl =1- E(w(z))k_l.
It follows from (2.3) that
lw(z)|F! = kZanz” <z (Z kan>
n=2 n=2

Thus, we only show that

Z ka, < Z na,,

n=2 n=2

or

Indeed, we see that

1 [ k—2 k—3 2
k <Z> (15 et (157 et (12 o
+ (1 ! 1+1 + 1+2
T ag—1 + ap + 2 k41 i Ap42

E+1 k+2
+eee 1+T A2k+1 + 1+T k42 + * -

k—2 k—3
= i (agg—2 — az) +

(agk—3 —as) +---

1 k—1
(Qgto — ar—2) + E(akﬂ —ap-1)+ |1+ ) G2k

2
Tk

k+1 2k—2
( )a2k+(1+7)a2k+1‘|‘"‘+;an-

Noting that

ko 2
1+—%121+—%1 (j=-1,0,1,...),
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we obtain

1 [ k—2 k—3
(2.4) T (; nan) > (agk—2 — az) + (aok—3 — ag) + -

k

k
1
Ao — Ap—2) + E(ak-&-l — ap—1)

2
+E(
1 2
+(1‘|‘E)a2k—1+<1+_)a2k+"'

k
2%—2
k—3 k—2
+ (1+T) a3k75+ (1+T> G3k74+"'+ ;an
1
> E(CLQk_l + g1 — ap—1) + E(a% + Qpyo — Qp_a) + - -
k—2 >
+ 2 (ask—4 + a2—2 — as) + ; anp
k-3 . 0o
. J+1
= — 2 (@oktjo1 + Qpyjr1 — Qg—j—1) + ;an

WV,
WE
£

Il
)

n

with the following condition

k—

.
_l_

1

B (A2ktj—1 + Aprjr1 — Qr—j—1) > 0.

.
Il
o

Thus, we observe that the functior(z) defined by [(2.8) is analytic ifV with w(0) =

< 1 (z € U). This completes the proof of the theorem.

jw(2)
Remark 2.2. Takingk = 2 in Theorenj 2.1, we have Theor¢m B by Silvermian [7].

Example 2.1. Let us define
37 , 1., 1., 1 .

and
(2.6) fil) =2~ 57

with & = 3 in Theorenj 2.1. Sincé(z) satisfies

= 217
Znan = — <1,
o 600

we havef(z) € 7*. Furthermoref(z) satisfies,

1( . ) 1/ 1 +1 37 .
—(astas—a) =z | —=+—=——— | =
30 TR T e 100 T 48 1200

Thus, f(z) satisfies the conditions in Theorém|2.1 withk= 3.
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If we take )\ = 2, then we have
27 1 2
/ |f(2)]?df < 2mr? (1 + §r4) < EOW =6.9813. ...
0

Corollary 2.3. Let f(z) € T*,0 < A < 2, and fi(z) = z — % (k > 2). If f(2) satisfies the
conditions in Theorefn 2.1, then, for= re (0 < r < 1),

A

2 1 B 2 1 %
(2.7) /0 |f(2)[7dO < 2mr? <1 - ﬁﬂ(’f 1>) <2r (1 + k2) :
k—1

Proof. It follows that
27 2
| inras = [ - 5
0 0

Applying Holder’s inequality fol) < A < 2, we obtain that

27 A 27 9 % 21 k 1A
[l 2 e (i) ([ (-5) o)
0 0 0
2

27 o D) 27 2

= z Hd@) / db

([ * g

o\ 35
= (27r7"ﬁ> (27r (1+ —7" ))
1 2

=2 1+ —r2kD

r ( +k )

2%

< 27 (1 + k2) .

