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Abstract

Discrete versions of Ostrowski's inequality for vectors in normed linear spaces
are given,
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The following result is known in the literature as Ostrowski’s inequality].[

Theorem 1.1.Let f : [a,b] — R be a differentiable mapping ofa, b) with the
property that| f’ (¢)| < M forall t € (a,b). Then

( _ a+b)

1.1
(1) ‘ (b—a)’

dt‘

](b—a)M

for all z € [a,b]. The constant is the best possible in the sense that it cannot
be replaced by a smaller constant.

A simple proof of this fact can be done by using the identity:

1.2 f(x) / f(t dt+— bp(m,t)f’(t)dt, x € [a,b],

where .
t—a If a<t<zx

p(x,t) =
t—b if z<t<b
which also holds for absolutely continuous functighs|a, b] — R.
The following Ostrowski type result for absolutely continuous functions holds

(see ] —[€]).
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Theorem 1.2.Let f : [a,b] — R be absolutely continuous da, b]. Then, for
all x € [a, b], we have:

@y |- [ rod

1 (50) - wnr. ff e Lot
s 1%U%5“Hw%a“1 (b—a) |, i f € Lqab],
(p+1) L1 e
[ =] 1

where||-||. (r € [1, cc]) are the usual Lebesgue norms bp[a, b}, i.e

191l = ess sup |g (t)]
t€la,b]

lgll =(/Wg \ﬁ),rewa»

and ; respectively are sharp in the sense presented in

and

The constantg,
Theoreml. L

<p+1>%

The above inequalities can also be obtained from the Fink resutj ion
choosingn = 1 and performing some appropriate computations.
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If one drops the condition of absolute continuity and assumedtisatiolder
continuous, then one may state the result (5@e [

Theorem 1.3.Let f : [a,b] — R be ofr — H—H®older type, i.e.,
(1.4) [f (@) = fI < Hlz—y|", forall =,y € [a,b],

wherer € (0,1] and H > 0 are fixed. Then, for alk € [a,b], we have the
inequality:

The Discrete Version of

b
(1.5) ‘f (3;) — bL/ f (t) dt‘ Ostrowski's Inequality in
—a ),

Normed Linear Spaces

H b—x rH X Tr—a i (b )T S.S. Dragomir
“r+1{\b—a b—a a -
The constanfcri—1 is also sharp in the above sense. Title Page
. . I : . . Content
Note that ifr = 1, i.e., f is Lipschitz continuous, then we get the following onens
version of Ostrowski’s inequality for Lipschitzian functions (withinstead of 44 44
H) (see [1) p R
2
1 b 1 r — atb Go Back
1.6 - t)ydt| < | = z b—a)lL.
e RAULIE 4+<b_a> b0 .
Here the constan}it is also best. Quit
Moreover, if one drops the condition of the continuity of the function, and Page 5 of 34
assumes that it is of bounded variation, then the following result may be stated
(See []) J. Ineq. Pure and Appl. Math. 3(1) Art. 2, 2002
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Theorem 1.4. Assume thaf : [a,b] — R is of bounded variation and denote
by \/® (f) its total variation. Then
b
] (f)

a

a+b
L
2 b—a

b
an |- [ 1o <

for all z € [a,b]. The constant is the best possible.

If we assume more about, i.e., f is monotonically increasing, then the
inequality (L.7) may be improved in the following mannei][(see also []).

Theorem 1.5.Let f : [a,b] — R be monotonic nondecreasing. Then for all
x € |a, b], we have the inequality:

(1.8) ’f(rr)—ﬁ/ f(t)dt‘

bia{[233—(CH‘b)]f(fB)—l—/absgn(t—x)f(t)dt}

<A -l @)~ @+ -0 (0) — f @)

1

5+

<

_ atb
x 2

b—a

][f(b)—f(a)]-

All the inequalities in {.8) are sharp and the constagtis the best possible.

