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Abstract

Let T be the class of functions f(z) with negative coefficients which are analytic
and univalent in the open unit disk U with f(0) = 0 and f'(0) = 1. The classes
T* and C are defined as the subclasses of 7 which are starlike and convex in
U, respectively. In view of the interesting results for integral means given by
H. Silverman (Houston J. Math. 23(1977)), some generalization theorems are

discussed in this paper. Integral Means for Starlike and
Convex Functions with Negative
Coefficients
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Let.A denote the class of functiorf§z) of the form
(1.1) f(z)=z+ Z anz"
n=2

that are analytic in the open unit digk = {z € C : |z| < 1}. LetS be
the subclass afd consisting of all univalent functiong(z) in U. A function
f(z) € Ais said to be starlike with respect to the originlirif it satisfies

(1.2) Re {Z}C(S)} >0

We denote byS* the subclass aof consisting of all starlike functiong(z) with
respect to the origin ifi). Further, a functiory(z) € A is said to be convex in
U if it satisfies

= //(Z)}
(1.3) Re {1 + 72 >0
We also denote bi the subclass af consisting off (z) which are convexin
U. By the above definitions, we know thatz) € K ifand only if z f'(2) € S*,
andthatC c S* ¢ S C A.
The classT is defined as the subclass ®fconsisting of all functiong(z)
which are given by

(z €.

(z € U).

(1.4) flz)=2z— Z 2" (a, > 0).

n=2
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Further, we denote by™* = S* N7 andC = KN 7. Itis well-known by
Silverman [] that

Remark 1. A functionf(z) € 7* if and only if

(1.5) inan < 1.
n=2

A functionf(z) € C if and only if

(1.6) in%n <1.
n=2

For f(z) € Aandg(z) € A, f(z) is said to be subordinate tgz) in U
if there exists an analytic functian(z) in U such thatv(0) = 0, |w(z)| < 1
(z € U), andf(z) = g(w(z)). We denote this subordination by

1.7) f(2) < g(2). (cf. Duren [1]).

For subordinations, Littlewood’] has given the following integral mean.

Theorem A. If f(z) andg(z) are analytic inU with f(z) < ¢(z), then, for
A>0and|z|=r (0<r<1),

27 21
(1.8) /0 |f(7"ei9)])‘d9§/0 \g(reie)])‘dﬁ.

Furthermore, Silvermart] has shown that
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Remark 2. fi(z) = z and f,(z) = z — = (n > 2) are extreme points of the
class7*(or 7). fi(z) = z and f,(z) = z — %; (n > 2) are extreme points of

the clas<.

Applying TheoremA with extreme points off, Silverman [] has proved
the following results.

Theorem B. Suppose thaf(z) € 7%, A > 0 and fa(z) = z — % Then, for
z=re? (0<r<1),

(1.9) /0 "1 (2)Pe < / Cfal2) e,

0

Theorem C. If f(z) € 7%, A > 0, and fo(z) = » — 2, then, forz = re”
(0<r<1),

2 27
(1.10) / (=) Md6 < / f1(2) .

0

In the present paper, we consider the generalization properties for Theorem

B and Theorent with f(z) € 7*andf(z) € C.

Remark 3. More recently, applying Theorefby Littlewood ], Sekine, Tsu-
rumi and Srivastava4]; and Sekine, Tsurumi, Owa and Srivastavi have

discussed some interesting properties of integral means inequalities for frac-

tional derivatives of some general subclasses of analytic funcfi¢nsin the
open unit diskU. Further, Owa and Sekine“] have considered the integral
means with some coefficient inequalities for certain analytic functfgasin
U.
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Ouir first result for the generalization properties is contained in