Further, it is clear fon\ = 2. O

A
do.

k—1

kl
1 —

For the generalization of Theorém C by Silverman [7], we have

Theorem 2.4.Let f(z) € 7%, A > 0, and fy(z) = z — = (k > 2). If there exists an analytic
functionw(z) in U given by

(o)
= E na,z" 1,
n=2

then, forz = re? (0 <r < 1),

(2.8) / ()P < / R

Proof. For f(z) € T+, itis sufficient to show that

(2.9) 1— Znanz”’l <1 =21
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Let us define the functioa(z) by
(2.10) 1-— Z napz""t =1—w(z)",
n=2

or, by
w(z) ' = Znanz"_l.
n=2

Sincef(z) satisfies

Znan <1,

n=2
the functionw(z) is analytic inU, w(0) = 0, and|w(z)| < 1 (z € U). O
Remark 2.5. If we takek = 2 in Theorenj 2.4, then we have Theorgin C by Silverman [7].

Using the Holder inequality for Theorgm 2.4, we have

Corollary 2.6. Let f(z) € T*,0 < A < 2, and fi(z) = z — % (k > 2). If f(2) satisfies the
conditions in Theorefn 2.4, then, for= re (0 < r < 1),

242

2m A
/ £/ (2)]MdO < 2m (1472 E7D)2 < 27577,
0

3. INTEGRAL MEANS FOR FUNCTIONS IN THE CLASSC

In this section, we discuss the integral means for functjtz$ in the clas<.

k

Theorem 3.1.Let f(z) € C, A > 0, and f(2) = z — % (k > 2). If f(z) satisfies

(k+J)(k—J)
k2

N

-1

3.1) (azg—j —a;) >0

<.
[|
N

for k > 3, and if there exists an analytic functiar{z) in U given by

(W) T =KD an
n=2
then, forz = re? (0 <r < 1),
2 2w
(3.2) | sepa< [ incpa.
0 0
Proof. For the proof, we need to show that
0 L Zkfl
(3.3) 1= ap2" < 1— e
n=2
by Theoren A. Define the functian(z) by
= ~ 1 _
(3.4) 1— Zanz" T—1-— Ew(z)k '
n=2
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or by

(3.5) (w(z)" ! =k (Z anz”_l) .

Therefore, we have to show that

f:an < % (i nzan) .
n=2 n=2

Using the same technique as in the proof of Thedrem 2.1, we see that

k—1 %)
k+7)(k
k}2 <Znan>2 %aﬂﬂ i 4 _'_Zan
j=2 n=2
> Zan.
n=2

(36) f(Z)ZZ——Z - —2 = —=Zz

and
1 3
(3.7) fz) =25z
with £ = 3 in Theoreni 3.11. Then we have that
Zn p = — + 3 + E =1
e 18 40 7
which impliesf(z) € C, and that
5
§(CL4 - CLQ) = 0.

Thus f(z) satisfies the conditions of Theor¢m|3.1. If we make 2, then we see that

2 1 164
240 < 2 1+ —rt — 7 =6.3607---
/0 |f(2)]°d8 < 2mr ( +81 <"

Corollary 3.2. Let f(z) € C,0 < A < 2, and fy(z) = z — 2 (k > 2). If f(2) satisfies the
condition in Theorerh 3|1, then, fér> 3, then, forz = re (0 < r < 1),

27 1 5
(3.8) / |f(2)[2do < 21 (1 + Wﬂk—l))
0

1\ 2
<27T(1+k4) )

Further, we may have
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k

Theorem 3.3.Let f(z) € C, A > 0, and f.(z) = z — 75 (k > 2). If f(z) satisfies

2k—2

(3.9) > ik =j)a; <0,

j=2
and if there exists an analytic functior(z) in U given by

(w(z)" ! = /{;Znanznfl,
n=2
then, forz = re? (0 <r < 1),

(3.10) / T 17(2) e < / " |FL() s,

Example 3.2. Take the functions

1 1 1

_ -2 - 3~ A
(3.11) f(z) ==z 51 T8 T 18°
and

1
(3.12) fs(z) =2z — 523
with £ = 3 in Theoreni3.8. Since
" 2418 48 6
and
1 1
2(3—2)az + 3(3 — 3)az + 4(3 — 4)as = TR

