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ABSTRACT. In the present paper, we discuss a subclassMp(λ, µ, A,B) of p-valently Bazilevǐc
functions, which was introduced and investigated recently by Patel [5]. Such results as inclusion
relationship, coefficient inequality and radius of convexity for this class are proved. The results
presented here generalize and improve some earlier results. Several other new results are also
obtained.
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1. I NTRODUCTION

LetAp denote the class of functions of the form:

f(z) = zp +
∞∑

n=p+1

anz
n (p ∈ N := {1, 2, 3, . . .}),

which areanalytic in theopenunit disk

U := {z : z ∈ C and |z| < 1}.
For simplicity, we write

A1 =: A.
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For two functionsf andg, analytic inU, we say that the functionf is subordinate tog in U,
and write

f(z) ≺ g(z) (z ∈ U),

if there exists a Schwarz functionω, which is analytic inU with

ω(0) = 0 and |ω(z)| < 1 (z ∈ U)

such that
f(z) = g

(
ω(z)

)
(z ∈ U).

Indeed it is known that

f(z) ≺ g(z) (z ∈ U) =⇒ f(0) = g(0) and f(U) ⊂ g(U).

Furthermore, if the functiong is univalent inU, then we have the following equivalence:

f(z) ≺ g(z) (z ∈ U) ⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

LetMp(λ, µ,A,B) denote the class of functions inAp satisfying the following subordination
condition:

zf ′(z)

f 1−µ(z)gµ(z)
+ λ

[
1 +

zf ′′(z)

f ′(z)
− (1− µ)

zf ′(z)

f(z)
− µ

zg′(z)

g(z)

]
≺ p

1 + Az

1 +Bz
(1.1)

(−1 5 B < A 5 1; z ∈ U)

for some realµ (µ = 0), λ (λ = 0) andg ∈ S∗p , whereS∗p denotes the usual class ofp-valently
starlike functions inU.

For simplicity, we write

Mp

(
λ, µ, 1− 2α

p
,−1

)
= Mp(λ, µ, α)

:=

{
f(z) ∈ Ap : <

(
zf ′(z)

f 1−µ(z)gµ(z)
+ λ

[
1 +

zf ′′(z)

f ′(z)
− (1− µ)

zf ′(z)

f(z)
− µ

zg′(z)

g(z)

])
> α

}
,

for someα (0 5 α < p) andz ∈ U.
The classMp(λ, µ,A,B) was introduced and investigated recently by Patel [5]. The author

obtained some interesting properties for this class in the caseλ > 0, he also proved the following
result:

Theorem 1.1.Let
µ = 0, λ > 0 and − 1 5 B < A 5 1.

If f ∈Mp(λ, µ,A,B), then

(1.2)
zf ′(z)

pf 1−µ(z)gµ(z)
≺ λ

pQ(z)
= q(z) ≺ 1 + Az

1 +Bz
(z ∈ U),

where

Q(z) =


∫ 1

0
s

p
λ
−1
(

1+Bsz
1+Bz

) p(A−B)
λB ds (B 6= 0),∫ 1

0
s

p
λ
−1exp

(
p
λ
(s− 1)Az

)
ds (B = 0),

andq(z) is the best dominant of(1.2).

In the present paper, we shall derive such results as inclusion relationship, coefficient in-
equality and radius of convexity for the classMp(λ, µ,A,B) by making use of the techniques
of Briot-Bouquet differential subordination. The results presented here generalize and improve
some known results. Several other new results are also obtained.
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2. PRELIMINARY RESULTS

In order to prove our main results, we shall require the following lemmas.

Lemma 2.1. Let
µ = 0, λ = 0 and − 1 5 B < A 5 1.

Then
Mp(λ, µ,A,B) ⊂Mp(0, µ, A,B).

Proof. Suppose thatf ∈Mp(λ, µ,A,B). By virtue of (1.2), we know that

zf ′(z)

f 1−µ(z)gµ(z)
≺ p

1 + Az

1 +Bz
(z ∈ U),

which implies thatf ∈Mp(0, µ, A,B). Therefore, the assertion of Lemma 2.1 holds true.�

Lemma 2.2(see [3]). Let
−1 5 B1 5 B2 < A2 5 A1 5 1.

Then
1 + A2z

1 +B2z
≺ 1 + A1z

1 +B1z
.

Lemma 2.3(see [4]). LetF be analytic and convex inU. If

f, g ∈ A and f, g ≺ F,

then
λf + (1− λ)g ≺ F (0 5 λ 5 1).