For other recent results including Ostrowski type inequalitiesfome dif-
ferentiable functions, visit the RGMIA website at
http://rgmia.vu.edu.au/database.html
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In this paper we point out some discrete Ostrowski type inequalities for vec-
tors in normed linear spaces.
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The following lemma holds.

Lemma 2.1.Letz; (i = 1,...,n) be vectors inX. Then we have the represen-
tation

1< I ,
(21) -1'1255 :-T]‘FEE p(Zu?)ij? Ze{la"'an}a
j=1 j=1

The Discrete Version of
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(2.2) p(Lj)=j—nif 1<j<n—1; <5 Dragomi
: Title P
(2.3) plnj)=j it 1<j<n—1; —
Contents
and
44 44
(2.4) p(i,j) =
j—n if i<j<n-—1, Go Back
where2 <i<n-—landl <j<n-—1. Close
Proof. Fori = 1, we have to prove that Quit
Page 8 of 34

(2.5) = — Z z;+ Z Jj—n)Ax;.

J. Ineq. Pure and Appl. Math. 3(1) Art. 2, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:sever@matilda.vu.edu.au
http://jipam.vu.edu.au/

Using the summation by parts formula, we have

n n—1
S G-maz, = G-naf, - Y AG-n)zm
j=1 Jj=1

n—1
= (n—1)x — ijﬂ
j=1

— _ . The Discrete Version of
ne Z i Ostrowski’s Inequality in
J=1 Normed Linear Spaces
and the formulaZ.5) is proved. S.S. Dragomir
Fori = n, we can prove similarly that
Lo . 1 Title Page
2.6 n= — e AL ;.
(2.6) x . Z Z;+ - ZJ Zj Contents
7j=1 J=1
<4< 44
Let2 <i<n-—1. We have < >
n—1 1—1 n—1 Go Back
(2.7) D op(i)Ar; = > pli,j)Aw;+ Y p(i,j) Az
Jj=1 j=1 j=i Close
i—1 n—1 .
Quit
= 1AT; + | —n) Ax,.
JZ_; ! ]Z_; <‘7 ) ! Page 9 of 34
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Using the summation by parts formula, we have

1—1 i—1
(2.8) > il ol - D A (i) w4
j=1 j=1
1—1
= iﬂfi—l'l—z,l’j_A'_l:Z—l
j=1
and
n—1 n—1

Z%

29 Y (G-mAr = (G-n)al_, =D AG—n) T

j=i j=i

= (n—1) Z%H
= (n—i+1)x Zx]

Using 2.7) — (2.9), we deduce

n—1
Zp(z',j)A:cj = (i—1x Z:c] (n—i+1)
j=1

= nr; — E €
J=1

and the identityZ.1) is proved.

T; — E Zj

j=i
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The following corollaries hold.

Corollary 2.2. We have the identity

T+ x, 1 — lew/. n

=

Corollary 2.3. Letn = 2m + 1. Then we have

2m+1 2m
1 1
2.11 Ml = § ; E m () Az,
( ) Tt 2m+1j:1 Ig+2m+1j:1p (j) Az;
where _
J if 1<j<m,

j—2m—1 if m+1<j5<2m.
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The following discrete inequality of Ostrowski type holds.

Theorem 3.1.Let (X, ||-||) be a normed linear space and (i = 1,...,n) be
vectors inX. Then we have the inequality

1 & 1 n+1\> n®-1
3.1 ;— — <= |li— A
@D - > < [( ! ) T ]krlgggg_lu wll,

. 1 . . . . The Discrete Version of
foralli € {1,...,n}. The constant = ; in the right hand side is best in the Ostrowski's Inequality in
sense that it cannot be replaced by a smaller one. e LnE2 EPRses
Proof. We use the representatiah {) and the generalised triangle inequality to S8 Dragomit
obtain

