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Abstract

Let T be the class of functions f(z) with negative coefficients which are analytic
and univalent in the open unit disk U with f(0) = 0 and f ′(0) = 1. The classes
T ∗ and C are defined as the subclasses of T which are starlike and convex in
U, respectively. In view of the interesting results for integral means given by
H. Silverman (Houston J. Math. 23(1977)), some generalization theorems are
discussed in this paper.
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1. Introduction
LetA denote the class of functionsf(z) of the form

(1.1) f(z) = z +
∞∑

n=2

anz
n

that are analytic in the open unit diskU = {z ∈ C : |z| < 1}. Let S be
the subclass ofA consisting of all univalent functionsf(z) in U. A function
f(z) ∈ A is said to be starlike with respect to the origin inU if it satisfies

(1.2) Re

{
zf ′(z)

f(z)

}
> 0 (z ∈ U).

We denote byS∗ the subclass ofS consisting of all starlike functionsf(z) with
respect to the origin inU. Further, a functionf(z) ∈ A is said to be convex in
U if it satisfies

(1.3) Re

{
1 +

zf ′′(z)

f ′(z)

}
> 0 (z ∈ U).

We also denote byK the subclass ofS consisting off(z) which are convex in
U. By the above definitions, we know thatf(z) ∈ K if and only if zf ′(z) ∈ S∗,
and thatK ⊂ S∗ ⊂ S ⊂ A.

The classT is defined as the subclass ofS consisting of all functionsf(z)
which are given by

(1.4) f(z) = z −
∞∑

n=2

anz
n (an ≥ 0).
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Further, we denote byT ∗ = S∗ ∩ T andC = K ∩ T . It is well-known by
Silverman [6] that

Remark 1. A functionf(z) ∈ T ∗ if and only if

(1.5)
∞∑

n=2

nan ≤ 1.

A functionf(z) ∈ C if and only if

(1.6)
∞∑

n=2

n2an ≤ 1.

For f(z) ∈ A andg(z) ∈ A, f(z) is said to be subordinate tog(z) in U
if there exists an analytic functionω(z) in U such thatω(0) = 0, |ω(z)| < 1
(z ∈ U), andf(z) = g(ω(z)). We denote this subordination by

(1.7) f(z) ≺ g(z). (cf. Duren [1]).

For subordinations, Littlewood [2] has given the following integral mean.

Theorem A. If f(z) and g(z) are analytic inU with f(z) ≺ g(z), then, for
λ > 0 and|z| = r (0 < r < 1),

(1.8)
∫ 2π

0

|f(reiθ)|λdθ ≤
∫ 2π

0

|g(reiθ)|λdθ.

Furthermore, Silverman [6] has shown that
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Remark 2. f1(z) = z andfn(z) = z − zn

n
(n ≥ 2) are extreme points of the

classT ∗(or T ). f1(z) = z andfn(z) = z − zn

n2 (n ≥ 2) are extreme points of
the classC.

Applying TheoremA with extreme points ofT , Silverman [7] has proved
the following results.

Theorem B. Suppose thatf(z) ∈ T ∗, λ > 0 andf2(z) = z − z2

2
. Then, for

z = reiθ (0 < r < 1),

(1.9)
∫ 2π

0

|f(z)|λdθ ≤
∫ 2π

0

|f2(z)|λdθ.

Theorem C. If f(z) ∈ T ∗, λ > 0, andf2(z) = z − z2

2
, then, forz = reiθ

(0 < r < 1),

(1.10)
∫ 2π

0

|f ′(z)|λdθ ≤
∫ 2π

0

|f ′2(z)|λdθ.

In the present paper, we consider the generalization properties for Theorem
B and TheoremC with f(z) ∈ T ∗ andf(z) ∈ C.