Lemma 2.4(see [6]). Let

f(z) =
∞∑

k=0

akz
k

be analytic inU and

g(z) =
∞∑

k=0

bkz
k

be analytic and convex inU. If f ≺ g, then

|ak| 5 |b1| (k ∈ N).

3. M AIN RESULTS

We begin by stating our first inclusion relationship given by Theorem 3.1 below.

Theorem 3.1.Let

µ = 0, λ2 = λ1 = 0 and − 1 5 B1 5 B2 < A2 5 A1 5 1.

Then
Mp(λ2, µ, A2, B2) ⊂Mp(λ1, µ, A1, B1).

Proof. Suppose thatf ∈Mp(λ2, µ, A2, B2). We know that

zf ′(z)

f 1−µ(z)gµ(z)
+ λ2

[
1 +

zf ′′(z)

f ′(z)
− (1− µ)

zf ′(z)

f(z)
− µ

zg′(z)

g(z)

]
≺ p

1 + A2z

1 +B2z
.

Since
−1 5 B1 5 B2 < A2 5 A1 5 1,
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it follows from Lemma 2.2 that

(3.1)
zf ′(z)

f 1−µ(z)gµ(z)
+ λ2

[
1 +

zf ′′(z)

f ′(z)
− (1− µ)

zf ′(z)

f(z)
− µ

zg′(z)

g(z)

]
≺ p

1 + A1z

1 +B1z
.

that is, thatf ∈Mp(λ2, µ, A1, B1). Thus, the assertion of Theorem 3.1 holds true for

λ2 = λ1 = 0.

If
λ2 > λ1 = 0,

by virtue of Lemma 2.1 and (3.1), we know thatf ∈Mp(0, µ, A1, B1), that is

(3.2)
zf ′(z)

f 1−µ(z)gµ(z)
≺ p

1 + A1z

1 +B1z
.

At the same time, we have

zf ′(z)

f 1−µ(z)gµ(z)
+ λ1

[
1 +

zf ′′(z)

f ′(z)
− (1− µ)

zf ′(z)

f(z)
− µ

zg′(z)

g(z)

]
(3.3)

=

(
1− λ1

λ2

)
zf ′(z)

f 1−µ(z)gµ(z)

+
λ1

λ2

{
zf ′(z)

f 1−µ(z)gµ(z)
+ λ2

[
1 +

zf ′′(z)

f ′(z)
− (1− µ)

zf ′(z)

f(z)
− µ

zg′(z)

g(z)

]}
.

It is obvious that

h1(z) =
1 + A1z

1 +B1z
is analytic and convex inU. Thus, we find from Lemma 2.3, (3.1), (3.2) and (3.3) that

zf ′(z)

f 1−µ(z)gµ(z)
+ λ1

[
1 +

zf ′′(z)

f ′(z)
− (1− µ)

zf ′(z)

f(z)
− µ

zg′(z)

g(z)

]
≺ p

1 + A1z

1 +B1z
,

that is, thatf ∈Mp(λ1, µ, A1, B1). This implies that

Mp(λ2, µ, A2, B2) ⊂Mp(λ1, µ, A1, B1).

�

Remark 1. SettingA1 = A2 = A andB1 = B2 = B in Theorem 3.1, we get the corresponding
result obtained by Guo and Liu [2].

Corollary 3.2. Let

µ = 0, λ2 = λ1 = 0 and p > α2 = α1 = 0.

Then
Mp(λ2, µ, α2) ⊂Mp(λ1, µ, α1).

Theorem 3.3. If f ∈ Ap satisfies the following conditions:

<
(
f(z)

zp

)
> 0 and

∣∣∣∣ zf ′(z)

f 1−µ(z)gµ(z)
− p

∣∣∣∣ < νp

(
0 5 µ <

1

2
; 0 < ν 5 1; z ∈ U

)
for g ∈ S∗p , thenf is p-valently convex (univalent) in|z| < R(p, µ, ν), where

R(p, µ, ν) =
2pµ+ 2µ− ν − 2 +

√
(2pµ+ 2µ− ν − 2)2 + 4(ν + p)(p− 2pµ)

2(ν + p)
.
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Proof. Suppose that

h(z) :=
zf ′(z)

pf 1−µ(z)gµ(z)
− 1 (z ∈ U).

Thenh is analytic inU with

h(0) = 0 and |h(z)| < 1 (z ∈ U).

Thus, by applying Schwarz’s Lemma, we get

h(z) = νzψ(z) (0 < ν 5 1),

whereψ is analytic inU with
|ψ(z)| 5 1 (z ∈ U).

Therefore, we have

(3.4) zf ′(z) = pf 1−µ(z)gµ(z)(1 + νzψ(z)).