1 n—1 Title Page
T — " Z Tg|| = Zp (i, k) Azy Contents
k=1 k=1
= <4< >»
< =D Ip (k)| A < >
k=1
n—1 Go Back
< ,_max_ ||Axk|| X —Z|p (1, k)| S
Quit

If 7 = 1, then we have

Z\pm :Zl |k —n| = Zk— nin—1)
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and as

1\? n2-1 —1
(1—n;)+n :n(n ), for n>1

the inequality 8.1) is valid fori = 1.
Let2 <i<n-—1.Then

n—1 i—1 n—1
p (i k)| = ()| + ) Ip (i k)l
k=1 k=1 k=i
i—1 n—1 The Discrete Version of
Ostrowski’s Inequality in
= Z k + (n - k’) Normed Linear Spaces
k=1 k=i :
1l i1 S.S. Dragomir
(- 1)
= 5 nn—1—i+1 Z k—>» k |
k=1 k=1 Title Page
— g _21> ! +n(n—1i)— ( 1) ! 22_ 1>> Contents
1 44 44
= 5(2@'2+rﬂ—2m'+n) ) R
n+1\> n?2-1
= ) — Go Back
(Z 2 ) T
_ ] _ Close
and the inequality3.1) is also proved fo¥ € {2,...,n — 1}. _
Fori = n, we havq)(n,k) =k k=1,...,n—1giving Quit
B Page 13 of 34
-1
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and as

n+1\> n2-1 ~n(n—1)
(" T2 ) L
the inequality 8.2) is also valid fori = n.
To prove the sharpness of the constant ;, assume that¥( 1) holds with a
constant > 0, i.e.,

n
1
T; — — E T
n
k=1

foranyz, (k=1,...,n)in X.

1|/, n+1\° )
(3.2) < " [(l Ty ) "‘C(n - 1)] kzgna}é 1 [ Ay] The Discrete Version of

""" Ostrowski’s Inequality in
Normed Linear Spaces

. S.S. Dragomir
Letzy, =1+ (k—1)r,k=1,....,n,7 € X,r #0,2; #0andi = 1in
(3.2. Then we get
Title Page
1 — 1{(n—1) 9 Contents
(3.3) xl—EZ(:cl—i-(k—l)r) <- T—l—c(n —1)| |7
k=1 <44 44
and as < >
B —1
Z (1 + (k=1)r) =nz; + - (n2 )7‘, Go Back
k=1
Close
then from (B.3) we deduce
Quit
n—1 1|(n—1) Page 14 of 34
[COE e I
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from where we get

i.e.,
n+1<4c(n+1),

which implies that: > 1, and the theorem is proved.

Corollary 3.2. Under the above assumptions ana if= 2m + 1, then we have

the inequality

m41
Tm+1 — om + 1 Z

The proof is obvious by the above Theorém fori = m + 1.
The following corollary also holds.

1
m (m + 1) max ||Azgl .

3.4 S
(34) — 2m+1 k=1,..2m

Corollary 3.3. Under the above assumptions, we have:

a) If n = 2k, then

Ty + Taok 1 1
. - E < - (k-
(3 5) 2 Qk s x] — 2 (k 1) _lInaX HA‘/E]H
b) If n =2k + 1, then
2k+1 9
xr1 + Tok+1 1 2k -+ 2k +1
: — < — Azl .
(3:6) 2 2k + 1 ;% S ke e, Al
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Proof. The proof is as follows.

a) If n = 2k, then by Corollary®.2, we have

2k
T —|—l‘2k Z

1
<o Z j =kl 1A
=1

The Discrete Version of
Ostrowski’s Inequality in

2k-1 Normed Linear Spaces
< _
- 2k 1 HA:CJH Z |j k' S.S. Dragomir
1 k 2k—1
= o, max | Az <Zl —J)+ A;l (j — k:)) Title Page
] (k ! )k =R Contents
- k j=1,....2k—1 HAIJH 2 <4< >
1
=5 (k=1) max Az, ‘ d
2 j=1,...,2k
Go Back
and the inequality3.5) is proved. Close
b) If n = 2k + 1, then by Corollary?2.2, we have Quit
vt T 1 2"“2“93 Qkf ,_2k+1 A Page 16 of 34
2 2% + 1 S g1 2 ) J
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2k+1