Theorem 2.1.Let f(2) € 7, A > 0, and fx(z) = z — % (k> 2). If f(2)
satisfies

k—3 ] + 1
(2.1) 2 (A2ksj—1 + Qhyjpr — Ap—j—1) >0
j=0
. . . . . . Integral Means for Starlike and
for k > 3, and if there exists an analytic functiar{z) in U given by Convex Functions with Negative
Coefficients
(w(z»k—l —k (Z an2n1> 7 Shigeygzrizu(lj(\év?agliiP;iidPascu,
n=2 Junichi Nishiwaki
then, forz = re? (0 <r < 1),
o o Title Page
(2.2) / |f(Z)|/\d9 < / |fk(z)|/\d9- Contents
0 0
Proof. For f(z) € 7*, we have to show that « dd
2w o0 A 2 Zk—l A < >
/ 1= a2 | df < / 1— de. Go Back
0 — 0
) . 2 Close
By TheoremA, it suffices to prove that -
ul
N 1 2 Page 6 of 29
1-— W2 <1 = : g e ©
> e :

n=2
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Let us define the function(z) by

(2.3)

11— Z a2t =1- %(u)(z))k—l.

n=2

It follows from (2.3) that

| |k1

Thus, we only show that

or

1 [ k—2 k—3 2
E(Zn%) = (1—T)CZ2+<1—T>G3++(1—E)ak2

1 1 2
+ (1 - E) ap—1 + ap + (1 + %) ag41 + (1+ E) k42

k+1 k+ 2
+ -+ 1+T a2k+1+ 1+T a2k+2+~-
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k
+2( )+1( ) + [
—(a —a —la —Qa - Agf—
7 \ht2 k—2 1o \ Wkl k—1 2 2k—1
2k—2
+( )agk ( >a2k+1+---+2an‘
n=2
Noting that Integral Means for Starlike and
k4 j 245 Comvex Functions with Negath
_ gative
1+ —/{: >1+ —k ) (] L,0,1,... )a Coefficients

Shigeyoshi Owa, Mihai Pascu,

we obtain
Daisuke Yagi and
Junichi Nishiwaki

1 (0.)
(2.4) Z < 5_2 nan>
" Title Page

k—2 k—3
(a%_g — ag) + (azk—3 - a3) + e Contents

o k
1
+ P (ak2 — ag—2) + E(ak+1 — Qk_1) <« >
2 < 4
+ 1+ o1+ ( 1+ = ) ag + -
K Go Back
+ (1+ )agk_5+ (1+T> a3k—4+"'+zan Close
n=2 Quit
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1 2
> E(a%_l + Qg1 — Q1) + E(a% + Qpgo — Qp—2) + -
k—2 s
+ i (agk—a + Gop—2 — az) + Z Qn
n=2
k-3 . e )
Jj+1
= 2 (Gortj—1 + Qrpjrr — ar—j1) + Z Qn
7=0 n=2
Sy
n=2
with the following condition
k—3 .
j+1
Z ’ (Aoktj—1 + Apyjr1 — Qr—j—1) > 0.
§=0

Thus, we observe that the functiariz) defined by 2.3) is analytic inU with
w(0) =0, |w(2)] < 1(z € U). This completes the proof of the theorem. [

Remark 4. Takingk = 2 in Theorem2.1, we have TheorerB by Silverman
[7].

Example 2.1. Let us define

37 , 1., 1, 1 4

and
(2.6) fole) = =~ 52
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with £ = 3 in Theoren?.1. Sincef(z) satisfies

we havef(z) € 7*. Furthermore,f(z) satisfies,

1( . ) 1/ 1
—(as+ag—as) == | —
30 T e 100

1

48

37
1200

)-

Thus, f(z) satisfies the conditions in Theorém with & = 3.

If we take) = 2, then we have

o ) ) 1,\ 20
/ |f(2)|7d0 < 27r <1+§T)<§7T:6.9813....
0

Corollary 2.2. Letf(z) € 7*,0 < XA < 2, and fx(z)

2k

=y Z

k

(K

> 2). If f(2)

satisfies the conditions in Theoreir, then, forz = re? (0 < r < 1)

2m 1 )
(2.7) / |f(2)]*do < 271 (1 + pfr’%kl)) <27 <1 +
0

Proof. It follows that

[Tinapa= [T

k—1

de.