Differentiating both sides of (3.4) with respect toz logarithmically, we obtain

(3.5) 1 +
zf ′′(z)

f ′(z)
= (1− µ)

zf ′(z)

f(z)
+ µ

zg′(z)

g(z)
+
νz(ψ(z) + zψ′(z))

1 + νzψ(z)
.

We now suppose that

(3.6) φ(z) :=
f(z)

zp
= 1 + c1z + c2z

2 + · · · ,

by hypothesis, we know that

(3.7) <(φ(z)) > 0 (z ∈ U).

It follows from (3.6) that

(3.8)
zf ′(z)

f(z)
= p+

zφ′(z)

φ(z)
.

Upon substituting (3.8) into (3.5), we get

(3.9) 1 +
zf ′′(z)

f ′(z)
= (1− µ)p+ (1− µ)

zφ′(z)

φ(z)
+ µ

zg′(z)

g(z)
+
νz(ψ(z) + zψ′(z))

1 + νzψ(z)
.

Now, by using the following well known estimates (see [1]):

<
(
zφ′(z)

φ(z)

)
= − 2r

1− r2
, <

(
zg′(z)

g(z)

)
= −p1− r

1 + r
,

and

<
(
z(ψ(z) + zψ′(z))

1 + zψ(z)

)
= − r

1− r

for |z| = r < 1 in (3.9), we obtain

<
(

1 +
zf ′′(z)

f ′(z)

)
= (1− µ)p− 2(1− µ)r

1− r2
− pµ(1− r)

1 + r
− νr

1− νr

= (1− µ)p− 2(1− µ)r

1− r2
− pµ(1− r)

1 + r
− νr

1− r

= −(ν + p)r2 − (2pµ+ 2µ− ν − 2)r − (p− 2pµ)

1− r2
,

which is certainly positive ifr < R(p, µ, ν). �

Puttingν = 1 in Theorem 3.3, we get the following result.
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Corollary 3.4. If f ∈ Ap satisfies the following conditions:

<
(
f(z)

zp

)
> 0 and

∣∣∣∣ zf ′(z)

f 1−µ(z)gµ(z)
− p

∣∣∣∣ < p

(
0 5 µ <

1

2
; z ∈ U

)
for g ∈ S∗p , thenf is p-valently convex (univalent) in|z| < R(p, µ), where

R(p, µ) =
2pµ+ 2µ− 3 +

√
(2pµ+ 2µ− 3)2 + 4(1 + p)(p− 2pµ)

2(1 + p)
.

Remark 2. Corollary 3.4 corrects the mistakes of Theorem 3.8 which was obtained by Patel
[5].

Theorem 3.5.Let
µ = 0, λ = 0 and − 1 5 B < A 5 1.

If

f(z) = z +
∞∑

k=n+1

akz
k (z ∈ U)

satisfies the following subordination condition:

(3.10) f ′(z)

(
f(z)

z

)µ−1

+ λ

[
zf ′′(z)

f ′(z)
+ (1− µ)

(
1− zf ′(z)

f(z)

)]
≺ 1 + Az

1 +Bz
,

then

(3.11) |an+1| 5
A−B

(1 + nλ)(n+ µ)
(n ∈ N).

Proof. Suppose that

f(z) = z +
∞∑

k=n+1

akz
k (z ∈ U)

satisfies (3.10). It follows that

(3.12) f ′(z)

(
f(z)

z

)µ−1

+ λ

[
zf ′′(z)

f ′(z)
+ (1− µ)

(
1− zf ′(z)

f(z)

)]
= 1 + (1 + nλ)(n+ µ)an+1z

n + · · · ≺ 1 + Az

1 +Bz
(z ∈ U).

Therefore, we find from Lemma 2.4, (3.12) and−1 5 B < A 5 1 that

(3.13) |(1 + nλ)(n+ µ)an+1| 5 A−B.

The assertion (3.11) of Theorem 3.5 can now easily be derived from (3.13). �

TakingA = 1− 2α (0 5 α < 1) andB = −1 in Theorem 3.5, we get the following result.

Corollary 3.6. Let
µ = 0, λ = 0 and 0 5 α < 1.

If

f(z) = z +
∞∑

k=n+1

akz
k

satisfies the following inequality:

<

(
f ′(z)

(
f(z)

z

)µ−1

+ λ

[
zf ′′(z)

f ′(z)
+ (1− µ)

(
1− zf ′(z)

f(z)

)])
> α,
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then

|an+1| 5
2(1− α)

(1 + nλ)(n+ µ)
(n ∈ N).

Remark 3. Corollary 3.6 provides an extension of the corresponding result obtained by Guo
and Liu [2].
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