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Abstract: In the present paper, we discuss a subcless A, i, A, B) of p-valently Bazile-

vi¢ functions, which was introduced and investigated recently by Pgteb{ich

results as inclusion relationship, coefficient inequality and radius of convexity for
this class are proved. The results presented here generalize and improve some
earlier results. Several other new results are also obtained.
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1. Introduction

Let A, denote the class of functions of the form:

f(z) =2+ Z anz"

n=p+1

(peN:=1{1,2,3,...}),

which areanalyticin the openunit disk
U:={2:2€C and |z] <1}

For simplicity, we write
.Al = A

For two functionsf andg, analytic inU, we say that the functiofiis subordinate
to g in U, and write

fz)=g(z)  (2€0),
if there exists a Schwarz functien which is analytic inU with
w(0)=0 and Jw(z)|]<1l (z€0)

such that
f(z)=g(w(z) (2€T),

Indeed it is known that

f(z) <9(2) (2€U)= [f(0) =9(0) and f(U)cg(U).

Furthermore, if the functiop is univalent inU, then we have the following equiva-

lence:

f(z) < g(z) (z €U) & f(0)=g(0) and f(U)C g(U).
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Let M, (), 1, A, B) denote the class of functions i, satisfying the following
subordination condition:

2f'(2)
f11(z)g(2)

21"(2) ) ()] 1+ A
o T TRy S PTy Be

(-1<B<A<1; z€0)

(1.1) +A {1 +

for some real: (1 = 0), A (A =2 0) andg € S;;, whereS;; denotes the usual class of
p-valently starlike functions ifiJ.
For simplicity, we write

2
M, <)\,,u, 1— ?Oé, —1) = M,(\, p, @)

: AP 1 _zg'(2) N
V@4 R (5t -5 w5 = o)
for somea (0 < o < p) andz € U.

The classM,, (A, i, A, B) was introduced and investigated recently by P&kl
The author obtained some interesting properties for this class in the\casg he
also proved the following result:

2f"(2)
f'(2)

2f'(z)

+/\[1+

Theorem 1.1.Let

1w=0, A>0 and —-1<B<AZ1.
If f € My(A 1, A, B), then
zf'(2) A 1+ Az
2 Eoee Swe @ eV
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where
A—B)

. p(
B ) s 520

Q(z) =
fol shlexp (2(s — 1)Az) ds (B =0),
andg(z) is the best dominant dfL.2).

In the present paper, we shall derive such results as inclusion relationship, coeffi-
cient inequality and radius of convexity for the clags,(\, i, A, B) by making use
of the techniques of Briot-Bouquet differential subordination. The results presented

here generalize and improve some known results. Several other new results are also
obtained.
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2. Preliminary Results

In order to prove our main results, we shall require the following lemmas.

Lemma 2.1. Let
=20, A=20 and —1<B<AZ.

Then
M,(\, 1, A, B) € M,(0, 1, A, B).

Proof. Suppose thaf € M, (A, i, A, B). By virtue of (L.2), we know that
zf'(2) Z 1+ Az
fror(z)gh(z) 1+ Bz

which implies thatf € M,(0,u, A, B). Therefore, the assertion of Lemmial
holds true. O

(ZEU)v

Lemma 2.2 (seed]). Let
—1=SBi =SB <A S A S L

Then
1+ Asz - 1+ Az
14+ By 14+ Bz’

Lemma 2.3 (see4]). Let F’' be analytic and convex id. If

fige A and f, g <F,

then
M+ =Ng=<F =X 1).
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Lemma 2.4 (see§]). Let
f(z) = Z apz"
k=0
be analytic inU and
g(z) = Z b2
k=0
be analytic and convex id. If f < g, then
|ag| = [b1] (k €N).
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3. Main Results

We begin by stating our first inclusion relationship given by Theogehibelow.
Theorem 3.1. Let
=0, A2A =20 and — 1B SBy<A; S A S 1.
Then
My, (g, pt, Ag, Ba) C My(A, p, Ay, By).
Proof. Suppose thaf € M, (s, 11, Az, B2). We know that

2f'(2) 2f"(2) 2f'(2) ZQTZ)} 1+ Ayz

frr(z)g(2) f(2) —(=p) &) M) 14 Byz'
Since

+ Ao {14—

—1SBiSB <A S A =1,
it follows from Lemma2.2 that
z2f'(2) zg’(z)] 1+ Az

2F'(2) D) )
T (2)97 () o YT T | T B

that is, thatf € M, (s, i1, A1, By). Thus, the assertion of Theoreirl holds true
for

(3.1) o [1 +

Ao = A1 2 0.
If
)\2 > )\1 z 0,
by virtue of Lemma2.1and (3.1), we know thatf € M, (0, 1, Ay, By), that is
(3.2) z2f'(2) 1+ Az

=)z T+ Bie
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At the same time, we have

1))

_2fE) -
B3 e 7 6"t

R -l

1 + Alz
hl(Z) N 1+ Blz
is analytic and convex ift). Thus, we find from Lemma.3, (3.1), (3.2) and (3.9
that

It is obvious that

2f(2) RO L ON zg’(z)} 1+ Az
ere 7 TR TR | ST B
that is, thatf € M,,(\, i1, A1, By). This implies that

Mp()\Za 1y A27 B2> C Mp()\17 H, Ah Bl)

+ M\ {14—

]

Remarkl. SettingA; = A, = AandB; = By = B in Theorem3.1, we get the
corresponding result obtained by Guo and L4 |

Corollary 3.2. Let
=0, 22X 20 and p>ay;=a; 20.