1
k2

3
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Applying Holder’s inequality folh < A < 2, we obtain that

A
27 Zkfl A 27 5 % 27 Zkfl A % 2
/ |z 1 —Z—] db < (/ (|z])‘)2Ad0) / '1— - do
0 0 0
o 222 2 k—112 3
- </ \z|22AAd9) / 1- 2| a9
0 0 k
2\ L ok :
= (27r#5) 7 (27 (1 7
A
— o (1 i irwc—l)) ;
k2
1\
Further, it is clear fon = 2. ]

For the generalization of Theoretby Silverman ], we have

Theorem 2.3.Let f(z) € 7%, A > 0, and fx(2) = z —
exists an analytic function(z) in U given by

k

= (k > 2). If there

(w(z))k*1 = Z na,z" ",
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then, forz = re? (0 < r < 1),

2.8) [ irra < [Cisepa

Proof. For f(z) € 7%, itis sufficient to show that
(2.9) 1— Z na,z" ' <1 — 281
n=2

Let us define the functioa(z) by

(2.10) 1-— Znanzn_l =1—w(2)",
n=2
or, by
w(z)"! = Znanz” !
n=2

Sincef(z) satisfies
Znan <1,
n=2

the functionw(z) is analytic inU, w(0) = 0, and|w(z)| < 1 (z € U). O

Remark 5. If we takek = 2 in Theorem2.3, then we have Theorem by
Silverman [].
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Using the Hdélder inequality for Theoretn3, we have

Corollary 2.4. Letf(z) €e 75,0 < A < 2,andfi(z) = z —
satisfies the conditions in Theoreéh8, then, forz = re®

A
5 24X

21
/ |f,<Z)|>‘d6 S 2 (]_ + 7,2(]6—1))
0
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In this section, we discuss the integral means for functitia$ in the clas<.

Theorem 3.1.Let f(z) € C, A > 0, and fy(2) = 2z — % (k > 2). If f(2)
satisfies

k—1
(k+ j (k+5)(k—J)
(3.1) S LI 1y ) = 0
=2
Integral Means for Starlike and
for k > 3, and if there exists an analytic functiar{z) in U given by Ay Fugct'Of?S_W'fth el i
oefficients
k—1 2 -1 Shigeyoshi Owa, Mihai Pascu,
(w('z)) =k Z anz"", Daisuke Yagi and

Junichi Nishiwaki

then, forz = re (0 < r < 1),

o o Title Page
(3.2) / |f(2)|Ndo < / | ()] d6. Contents
0 0
Proof. For the proof, we need to show that S L
- 1 et < >
(33) 1— Zanz"’ <1- 12 Go Back
"~ Close
by TheoremA. Define the functiow(z) by p—
ul
- 1
(3.4) 1— Z a, 2"t =1-— ﬁw( 2)F Page 14 of 29
n=2
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or by

(3.5) (w(z)" = K2 <Z anz”_1> :

n=2

Therefore, we have to show that

ian < % (inzan> .
n=2 n=2

Using the same technique as in the proof of Theokeimwe see that

)

W(a%ﬁ —a;) + Z a,

n=2

Vv

M 1

i
N

Example 3.1. Consider the functions

1 1 1
3.6 I R
(3.6) fe)=2-35 5%~ 1°

and

(3.7) fol) ==~ 57
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with k& = 3 in Theoren$3.1. Then we have that

in%—i—kg—kE—l
740 18 40

which impliesf(z) € C, and that

)
§<6L4 - (12) =0.

Thusf(z) satisfies the conditions of Theoréhi. If we make\ = 2, then we
see that
164

2w 1
/0 |f(2)]?do < 2mr? (1 + 57’4) <= 6.3607 - - - .

Corollary 3.2. Let f(z) € C,0 < A < 2, and f,(z) = z — ;—2 (k> 2). If

f(2) satisfies the condition in Theorenl, then, fork > 3, then, forz = re'
(0<r<1),

2m 1 %
(3.8) /0 |f(2)| O < 271 <1 + ETQ(]“D)

A
1 2

Further, we may have
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Theorem 3.3.Let f(z) € C, A > 0, and fi(z) = z — Z—2
satisfies

(3.9) > ik —j)a; <0,
and if there exists an analytic functioar(z) in U given by
ok Z na,z" "1,
n=2
then, forz = re (0 < r < 1),

2 27
(3.10) [ irere < [ i pa
0 0
Example 3.2. Take the functions

(3.12) f2) =z m pos? = =P o

and
1 3
(3.12) f3(2) =2z — 9%
with & = 3 in Theorent3.3. Since
Zna ——+2+E—§<1
" 18 48 6

(k > 2).