T A Z

J—k——

1 [k 1 2k+1 1
= A Z_ k=
ok 1 e, 1A E:(k+'2 ])+f§: (J g 2)]
Lj=1 j=k+1
1 _1 k 1 2k+1
= g7 max Al |5k DD (k=) = 5 (kD) + D —k)]
L j=1 j=k+1 . .
The Discrete Version of
B 1 HA || (k2 —k+Kk2+3k+2—1 Ostrowski's Inequality in
= 5% 1 J_In,a),( T 5 Normed Linear Spaces
2/{:2 + 2/@ +1 S.S. Dragomir
= max Azl S
=1, 2k 2(2k+1)
. . . Title Page
and the inequality3.6) is proved.
Contents
- <4< >»
The following result including a version of a discrete Ostrowski inequality < >
for [,—norms of{ Az, },_— also holds.
’ Go Back
Theorem 3.4.Let (X, ||-||) be a normed linear space and (: = 1,...,n) be
vectors inX. Then we have the inequality Close
Quit

Page 17 of 34

Q\H

Z HAkaHﬂ

(3.7)
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foralla > 1,1+ % = 1, wheres, (-) denotes the sum:

Whenm = 0, the sum is assumed to be zero.

Proof. Using representatior?(2) and the generalised triangle inequality, we

have: The Discrete Version of
Ostrowski’s Inequality in

1 n 1 n—1 Normed Linear Spaces
(3.8) Ti— - ; Tr|| = o ;p (i, k) Axy S.S. Dragomir
n—1
< =) @R [An = B. Title Page
k=1 Contents
Using Holder’s discrete inequality, we have « b
x , 5 < 3
3.9 B < — k; A .
(3.9) (Z Ip (i, ) (Z | Az ) Go Back
Cl
However, 0%
n—1 i—1 n—1 Quit
. k (0% — . k (0% . k (0%
>l (i.b) ;wz, ) +;|p<z, ) page 18 of 34
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i—1 n—1
= > k" + > (n—k)

k=1 k=i
= 1Oé_|_..._|_(2'_1)a+(n_i)“+...+1a
= So(i—1)+ 8o (n—1)

and the inequality3.7) then follows by 8.8) and @3.9). m

The case ofv = = 2 can be useful in practical applications.

The Discrete Version of

Corollary 3.5. With the assumptions of Theor&mw, we have Qe o (e Vel
Normed Linear Spaces

1 n S.S. Dragomir
3.10 i— =
a ) ) Title Page
1 n+1\?> n2-1]7 & s
< — A Contents
_ﬁ[(z S ] > o
k=t « >
Proof. Fora = 2, we have < >
1 2 : (22 . 1) Go Back
(i = Z Close
uit
and ' Q
NS n—i)(n—i+1)[2(n—i)+1] Page 19 of 34
—i) =) k= ( .
So (n —1) ; 5
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As simple algebra proves that

Sz(i—1)+82(n—i):n[(i_n‘QFl)Q_‘_ni;l]7

then, by B8.7) we deduce the desired inequaliB;10. O]

Corollary 3.6. Under the above assumptions ana if= 2m + 1, then we have
the inequality:

2m+ 1 2m %
(311) @i — Z _2m+1[ o (m)]* |7 Azl
k=1 k=1

fora>1,§+%:1.
In particular, fora = § = 2, we have

2m—+1

1 m(m+ 1)
m - < A
Tm T 1 ;x’“ \'32m +1) ZH el

The following result providing an upper bound in terms of thenorm of
(Azy),_15,—7 also holds.