Remark 3. More recently, applying TheoremA by Littlewood [2], Sekine, Tsu-
rumi and Srivastava [4]; and Sekine, Tsurumi, Owa and Srivastava [5] have
discussed some interesting properties of integral means inequalities for frac-
tional derivatives of some general subclasses of analytic functionsf(z) in the
open unit diskU. Further, Owa and Sekine [3] have considered the integral
means with some coefficient inequalities for certain analytic functionsf(z) in
U.
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2. Generalization Properties
Our first result for the generalization properties is contained in

Theorem 2.1. Let f(z) ∈ T ∗, λ > 0, andfk(z) = z − zk

k
(k ≥ 2). If f(z)

satisfies

(2.1)
k−3∑
j=0

j + 1

k
(a2k+j−1 + ak+j+1 − ak−j−1) ≥ 0

for k ≥ 3, and if there exists an analytic functionω(z) in U given by

(ω(z))k−1 = k

(
∞∑

n=2

anz
n−1

)
,

then, forz = reiθ (0 < r < 1),

(2.2)
∫ 2π

0

|f(z)|λdθ ≤
∫ 2π

0

|fk(z)|λdθ.

Proof. Forf(z) ∈ T ∗, we have to show that∫ 2π

0

∣∣∣∣∣1−
∞∑

n=2

anz
n−1

∣∣∣∣∣
λ

dθ ≤
∫ 2π

0

∣∣∣∣1− zk−1

k

∣∣∣∣λ dθ.

By TheoremA, it suffices to prove that

1−
∞∑

n=2

anz
n−1 ≺ 1− zk−1

k
.
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Let us define the functionω(z) by

(2.3) 1−
∞∑

n=2

anz
n−1 = 1− 1

k
(ω(z))k−1.

It follows from (2.3) that

|ω(z)|k−1 =

∣∣∣∣∣k
∞∑

n=2

anz
n−1

∣∣∣∣∣ ≤ |z|

(
∞∑

n=2

kan

)
.

Thus, we only show that
∞∑

n=2

kan ≤
∞∑

n=2

nan,

or
∞∑

n=2

an ≤
1

k

(
∞∑

n=2

nan

)
.

Indeed, we see that

1

k

(
∞∑

n=2

nan

)
=

(
1− k − 2

k

)
a2 +

(
1− k − 3

k

)
a3 + · · ·+

(
1− 2

k

)
ak−2

+

(
1− 1

k

)
ak−1 + ak +

(
1 +

1

k

)
ak+1 +

(
1 +

2

k

)
ak+2

+ · · ·+
(

1 +
k + 1

k

)
a2k+1 +

(
1 +

k + 2

k

)
a2k+2 + · · ·
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=
k − 2

k
(a2k−2 − a2) +

k − 3

k
(a2k−3 − a3) + · · ·

+
2

k
(ak+2 − ak−2) +

1

k
(ak+1 − ak−1) +

(
1 +

k − 1

k

)
a2k−1

+

(
1 +

k

k

)
a2k +

(
1 +

k + 1

k

)
a2k+1 + · · ·+

2k−2∑
n=2

an.

Noting that

1 +
k + j

k
≥ 1 +

2 + j

k
, (j = −1, 0, 1, . . . ),

we obtain

1

k

(
∞∑

n=2

nan

)
(2.4)

≥ k − 2

k
(a2k−2 − a2) +

k − 3

k
(a2k−3 − a3) + · · ·

+
2

k
(ak+2 − ak−2) +

1

k
(ak+1 − ak−1)

+

(
1 +

1

k

)
a2k−1 +

(
1 +

2

k

)
a2k + · · ·

+

(
1 +

k − 3

k

)
a3k−5 +

(
1 +

k − 2

k

)
a3k−4 + · · ·+

2k−2∑
n=2

an
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≥ 1

k
(a2k−1 + ak+1 − ak−1) +

2

k
(a2k + ak+2 − ak−2) + · · ·

+
k − 2

k
(a3k−4 + a2k−2 − a2) +

∞∑
n=2

an

=
k−3∑
j=0

j + 1

k
(a2k+j−1 + ak+j+1 − ak−j−1) +

∞∑
n=2

an

≥
∞∑

n=2

an

with the following condition

k−3∑
j=0

j + 1

k
(a2k+j−1 + ak+j+1 − ak−j−1) ≥ 0.

Thus, we observe that the functionω(z) defined by (2.3) is analytic inU with
ω(0) = 0, |ω(z)| < 1 (z ∈ U). This completes the proof of the theorem.