It £(2)
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and . .
2(3—2)az +3(3—3)az +4(3 —4)ay = TR 0,

f(z) satisfies the conditions in Theoréh8. If we take\ = 2, then we have
o 1 20
/ |f'(2)2do < 27 (1 + —r4) < —.
0 9 9
Zk

Corollary 3.4. Let f(z) € C,0 < A < 2, and fi(2) = 2 — 53 (k > 2). If
f(z) satisfies the condition in Theore#®B, then, fork > 2, then, forz = re®

(0<r<1),

27 1 % 1 %
/ |f(2)]*df < 2r (1 - ETQ(’“_U) <27 (1 + E) :
0
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For f(z) € 7, we define

Inf(z) = =z— E anz"
Integral Means for Starlike and

1 = a
n n+1
1f(z) = 1f(2 /f = 2=y
Convex Functions with Negative

1 > n!
[kf<z> - HIk*lf(z)) - Zk+1 o Z |a”2n+k (k = 1> 27 37 s ) Coefficients
=2 ' Shigeyoshi Owa, Mihai Pascu,
Theorem 4.1.Let f(z) € T*, A > 0,andf;(z) =z — % (j = 2,3,4,...). Do
If f(2) satisfies

3*+i-1 24—k Title Page
(41) ; W(a2j2+2j_k — CLk) Z 0 Contents
. . . . . : . <44 44
for j =2,3,4, ..., and if there exists an analytic functiar(z) in U given by
< >
) i 1
(=) =G +1) (Z n—H@n2"1> , Go Back
n=2
Close
then 7
2w 2w
(4.2) / 11f(2)]d6 < / 11f;(2)| df. Page 19 of 29
0 0

J. Ineq. Pure and Appl. Math. 6(2) Art. 50, 2005

httrn//itinarm vit odir ann


http://jipam.vu.edu.au/
mailto:
mailto:balu@imsc.ernet.in
mailto:
mailto:balu@imsc.ernet.in
mailto:
mailto:
http://jipam.vu.edu.au/

Proof. We have to prove

2 o0 2 .
1— W2
| =3 e

n=2

A 2
d@g/
0

[e.e]
2
1—) ——a2" ' <1 - ——pi!
nZ:;n-f-laz j(j+1)z

then the proof is completed by Theoreim
Let us define the function(z) by

) 2 ,
1-— anzn_lzl—% wlz jil.
nz;nJrl j(]+1)( (2))

Then
w(z) ™' = j(j+1>§j L g
—n+l "
<14 '('+1>§: L
< JW n:2n+1 n -
Thus, we only show that
j(j—i—l)i ! an<inan
n:2n+1 _n:2
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or

n=2 n=2
Indeed,
(55w )
Zn . (07%)
—~ \Jj+1) n+l
( L +1) +3( L +1> +
= - - ]a
jG+1) 37 G+1)  4)7°
+ ( 1)( L +1) + L + 1)
] — P -] a;— J . ;
G+ g) jG+1) 1)
ny 1)( ! 1)
/ G+ jy2)n
1 1
+ 4 (2742 —-3) | — + — : Qgj2 4o
B+ 2 )<J(J+1) 232+2J—2) S

)
+1) =2 +1—3
> (1- %1 )2+<l S En
+(1 JjG+1)—(j )a]1+< (J+) J)aj
Jj(+1) jG+1)
+ +1)
+(1 J( j+1] )%H

a + -
2] +2] 1) 252425—1
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(+1) = (2/°+2j -3
+ﬂ__+_<1__JU )= (25°+2) )>Cbﬂ+m—3

