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Abstract

In this paper, we build a new inequality similar to Hilbert's inequality with a best
constant factor. As an application, we consider its equivalent form.
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If 0 < >°° a? < coand0 < >°° b2 < oo, then the famous Hilbert's

n=0 ""n n=0 "n

inequality (see Hardy et all]) is given by

@) Zm (Z Zb?)’

where the constant factar is the best possible. Recently, Yang and Debnath
[2, 3] and Yang [, 5] gave (L.1) some extensions and improvements, and Kuang
and Debnatht{] considered its strengthened versions and generalizations.

The major objective of this paper is to build a new inequality similaf.ta)(
which relates to the double series form as

12 mYn — mvn )
(1.2) ;mzzzllnm—i-lnn—l—l ;mz::llnemn
For this, we must estimate the following weight coefficient

= 1 In+/en :

1.3 = N
(1.3) w(n) 'mz_l mInemn (ln \/Em) (n € N),

and do some preparatory works.
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Let f have its first four derivatives ofi,00) and (—1)"f™(z) > 0 (n =

0,...,4),andf(z), f'(z) — 0 (x — ), then (seef, (2.1)])

o

& 1 1
(2.1) CE | t@is+ 5000 - S,
Lemma 2.1. For n € N, defineR(n) as
1 ATYYCr 1 2 1
2.2 S _ _ '
@2) R = e /0 ot 3nen  12(men)?

Then we havé?(n) > 0(n € N).

Proof. Integrating by parts, we have

1 1
21n+/en ]_ 21n+/en 1
[P gy [ L
0 (1+u)uz 0 (1+w)

1

Inen

1

Inen
1

Inen

= (2In\/en)?

N|=

= (2In+/en)
= (2In \/En)%

3

+é/m L du?/?
3 Ay

1 1
(21 -
M 3( nven) (Inen)?

1
8 [Tmven 1
+—/21 u’/? du
0

(T +u)
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1 1 1
> (21 2 ~(21 2 .
(210 y/en) Inen * 3( nyen) (Inen)?
Hence by 2.2), we have
1 1 2 1 1 1
R(n) > - - = > 0.
(n) Inen * 3(lnen)?  3lnen 12(lnen)? 3lnen - 4(Inen)?
The lemma is thus proved. ]
Lemma 2.2. If w(n) is defined by1.3), thenw(n) < 7, forn € N. A Neml',r;??éj?rl,%f;mar ©
Proof. For fixedn € N, setting Bicheng Yang
1
fulz) = 1 In/en') 2 Lz € [1,00), Title Page
xlnenz \In/ex
Contents
we find f,(1) = -1~ (2In+/en)?, and pp S
1 1 < 4
() 1 In/en 2 1 Iny/en 2
xr)=— —
" 22Ilnenz \In/ex z2In? enz \In/ex Go Back
1 (In \/En)% Close
272 Inenx (In \/Ex)% ’ Quit
Page 5 of 14
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Settingu = };‘ﬁfh in the following integral, we obtain

1 1 1
> > 1 1)\?2 2In+/en 1 1\2
[ [T () e [T (D)

21In+/en

Hence by 2.1), (2.2 and Lemma&.1, we have
wn) = fulm)
m=1

< [7 ht)ts + 310 - 510

Y@nven) 1 1\ 2 2 1 1
o~ ~) d 21 2
i /0 1+u<u) u+(3lnen+121n26n>( nven):
=7m—(2In \/En)%R(n) <.
The lemma is proved. m

Lemma 2.3.For0 < ¢ < 1, we have

14e€

o0 [e.e] 1 1 )
2.3
(2:3) ;mzzl mnlnemn (ln\/Emln\/En) ~

Proof. Settingu = Eﬁi in the following integral, we find

1te
/Oo 1 1 2 d

T
e rinery \In\/ex

(r+o0(1)) (e—0").

A=
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- (hlxl/éy) (molt) - 136 (lnxl/éy) €=,

Hence we have

1+€

o0 o0 1 1 .
nz:lmz:l mnlnemn (111 vemln \/En)
1+e

i
\/E \/E wylll@xy ll \/E.I:ll \/Ey y

1+e

1+e

1 1 2 o 1 1 ik
_ [ = dr| d
/\/gy<ln\/5y> [/\/E zlnexy (ln\/Ex> x] Y
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<1/ 1 \'* 2 1/ 1 \=**
1 - dy — - d
> (m+of ))/\/gy(ln\/éy) Y 1—e/¢gy(ln\/éy) Y

= (r+o(1)2 —
1

= —(m+o(1)) (e —07).