Remark 4. Takingk = 2 in Theorem2.1, we have TheoremB by Silverman
[7].

Example 2.1.Let us define

(2.5) f(z) = z − 37

1200
z2 − 1

18
z3 − 1

48
z4 − 1

100
z5

and

(2.6) f3(z) = z − 1

3
z3
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with k = 3 in Theorem2.1. Sincef(z) satisfies

∞∑
n=2

nan =
217

600
< 1,

we havef(z) ∈ T ∗. Furthermore,f(z) satisfies,

1

3
(a5 + a4 − a2) =

1

3

(
1

100
+

1

48
− 37

1200

)
= 0.

Thus,f(z) satisfies the conditions in Theorem2.1with k = 3.
If we takeλ = 2, then we have∫ 2π

0

|f(z)|2dθ ≤ 2πr2

(
1 +

1

9
r4

)
<

20

9
π = 6.9813 . . . .

Corollary 2.2. Letf(z) ∈ T ∗, 0 < λ ≤ 2, andfk(z) = z− zk

k
(k ≥ 2). If f(z)

satisfies the conditions in Theorem2.1, then, forz = reiθ (0 < r < 1),

(2.7)
∫ 2π

0

|f(z)|λdθ ≤ 2πrλ

(
1 +

1

k2
r2(k−1)

)λ
2

< 2π

(
1 +

1

k2

)λ
2

.

Proof. It follows that∫ 2π

0

|fk(z)|λdθ =

∫ 2π

0

|z|λ
∣∣∣∣1− zk−1

k

∣∣∣∣λ dθ.
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Applying Hölder’s inequality for0 < λ < 2, we obtain that

∫ 2π

0

|z|λ
∣∣∣∣1− zk−1

k

∣∣∣∣λ dθ ≤
(∫ 2π

0

(|z|λ)
2

2−λ dθ

) 2−λ
2

∫ 2π

0

(∣∣∣∣1− zk−1

k

∣∣∣∣λ
) 2

λ

dθ


λ
2

=

(∫ 2π

0

|z|
2λ

2−λ dθ

) 2−λ
2

(∫ 2π

0

∣∣∣∣1− zk−1

k

∣∣∣∣2 dθ

)λ
2

=
(
2πr

2λ
2−λ

) 2−λ
2

(
2π

(
1 +

1

k2
r2(k−1)

))λ
2

= 2πrλ

(
1 +

1

k2
r2(k−1)

)λ
2

< 2π

(
1 +

1

k2

)λ
2

.

Further, it is clear forλ = 2.

For the generalization of TheoremC by Silverman [7], we have

Theorem 2.3. Let f(z) ∈ T ∗, λ > 0, andfk(z) = z − zk

k
(k ≥ 2). If there

exists an analytic functionω(z) in U given by

(
ω(z)

)k−1
=

∞∑
n=2

nanz
n−1,
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then, forz = reiθ (0 < r < 1),

(2.8)
∫ 2π

0

|f ′(z)|λdθ ≤
∫ 2π

0

|f ′k(z)|λdθ.

Proof. Forf(z) ∈ T ∗, it is sufficient to show that

(2.9) 1−
∞∑

n=2

nanz
n−1 ≺ 1− zk−1.

Let us define the functionω(z) by

(2.10) 1−
∞∑

n=2

nanz
n−1 = 1− ω(z)k−1,

or, by

ω(z)k−1 =
∞∑

n=2

nanz
n−1.

Sincef(z) satisfies
∞∑

n=2

nan ≤ 1,

the functionω(z) is analytic inU, ω(0) = 0, and|ω(z)| < 1 (z ∈ U).

Remark 5. If we takek = 2 in Theorem2.3, then we have TheoremC by
Silverman [7].
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Using the Hölder inequality for Theorem2.3, we have

Corollary 2.4. Letf(z) ∈ T ∗, 0 < λ ≤ 2, andfk(z) = z− zk

k
(k ≥ 2). If f(z)

satisfies the conditions in Theorem2.3, then, forz = reiθ (0 < r < 1),∫ 2π

0

|f ′(z)|λdθ ≤ 2π
(
1 + r2(k−1)

)λ
2 < 2

2+λ
2 π.
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3. Integral Means for Functions in the ClassC
In this section, we discuss the integral means for functionsf(z) in the classC.