f(z) satisfies the conditions in Theorém|3.3. If we take 2, then we have

2 1 2
/ If'(2)]?d0 < 27 <1 + —r4) < —07T.
0 9 9

Corollary 3.4. Let f(z) € C,0 < XA < 2, and fi(z) = z — z—z (k > 2). If f(2) satisfies the

condition in Theorerh 3|3, then, fér> 2, then, forz = re? (0 < r < 1),

2 %
f(z MO <2m [ 1+ l7“2("“*1) <2r |1+ l
k k
0

4. APPLICATIONS FOR THE INTEGRATED FUNCTIONS

[P

For f(z) € T, we define

Lif(z) = f(z) =2z — Zanz”

n=2
z

1 e "
If(z) = Lf(z) = / sl =5 =3 -
- !
Iif(2) = I(Ix-1f(2)) = C i 1)'Zk+1 _ Z e Z.k)'anzwrk (k=1,2,3,...).
) n=2 :
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If f(2) satisfies

P4l g

+j—k

4.1) ﬁ(amu%k —a) >0
k=2

for j = 2,3,4,..., and if there exists an analytic functior(z) in U given by

(=)™ =i +1) (Z - i 1anz"1) ,

n=2
then
2 2
(4.2) [ et < [ el
0 0
Proof. We have to prove
27 00 2 21 2 ) A
/ 1— Z a,z" 1 do < / — — 271 do.
0 —n+l 0 i +1)
If
=2 2 .
1 — . n—1 11— — = j—1
;n+1a2 < j(j—l—l)z ,
then the proof is completed by Theorgm A.
Let us define the function(z) by
- 2 n—1 __ 2 Jj—1
Z;n-i-lanz j(j—l-l)( (=)
Then
j—1 n—1
pum— 1 n
w(z)] 3+ );n L%
<o (G +1) i L .
JU 2 T
Thus, we only show that
oo 1 o
Jj7+ 1); - Tan < ;nan

or

J. Inequal. Pure and Appl. Math6(2) Art. 50, 2005 http://jipam.vu.edu.au/
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Indeed,

= 1 1

;n(j(j+1)+n+1>a"
:2(;+1)a2+3<..1 +l>a3—|—---

jG+1) 3 jG+1) 4
+(j—1)(;+1)aj_1+j B )aj
JG+1) jG+1)  j+1
1 1

+(‘7+1)(j<j+1>+j+2>aj“

» ] 1 1
+o (257 + 25 - 3) (j(j 1) > e

2j2 +2j — 2

1
+(2/°+2j—2) | — + 5 : agjryaj-1+
(35 +2 )(J(] 2.72+2J—1> S

_JUHD =3)
TG > ’

A (1 i) — G- 1)) - (1 _ M) .

B , JG+1)
(e

N (1 U 1);(;%: 1)+ 2j —3)> G a s
N (1 _JG+ 1);(;?21; 2j —2)

|
VR
I
<
o |
<O+
=
0
[\
N——
[\V]
+
/\\_/

) Agj242j—2 + -

e =3
jG+1) i +1)
-2 -2
Jo 1 J
m(%ﬂﬂ'ﬂ —a;1) + j(j—+1)(a2j2+j - a;)
-1

(a2j2+2j_2 — CLQ) + (a2j2+2j—3 - Clg)

(G2j21j-1 — @j41) + - Far+ag+ -+ ageij o+

1 .5 . o]
I Hi-k
= Z ————(agj242j_k — i) + Z anp
iG+1) —~

for
Jj -k

Z ————(ag219;_ — ag) > 0.
—~  ji+1)

This completes the proof of Theor¢m}4.1.

Finally, we derive
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Theorem 4.2.Let f(z) € T\ > 0,andfj(z) = 2 — = (j =2,3,4,...). If f(2) satisfies

(j+k)!