(3.12)

Theorem 3.7.Let (X, ||-||) be a normed linear space and (: = 1,...,n) be
vectors inX. Then we have the inequality

'——Zxk

foralli € {1,...,n}.

n—1

| Az
k=1

(3.13)

<—l (n—1)+

n+1H
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Proof. As in TheorenB.4, we have

1
(3.14) xi— =Y x| < B,
n k=1
where
1 n—1
B:=—) [p( k)l [Av] -
k=1

It is obvious that

1
B = - k(A —k)|A
" Z | :vk||+z n — k) || Azl
1 B i—1 n—1
< —|6i-1) )Y Az 4+ (n— i)Y | A
L k=1 k=i

1—1 n—1
D A+ 1Az
k=1 k=1

n—1
111 1 .
_ E{E(n—1)+§|n—l—l+1\};”A%H

1
nmax{z ,n—1i}

n—l—l

n—1
} lA
k=

1

-1+

S|

and the inequality3.13) is proved.
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The following corollary contains the best inequality we can get frér3).

Corollary 3.8. Let (X, ||-||) be as above and = 2m + 1. Then we have the
inequality

2m—+1 2m
1 m
3.15 m ——g <—§ A .
( ) Tm1 2m+1 — T\ = 2m—|—1k:1 1Az]
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We start with the following theorem.

Theorem 4.1. Let (X, ||-||) be a normed linear space; € X (i=1,...,n)
andp, >0 (i=1,...,n)with)> " , p, = 1. Then we have the inequality:

n
4.1) |z =Y pizj|| < ZPJ j—1l- Jaax | Azl
J=1 J=1 nl The Discrete Version of
( n—1 : n+1 Ostrowski’s Inequality in
= ° ‘Z - _| ) Normed Linear Spaces
1 1 S.S. Dragomir
n p n q
. : 1,1
< max || Az x (Z|y—z|?) <ZP§) if p>1, s+ =1
k=T;n—1 j=1 j=1 Title Page
2_q 1\2 Contents
(25 (i = =517 max ;)
. =tn < >
foralli € {1,...,n}. < 4
Proof. Using the properties of the norm, we have Go Back
n Close
(42) ij ||xz - ZE]H > Zp] - :L“] Quit
j=1
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foralli e {1,...,n}.
On the other hand,

(4.3)

Now, as

and

n
> byl —
j=1
:Zpg | — ;] + Z pi s —
Jj=i+1
1—1 —1
=D v Z (w1 — a)|| + Z P
j—l k= j=i+1

<3, (kznmku) Sy, (zumln)

Jj=1 j=i+1

=: A.

Z (141 — 1)

j—1
l=i

i—1

> Az < (i - j) max ||Axy| (wherej <i— 1)

k=j k=ji=1
s—1
Z Az < (s — z) max |Az;|| (wherei < s —1),

=i
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then we deduce that

A < ij (i=7)- max [[Az] + Z P —1) - max || Az

j—it1 =i,n—1
< max Az Zpg i—j) Z p; (j — 1)
k=Ln—1 j=1 j=i+1
= max HAxk I Z pj i—Jl The Discrete Version of
k=ln—1 j=1 Ostrowski’s Inequality in
) ) o ] Normed Linear Spaces
and the first inequality in4.1) is proved. _
S.S. Dragomir
Now, we observe that
n
ij li—j| < m?liX’Z—ﬂZpg Title Page
. n
= ! Contents
= max|i — j|
J:Ln ‘4 "
= max{i—1,n—1i} < >
n—1 4 n+1
= Z J—
9 5 ) Go Back
Close

which proves the first part of the second inequality4ri).
By Hdlder’s discrete inequality, we also have Quit
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wherep > g and! + é = 1, and the second part of the second inequality in