Theorem 3.1. Let f(z) ∈ C, λ > 0, andfk(z) = z − zk

k2 (k ≥ 2). If f(z)
satisfies

(3.1)
k−1∑
j=2

(k + j)(k − j)

k2
(a2k−j − aj) ≥ 0

for k ≥ 3, and if there exists an analytic functionω(z) in U given by

(ω(z))k−1 = k2

∞∑
n=2

anz
n−1,

then, forz = reiθ (0 < r < 1),

(3.2)
∫ 2π

0

|f(z)|λdθ ≤
∫ 2π

0

|fk(z)|λdθ.

Proof. For the proof, we need to show that

(3.3) 1−
∞∑

n=2

anz
n−1 ≺ 1− zk−1

k2

by TheoremA. Define the functionω(z) by

(3.4) 1−
∞∑

n=2

anz
n−1 = 1− 1

k2
ω(z)k−1,
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or by

(3.5) (ω(z))k−1 = k2

(
∞∑

n=2

anz
n−1

)
.

Therefore, we have to show that

∞∑
n=2

an ≤
1

k2

(
∞∑

n=2

n2an

)
.

Using the same technique as in the proof of Theorem2.1, we see that

1

k2

(
∞∑

n=2

n2an

)
≥

k−1∑
j=2

(k + j)(k − j)

k2
(a2k−j − aj) +

∞∑
n=2

an

≥
∞∑

n=2

an.

Example 3.1.Consider the functions

(3.6) f(z) = z − 1

40
z2 − 1

18
z3 − 1

40
z4

and

(3.7) f3(z) = z − 1

9
z3
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with k = 3 in Theorem3.1. Then we have that

∞∑
n=2

n2an =
4

40
+

9

18
+

16

40
= 1,

which impliesf(z) ∈ C, and that

5

9
(a4 − a2) = 0.

Thusf(z) satisfies the conditions of Theorem3.1. If we makeλ = 2, then we
see that ∫ 2π

0

|f(z)|2dθ ≤ 2πr2

(
1 +

1

81
r4

)
<

164

81
π = 6.3607 · · · .

Corollary 3.2. Let f(z) ∈ C, 0 < λ ≤ 2, andfk(z) = z − zk

k2 (k ≥ 2). If
f(z) satisfies the condition in Theorem3.1, then, fork ≥ 3, then, forz = reiθ

(0 < r < 1), ∫ 2π

0

|f(z)|λdθ ≤ 2πrλ

(
1 +

1

k4
r2(k−1)

)λ
2

(3.8)

< 2π

(
1 +

1

k4

)λ
2

.

Further, we may have
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Theorem 3.3. Let f(z) ∈ C, λ > 0, andfk(z) = z − zk

k2 (k ≥ 2). If f(z)
satisfies

(3.9)
2k−2∑
j=2

j(k − j)aj ≤ 0,

and if there exists an analytic functionω(z) in U given by

(ω(z))k−1 = k
∞∑

n=2

nanz
n−1,

then, forz = reiθ (0 < r < 1),

(3.10)
∫ 2π

0

|f ′(z)|λdθ ≤
∫ 2π

0

|f ′k(z)|λdθ.

Example 3.2.Take the functions

(3.11) f(z) = z − 1

24
z2 − 1

18
z3 − 1

48
z4

and

(3.12) f3(z) = z − 1

9
z3

with k = 3 in Theorem3.3. Since
∞∑

n=2

n2an =
4

24
+

9

18
+

16

48
=

5

6
< 1
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and

2(3− 2)a2 + 3(3− 3)a3 + 4(3− 4)a4 =
1

12
− 1

12
= 0,

f(z) satisfies the conditions in Theorem3.3. If we takeλ = 2, then we have∫ 2π

0

|f ′(z)|2dθ ≤ 2π

(
1 +

1

9
r4

)
<

20

9
π.