The lemma is proved. O]
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Theorem 3.1.1f 0 < >~°°  naZ < coand0 < Y7 nb? < o, then

(3.1) nz:lmz:l emn s (nz:l nai?}nbﬁ) ,

where the constant factar is the best possible.

Proof. By Cauchy’s inequality andl(3), we have

Z Z Inemn

D93 [ s (R

x [(H oy

m=1
1
o o 2
= (E ma E w( nb2> .
m=1 n=1

By Lemma2.2, we have 8.1).

&K @2, (Iny/em 2 m o & b2 Iny/en
< [Z_;lnemn <ln\/5n> (E);mz:llnemn (ln\/ém
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For0 < e < 1, settinga;, as:
, 1

a, = ——— 15, N € N,
n(In\/en) 2

then we have

[e.9]

1 i Z 1
2(In2y/e)tte L= n(ln\/en)' e

i na.? = L +
" (Iny/fe)tte

1 1 o 1
—d
S Vo Amajee /ﬁ o)

(3.2) = ! + ! +% i(l—i—o(l)) (e —01).

(Inye) ™ " 2(n2y/e)t
If the constant factorr in (3.1) is not the best possible, then there exists
a positive numberk’ < 7, such that 8.1) is valid if we changer to K. In
particular, we have

oo 00 d a oo

E § m-n < KE :na/2
Inemn

n=1m=1 =1

By (2.3) and (3.2), we have

oo

7T—|—O Z

=lm

< K(1+0(1)) (¢ —07),

Inemn

andr < K. This contradicts thak’ < 7. Hence the constant facterin (3.1)
is the best possible. The theorem is proved. O
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Remark 3.1. Inequality @3.1) is more similar to the following Mulholland’s

inequality forp = ¢ = 2 (see [/]):
3.3 p ~lpa
(33) ;;mz: mnlnemn sin( (Zn “ ) (;n ”)
Theorem 3.2.1f 0 < >~ | naZ < oo, then we have
o0 o0 2 [o¢]
(3.4) Z 1 @ < ? Z na?
' £~ n \ =~ Inemn — "

where the constant factor? is the best possible. Inequalitie3.{) and (3.4)
are equivalent.

Proof. SII’ICGZ ", naZ > 0, there existg, > 1, such that for any > ko, we
haveZn:1 na? > 0,andb, (k) = * Zm 1 ZJLC;;';‘H >0 (n€ N).By (3.1, we
have

0< ani(k)]

T D S 0] R S S
' B — ~~ Inemn — " e
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Thus we find

k 2 k k
1 [ 2 2 2
(3.6) E: - ( o emn) = g nb; (k) < E na; .

It follows that0 < > 7 nb2(c0) < 72> .7 na? < oo. Hence by 8.1), for
k — oo, neither 8.5) nor (3.6) takes equality, and we have

2 2
=1 > Ay, =1 > |G| 9 > ) A New Inequality Similar to
E - < E — < E na.,. Hilbert's Inequality
n Inemn n Inemn
n=1 m=1 m=1 n=1

n=1

Bicheng Yang

Inequality 3.4) is valid.

On the other hand, if3.4) holds, by Cauchy’s inequality, we have Title Page
1 & a . Contents
_ m 2,
Z Z Inemn 2; ni mz:l Inemn <n ) <4< 44
(e%e] [e’e] 2 [e’e) ; < ’
1 a
3.7 - - b?
e > () S _
Close
By (3.4), we have 8.1). Quit

Hence inequalities3(1) and @.4) are equivalent. If the constant factet in
(3.4) is not the best possible, we may show that the constant factor(3.1)
is not the best possible, by using ). This is a contradiction. The theorem is

J. Ineq. Pure and Appl. Math. 3(5) Art. 75, 2002
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Remark 3.2. Inequality 3.4) is similar to the following equivalent form of (1)

(see [):

o oo 2 oo
am
(38) 2 (Z m) <7D

n=0 \m=0

Since inequalities3 1) and @.4) are similar to {.1) and its equivalent form
with the best constant factors, we have provided some new results.
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