(4.1) holds.
Finally, we also have

n n
ij i — j| < max |pj Z i — jl.
j=1 j=bn j=1

Now, let us observe that

Sli—gl o= Y li—jl+ > li—jl
j=1 j=1 j=i+1
= > =i+ > (G-9
j=1 =i+l

e i+ = :
= == —i—jz_;j—jz_;j—z(n—z)

n2—1+ o n+1 2
p— Z_
4 2

and the last part of the second inequality4nlf is proved. O

Remark 4.1. In some practical applications the cage= ¢ = 2 in the second
part of the second inequality may be useful. As

n 2_ 2
;j—z Z] —222j+m —n[ 121—1-(1'—”;1)

I
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then we may state the inequality

n
T; — E pjxj
j=1

(4.4)

1

(Zp;) max A

sﬁ[”2

1 ( n—l—l)
+{1—

The following particular case was proved in a different manner in Theorem
3.1

foralli € {1,...,n}.

Corollary 4.2. If z; (i = 1,...,n) are vectors in the normed linear spagk, ||-||),
then we have

1 & 1n2=1 (. »n+1\
The following result also holds.
Theorem 4.3.Let (X, ||-||) be a normed linear space; € X (i=1,...,n)

andp; >0 (i =1,...,n) with > "' , p; = 1. Then, fora > 1, é+% =1, we
have the inequality:

n
- iy
=1

(4.6)

1
n n—1 a
. gL a
<> li—jlPps <§ [ Ay >
7=1 k=1
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foralli e {1,...,n

Proof. Using Holder’s discrete inequality, we may write that
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1
n—1 a [1—
OSTRN) TR o
k=1 Jj=1 s=i+1

1
n—1 a n
le% . . 1
= (E IIA:ka) > " li — 417 ps,
k=1 j=1

which proves the first inequality irt(6).
Now it is obvious that
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and the theorem is proved. O

Corollary 4.4. If z; (i =1,...,n) are vectors in the normed spacd, ||-||),
then for alli € {1,...,n} we have:

n

1

n < J
J=1

(4.7)

1
1 n . . n—1 . a 1 1
< —Z’Z—ﬂﬁ ZHAHSkH , > 1, —4+-=-=1. The Discrete Version of
n 1 P (07 6 Ostrowski’s Inequality in
J= - Normed Linear Spaces

Finally, we may state the following result as well.

S.S. Dragomir
Theorem 4.5.Let X, z; andp; (i =1,...,n) be as in Theorem.3. Then we
have the inequality: _
Title Page
n—1
max{P,_1,1— P} > ||Axy| Contents
n k=1
(4.8) x; — ijxj < <4« »»
j=1 i—1 n—1
(1= pmax{ 8 80, E 1an | <
k=1 k=i
n—1 Go Back
<(1-p) Z | Az Close
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’ Quit
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and P, := 0.

Proof. It is obvious that

1—1 1—1
Z Az < Z | Az
k=j k=1

and

s—1 n—1
o lAn| <) llAx],
=1 =1

Then, forA as defined in the proof of Theorefnl, we have that

i—1 i—1
<Y A Y pi+ Z [Azy]| Z pj
k=1 J=1

Jj=i+1

S maX{Pi_l, P}

ZHA%II + Z [[Az]l

Jj=i+1

=max{P_1,1 — P} Z | Azl -
1

Also, we observe that

B < max{Zqujn > ||Ax]||} 1 +1-P)

Jj=i+1
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i—1 n—1
= (1 = pi) max {Z N HA%H}
k=1 k=i

and the theorem is thus proved. O
Corollary 4.6. Let X andz; (i = 1,...,n) be as in Corollary4.4. Then

1 ) n—1

LBl S A,
< ; The Discrete Version of
- Ostrowski’s Inequality in

(4.9)
-1 i—1 n—1 >

n max { Z ||A:Ek|| , Z ||Axk”} Normed Linear Spaces
n k=1 k=i

n
1
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n &=’
Jj=1
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