Corollary 3.4. Let f(z) ∈ C, 0 < λ ≤ 2, andfk(z) = z − zk

k2 (k ≥ 2). If
f(z) satisfies the condition in Theorem3.3, then, fork ≥ 2, then, forz = reiθ

(0 < r < 1),∫ 2π

0

|f ′(z)|λdθ ≤ 2π

(
1 +

1

k
r2(k−1)

)λ
2

< 2π

(
1 +

1

k

)λ
2

.
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4. Applications for the Integrated Functions
Forf(z) ∈ T , we define

I0f(z) = f(z) = z −
∞∑

n=2

anz
n

If(z) = I1f(z) =

∫ z

0

f(t)dt =
1

2
z2 −

∞∑
n=2

an

n + 1
zn+1

Ikf(z) = I(Ik−1f(z)) =
1

(k + 1)!
zk+1 −

∞∑
n=2

n!

(n + k)!
anz

n+k (k = 1, 2, 3, . . . ).

Theorem 4.1.Letf(z) ∈ T ∗, λ > 0, andfj(z) = z − zj

j
(j = 2, 3, 4, . . . ).

If f(z) satisfies

(4.1)
j2+j−1∑

k=2

j2 + j − k

j(j + 1)
(a2j2+2j−k − ak) ≥ 0

for j = 2, 3, 4, . . . , and if there exists an analytic functionω(z) in U given by

(ω(z))j−1 = j(j + 1)

(
∞∑

n=2

1

n + 1
anz

n−1

)
,

then

(4.2)
∫ 2π

0

|If(z)|λdθ ≤
∫ 2π

0

|Ifj(z)|λdθ.
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Proof. We have to prove∫ 2π

0

∣∣∣∣∣1−
∞∑

n=2

2

n + 1
anz

n−1

∣∣∣∣∣
λ

dθ ≤
∫ 2π

0

∣∣∣∣1− 2

j(j + 1)
zj−1

∣∣∣∣λ dθ.

If

1−
∞∑

n=2

2

n + 1
anz

n−1 ≺ 1− 2

j(j + 1)
zj−1,

then the proof is completed by TheoremA.
Let us define the functionω(z) by

1−
∞∑

n=2

2

n + 1
anz

n−1 = 1− 2

j(j + 1)
(ω(z))j−1.

Then

|ω(z)|j−1 =

∣∣∣∣∣j(j + 1)
∞∑

n=2

1

n + 1
anz

n−1

∣∣∣∣∣
≤ |z|

(
j(j + 1)

∞∑
n=2

1

n + 1
an

)
.

Thus, we only show that

j(j + 1)
∞∑

n=2

1

n + 1
an ≤

∞∑
n=2

nan
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or
∞∑

n=2

an ≤
∞∑

n=2

n

(
1

j(j + 1)
+

1

n + 1

)
an.

Indeed,

∞∑
n=2

n

(
1

j(j + 1)
+

1

n + 1

)
an

= 2

(
1

j(j + 1)
+

1

3

)
a2 + 3

(
1

j(j + 1)
+

1

4

)
a3 + · · ·

+ (j − 1)

(
1

j(j + 1)
+

1

j

)
aj−1 + j

(
1

j(j + 1)
+

1

j + 1

)
aj

+ (j + 1)

(
1

j(j + 1)
+

1

j + 2

)
aj+1

+ · · ·+ (2j2 + 2j − 3)

(
1

j(j + 1)
+

1

2j2 + 2j − 2

)
a2j2+2j−3

+ (2j2 + 2j − 2)

(
1

j(j + 1)
+

1

2j2 + 2j − 1

)
a2j2+2j−1 + · · ·

≥
(

1− j(j + 1)− 2

j(j + 1)

)
a2 +

(
1− j(j + 1)− 3

j(j + 1)

)
a3 + · · ·

+

(
1− j(j + 1)− (j − 1)

j(j + 1)

)
aj−1 +

(
1− j(j + 1)− j

j(j + 1)

)
aj

+

(
1− j(j + 1)− (j + 1)

j(j + 1)