- 6 U on(j — 1)!
4.3 > - 11— ——+ n— QGik)
3 Z“ o5 Z ( (j + k)" )( “Eﬁ’fiz-n)
fork=23,4,..., and if there exists an analytic functiar(z) in U given by
j—l .] + k: —1
(w(2)) ]_1,Zn+k ,
then
21 N 27 N
(4.4) / um@ndeg/iuwxa|w.
0 0
Proof. We have to show that
_Zn' (k+1 1 (j—})!(k;Jrl)!zjfl.
(n+ k (7 + k)

Definew(z) by

1_in!(k‘+1)! n-1_q_ (j — Dk +1)! (w(z))j_l

~ kT G+ k)
or by
j—1 ( +k5>' ad TL' n—1

Then we have to show that

(j + k) n! -

<

that is, that

! G-y

; (n+k)! "~ (j+k)';m
Since

1 1 1 1
— — o o o an
n+1 n4+2 n+3 n+4

we obtain
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Furthermore, we have

- =/ 2n(j —1)! 2n n
< —
;a"—z( (j+k)! T T aa2)M

n=2

Let the functioni(n) be given by

2n n 2
h(n) = - S [ —
(n) n+1 n+2 n?+3n + 2
Sinceh(n) is increasing fon > 2,
)
h(n) > =
(n) > 2
Thus, we only show that
> (11 (AR —2n(j —1)!
< — - .
;a"—;(ﬁ G+5) fin
In fact,
- (g R =20 - 1)!) .
—~\6 (j +Fk)! "
(11 G+ k) =4 - 1) 11 (G+k)!—6(G—1)
_<6 G+ k) “*+ % G+ k) @
11 4@ —1)! 11 25 —1)!
* ( 6 GaR ) e T\T TG

+ (E — ()> a G+r + (E — M) a (o
6 2(-1)! 6 (7 +k)! G- 1
e (5 + U)ot G5+ S0 ) o
N (% LU k();g{ - 1).) Ggesy o
> % gan LU k:()j' lig]' —1)! (agﬁt’;;:—z - a2>
2 k(); 12(); - (“E§t§§§—3 - “3) + H (a;g]t’?;! +2 ~ a;g;_kg;!_g)

+

2(j = 1!
IR = A =

- 5 — + k) —4( —1)!
= n+ézan+ U ) Y ) (a(j+k)! _2—6L2)

FERIEAN S
T (o o)
P SR (o o)

J. Inequal. Pure and Appl. Math6(2) Art. 50, 2005 http://jipam.vu.edu.au/

13


http://jipam.vu.edu.au/

14 SHIGEYOSHI OWA, MIHAI PASCU, DAISUKE YAGI, AND JUNICHI NISHIWAKI

G+k)!
> 5 VR () =20 — 1) ( )
:Zan_l'_zan_" - Atk — Gn
n=2 6 n=2 n=2 (‘7 - k)' U=
>
n=2
for
AT
- (— 2n(j — 1)!
a, > — 1—-— Ay, — @ (j+k)! .
Sezg 3 (- 7gmr) (o)
This completes the proof of Theor¢gm}4.2. O

Remark 4.3. Letting k = 2, if f(z) satisfies,

JGHDG+2)
oo 2

6 2n
(4.5) Qy > — (1—,‘ , )an—a-- 9 —n
nz_; 5 ; i+ 1D +2) ( i+G+2))
forj=2,3,4,...,then
2 27
(4.6) | ier@ra < [ nse)e.
0 0

Remark 4.4. Letting k = 3, if f(z) satisfies,

JGHDGEDGH3) g
2

N 6 2n
4.7 o> 1— — , . e
@0 nz:;a -5 2 ( JG+DG+2)G+ 3)) (@n = aj(+1)(+2)(+3)—n)

n=2

forj=2,3,4,...,then
27 2

.8) / I f ()6 < / T f (=) de.
0 0
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