Then
Mp()\27 22 CYZ) - Mp()\lv 22 al)'
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Theorem 3.3.1f f € A, satisfies the following conditions:
f(z) 2f'(2)

w(5) =0 |

for g € S;, thenf is p-valently convex (univalent) iix| < R(p, i1, v), where

1
<uvp (0§u<§;0<y§1;zEU)

2o+ 2 — v — 2+ /(2pp + 2 — v — 2)2 + 4(v + p)(p — 2pp)
R(p, p,v) = 20 +7) :

Proof. Suppose that
2f'(z
) =
Thenh is analytic inU with
R(0)=0 and |h(2)]<1 (z€0).
Thus, by applying Schwarz’s Lemma, we get
h(z) = vzi(z)

wherey is analytic inU with

[W(2) =1

-1 (z €.

(0<v<1),

(z € U).

Therefore, we have

(3.4) 2f'(2) = pfM(2)g" (2) (1 + vz (2)).

Differentiating both sides of3(4) with respect ta: logarithmically, we obtain

vA(2) + 20(2))

@5 1+ LE o TE 2D

G ) el
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We now suppose that

(3.6) o) =1 c1hozras
by hypothesis, we know that
(3.7) R(o(2)) >0 (z € U).
It follows from (3.6) that
z2f'(z 2 (z
©8) el e
Upon substituting{.9) into (3.5), we get

2f"(z)

2¢(2) 2g'(z)  vz(Y(z) + 2/ (2)) -

B9) 1+ =g 3 = (L= mp+ (1= w) =g+ = o8 =

Now, by using the following well known estimates (s&@{

' <%(Z§)) E irﬂ, " (%?) > _pit

and

" (zw(z) +zw'<z>>> .
1+ z9(z) - 11—
for |z| = r < 1in (3.9), we obtain

R (1 + Zf”(Z)) = (1—p)p— 2(L—pr _ pp(L—7) vr

f'(2) 1—r? 1+r  1—ur
21— pw)r  pu(l —r1) vr
= (1= pmp = 1—r2 147 1-r
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(v +p)r® = (2pp +2p — v = 2)r — (p — 2pp)
1—1r2 ’

which is certainly positive i < R(p, i1, V). O

1\

Puttingr = 1 in Theorem3.3, we get the following result.
Corollary 3.4. If f € A, satisfies the following conditions:
f(2) 2f'(2)
J\Z) d |21\
w(75) 20w [

for g € S, thenf is p-valently convex (univalent) iix| < R(p, 1), where

1
‘<p (0§p<§;z€U)

_ 2pp+ 20— 3+ /(2ppu + 20— 3)2 + AL+ p) (p — 2pp)
2(1+p)

Remark2. Corollary 3.4 corrects the mistakes of Theorem 3.8 which was obtained
by Patel p].

Theorem 3.5. Let

R(p, u)

=0, A=20 and —-1<B<AZI.
If
f(z) =2+ Z agz (z € U)
k=n+1

satisfies the following subordination condition:

(310) f(2) <f(zz))u—1 0 K{//;,(ZZ)) +(1—p) <1 _ Z;C;(j))] <

1+ Az
1+ Bz’
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then
A—B

<
(3.11) y%ﬂh:u+an+u) (n € N).
Proof. Suppose that
fz)=z+ Z a2 (z € U)
k=n-+1

satisfies .10. It follows that
w12 6 (52) g0 (-3

" 1+ Az
=14+ (14+nN(n+pap12" +--- < T+ B-

Therefore, we find from Lemma 4, (3.12 and—1 £ B < A < 1 that

(3.13) (1 +nA)(n+ p)an| = A - B.

(z € U).

The assertiond 11) of Theorem3.5can now easily be derived from (L3). O

TakingA = 1 —-2a (0 £ o < 1) andB = —1 in Theorem3.5, we get the

following result.

Corollary 3.6. Let
=0, 220 and 0 a< 1.

If
f(z)=z+ Z apz®

k=n+1
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satisfies the following inequality:
oo (SN (2R (AR
%<f(z>< D) g e (-5

) >,
2(1 — «)
14+ nA\)(n+ u)

Remark3. Corollary 3.6 provides an extension of the corresponding result obtained
by Guo and Liu £].

then

ansal < ¢ (n € N).
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