)
aj+1
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+ · · ·+
(

1− j(j + 1)− (2j2 + 2j − 3)

j(j + 1)

)
a2j2+2j−3

+

(
1− j(j + 1)− (2j2 + 2j − 2)

j(j + 1)

)
a2j2+2j−2 + · · ·

=
j2 + j − 2

j(j + 1)
(a2j2+2j−2 − a2) +

j2 + j − 3

j(j + 1)
(a2j2+2j−3 − a3)

+ · · ·+ j2 + 1

j(j + 1)
(a2j2+j+1 − aj−1) +

j2

j(j + 1)
(a2j2+j − aj)

+
j2 − 1

j(j + 1)
(a2j2+j−1 − aj+1) + · · ·+ a2 + a3 + · · ·+ a2j2+2j−2 + · · ·

=

j2+j−1∑
k=2

j2 + j − k

j(j + 1)
(a2j2+2j−k − ak) +

∞∑
n=2

an

≥
∞∑

n=2

an

for
j2+j−1∑

k=2

j2 + j − k

j(j + 1)
(a2j2+2j−k − ak) ≥ 0.

This completes the proof of Theorem4.1.

Finally, we derive

Theorem 4.2. Let f(z) ∈ T ∗,λ > 0,andfj(z) = z − zj

j
(j = 2, 3, 4, . . . ). If
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f(z) satisfies

(4.3)
∞∑

n=2

an ≥
6

5

(j+k)!
2(j−1)!

−1∑
n=2

(
1− 2n(j − 1)!

(j + k)!

)(
an − a (j+k)!

(j−1)!
−n

)
for k = 2, 3, 4, . . . , and if there exists an analytic functionω(z) in U given by

(ω(z))j−1 =
(j + k)!

(j − 1)!

∞∑
n=2

n!

(n + k)!
anz

n−1,

then

(4.4)
∫ 2π

0

|Ikf(z)|λdθ ≤
∫ 2π

0

|Ikfj(z)|λdθ.

Proof. We have to show that

1−
∞∑

n=2

n!(k + 1)!

(n + k)!
anz

n−1 ≺ 1− (j − 1)!(k + 1)!

(j + k)!
zj−1.

Defineω(z) by

1−
∞∑

n=2

n!(k + 1)!

(n + k)!
anz

n−1 = 1− (j − 1)!(k + 1)!

(j + k)!
(ω(z))j−1

or by

(ω(z))j−1 =
(j + k)!

(j − 1)!

∞∑
n=2

n!

(n + k)!
anz

n−1.
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Then we have to show that

(j + k)!

(j − 1)!

∞∑
n=2

n!

(n + k)!
an ≤

∞∑
n=2

nan,

that is, that
∞∑

n=2

n!

(n + k)!
an ≤

(j − 1)!

(j + k)!

∞∑
n=2

nan.

Since
∞∑

n=2

n!

(n + k)!
an =

∞∑
n=2

1

(n + 1)(n + 2) · · · (n + k)
an

=
∞∑

n=2

{(
1

n + 1
− 1

n + 2

)(
1

n + 3
− 1

n + 4

)
· · ·
}

an

≤
∞∑

n=2

(
1

n + 1
− 1

n + 2

)[ k
2 ]

an

≤
∞∑

n=2

(
1

n + 1
− 1

n + 2

)
an,

we obtain
∞∑

n=2

(
1

n + 1
− 1

n + 2

)
an ≤

(j − 1)!

(j + k)!

∞∑
n=2

nan.

Furthermore, we have
∞∑

n=2

an ≤
∞∑

n=2

(
2n(j − 1)!

(j + k)!
+

2n

n + 1
− n

n + 2

)
an.
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Let the functionh(n) be given by

h(n) =
2n

n + 1
− n

n + 2
= 1− 2

n2 + 3n + 2
.

Sinceh(n) is increasing forn ≥ 2,

h(n) ≥ 5

6
.

Thus, we only show that

∞∑
n=2

an ≤
∞∑

n=2

(
11

6
− (j + k)!− 2n(j − 1)!

(j + k)!

)
an.