Jj+1)
G +1) = (22 +2j - 2)
+{1- — gj212j2 + -
( i +1) S

J g2 J +7—3

= 7y \Qgj j—2 — Q2) + ——————(ag; -3 — @
G+ (agj2 4952 — a2) G D) (agjzi2j-3 — as)
.2 2
Jo+1 J
+-t j(j—+1)(a2j2+j+l —aj-1) + m(%j%j — a;)
-1
+ j<j—+1)(a2j2+j,1 — (lj+1) +---t+a+as+---+ 2524252 + -
PPHi-1 o . 00
Jti—k
- +(CL2 i2425—k — ak) + (7%
;; JG+1) Z;

> p,

n=2

for .
P2Hi-l .9 .
J +i—k
————(ag219j—r — ax) > 0.
Z; JG+1)
This completes the proof of Theorefrl m

Finally, we derive
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f(z) satisfies

U+k)!
- 6 " 2n(j —1)!
4.3 n> = 1 - — n = G4k
@9 Jmzg 2 ( G+ k)] )( aiﬁ%rn)
for k =2,3,4,..., and if there exists an analytic functior(z) in U given by
i1 _ U+R)I 1
(w(=)) ]_1,;n+k ,
then
2w N 2 N
(4.4 | insera < [ g el
0 0

Proof. We have to show that

Xl | 1) |
R Y st VL B OPR (A R N

— (n+k)! " (j+ k)

Definew(z) by

[e.o]

nl(k+1)! (7 — DIk +1)! i1
1-— g manz —1- i (w(2))

or by
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Then we have to show that

that is, that
= 7l (- D'
Qn S . nay
2 TS G
Since
> n! > 1
! (n+k)'an_§(n+1)(n+2) (n—irk)an
B i 11 11
_n:2 n+1 n+2 n+3 n+4
©© 1 1 [5]
< _
- nz:; (n +1 n+ 2) i
> 1 1
< _
<3 (i 7ra) o
we obtain
> 1 1 > (j— 1) &
> - an < > na
- (n+1 n -+ 2 (g+k)'n:2
Furthermore, we have

- - 2n(7 — 1)! 2n n
33 )
(7 +Fk)! n—|—1 n+ 2

n=2 n=

ba,
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Let the functioni(n) be given by

2 2
h(n) = no__n S
n+1 n+2 n2+3n+2

Sinceh(n) is increasing forn > 2,

Thus, we only show that

= (11 (j+E)! —2n( —1)!
Yos 3 (g )

n=2 n=2
In fact,
i 11 (j—l—k:)'—an—l‘
~ 6 (7 +k)!

:<£ (J+ k) =40 - 1)') o

6 (j+ k)
11 (G+k)I—6(—1)
*(F_ G+ h) >+

11 4(57 —1)! 11 2(7 —1)!
+ (——M)amm ot <——M>au+k>!

6 (j+k)! 6 (j+k)

2(7-1)!
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REIE L e
. %;aﬁ (J +k();i§{ 1) <&E§*’f33—2 ag)
LGt k:(); 12(){ —1)! (aw;g a3>
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Q (j+k)!
2(5—1)!

G+ k) — {( + k) — 20 — D)1}
" G+ k) (

(J+Fk)!

- —1
- 5 Yes (R - 2n( - 1)!
N S S e A T

G+ k)!

for

(J+k)!

)l g
- 6 " on(j —1)!
Y2 3 (%) (o e

G-
n=2

This completes the proof of Theorefr2.
Remark 6. Lettingk = 2, if f(z) satisfies,

GGG+
2

ol o

@5 > a,>

forj=2,3,4,...,then

n=2

(4.6) |t < [ ingepa,

— A (j+k)!
+1 25].71),—1

n_an)

Z 1— — 2n . ) (an — @j(+1)(G+2)-n)
JU+1)(+2)
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Remark 7. Lettingk = 3, if f(z) satisfies,
AU

2n
2 (1_j<j+1><j+2>(j+3>)

n=2

ol o

@ > a, >

X (An = @j(j41)(j+2)(j+3)—n)

forj =2,3,4,..., then

(4.8) | imsera < [ g,
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