In fact,

∞∑
n=2

(
11

6
− (j + k)!− 2n(j − 1)!

(j + k)!

)
an

=

(
11

6
− (j + k)!− 4(j − 1)!

(j + k)!

)
a2

+

(
11

6
− (j + k)!− 6(j − 1)!

(j + k)!

)
a3 + · · ·

+

(
11

6
− 4(j − 1)!

(j + k)!

)
a (j+k)!

2(j−1)!
−2

+

(
11

6
− 2(j − 1)!

(j + k)!

)
a (j+k)!

2(j−1)!
−1
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+

(
11

6
− 0

)
a (j+k)!

2(j−1)!

+

(
11

6
− 2(j − 1)!

(j + k)!

)
a (j+k)!

2(j−1)!
+1

+

(
11

6
+

4(j − 1)!

(j + k)!

)
a (j+k)!

2(j−1)!
+2

+ · · ·

+

(
11

6
+

(j + k)!− 6(j − 1)!

(j + k)!

)
a (j+k)!

(j−1)!
−3

+

(
11

6
+

(j + k)!− 4(j − 1)!

(j + k)!

)
a (j+k)!

(j−1)!
−2

+ · · ·

≥ 11

6

∞∑
n=2

an +
(j + k)!− 4(j − 1)!

(j + k)!

(
a (j+k)!

(j−1)!
−2
− a2

)
+

(j + k)!− 6(j − 1)!

(j + k)!

(
a (j+k)!

(j−1)!
−3
− a3

)
+

4(j − 1)!

(j + k)!

(
a (j+k)!

2(j−1)!
+2
− a (j+k)!

2(j−1)!
−2

)
+

2(j − 1)!

(j + k)!

(
a (j+k)!

2(j−1)!
+1
− a (j+k)!

2(j−1)!
−1

)
=

∞∑
n=2

an +
5

6

∞∑
n=2

an +
(j + k)!− 4(j − 1)!

(j + k)!

(
a (j+k)!

2(j−1)!
−2
− a2

)
+

(j + k)!− 6(j − 1)!

(j + k)!

(
a (j+k)!

2(j−1)!
−3
− a3

)
+ · · ·

+
(j + k)!− {(j + k)!− 4(j − 1)!}

(j + k)!

(
a (j+k)!

2(j−1)!
+2
− a (j+k)!

2(j−1)!
−2

)
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+
(j + k)!− {(j + k)!− 2(j − 1)!}

(j + k)!

(
a (j+k)!

2(j−1)!
+1
− a (j+k)!

2(j−1)!
−1

)

=
∞∑

n=2

an +
5

6

∞∑
n=2

an +

(j+k)!
2(j−1)!

−1∑
n=2

(j + k)!− 2n(j − 1)!

(j + k)!

(
a (j+k)!

(j−1)!
−n
− an

)
≥

∞∑
n=2

an

for
∞∑

n=2

an ≥
6

5

(j+k)!
2(j−1)!

−1∑
n=2

(
1− 2n(j − 1)!

(j + k)!

)(
an − a (j+k)!

(j−1)!
−n

)
.

This completes the proof of Theorem4.2.

Remark 6. Lettingk = 2, if f(z) satisfies,

(4.5)
∞∑

n=2

an ≥
6

5

j(j+1)(j+2)
2

−1∑
n=2

(
1− 2n

j(j + 1)(j + 2)

)
(an − aj(j+1)(j+2)−n)

for j = 2, 3, 4, . . . , then

(4.6)
∫ 2π

0

|I2f(z)|λdθ ≤
∫ 2π

0

|I2fj(z)|λdθ.
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Remark 7. Lettingk = 3, if f(z) satisfies,

(4.7)
∞∑

n=2

an ≥
6

5

j(j+1)(j+2)(j+3)
2

−1∑
n=2

(
1− 2n

j(j + 1)(j + 2)(j + 3)

)
× (an − aj(j+1)(j+2)(j+3)−n)

for j = 2, 3, 4, . . . , then

(4.8)
∫ 2π

0

|I3f(z)|λdθ ≤
∫ 2π

0

|I3fj(z)|λdθ.
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