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ABSTRACT. In this paper we establish new Ostrowski type inequalities involving product of
two functions. The analysis used in the proofs is elementary and based on the use of the integral
identity recently established by DédiP&aric and Ujevt.
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1. INTRODUCTION

In 1938, Ostrowski 7, p. 468] proved the following inequality:

1 b 1 T — aT“’ ’
1.1 - — t)ydt| < |- b—a)M
a.1) r0 -t [ row < |1 (5] |e-am
forall x € [a,b], wheref : [a,b] — R is a differentiable function such thgt’ (z)| < M for all
x € [a,b].
In 1992, Fink[4] and earlier in 1976, Milovand@vand Péaric [6] have obtained some inter-
esting generalizations df (1.1) in the form

%(f(xwiw) e ACL

(1.2) < C (n,p,) || £

oo’

where
n—k f*Va)(x-a) = fEV0) ("
Kl b—a ’
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asusua%qt]%:1withp’:1forp:oo,p’:ooforp:1and

171, = (/ablf(t)lpdt);_

In fact, Milovanovt and Péaric [6] (see alsd[7, p. 469]) have proved that
(z—a)"™ 4+ (b—2)"™
nn+ D! (b—a)
while Fink [4] (see also]7, p. 473]) proved that the inequality|(1.2) holds provjted) is
absolutely continuous dia, b andf™ € L, [a, b] , with

S

C(n,00,z) =

(x — a)np,+1 + (b— a:)"plﬂ} v N
C(n,p,x)= 0= ) B((n—1)p'+1,p'+1)¢,
for 1 < p < o0, B is the beta function, and
C(n,l,z) = (n—1)"" max [(z —a)", (b—x)"].

n'n! (b — a)

Recently, Pachpatté [10] and DédPe&aric and Ujeve [3] (see alsol[2]) have given some
generalizations of MilovagiP&aric [6] and Fink [4] inequalities. Motivated by the results in
[10] and [3], in this paper we establish new Ostrowski type inequalities involving the product
of two functions. The analysis used in the proofs is based on the integral identity provéed in [3]
and our results provide new estimates on these types of inequalities.

2. STATEMENT OF RESULTS

Let (P,) be a harmonic sequence of polynomials, thatAs,= P, 1, n > 1, P, = 1.
Furthermore, lef C R be asegmentarid: I — R be such thak(™~1) is absolutely continuous
for somen > 1. We use the notation

h(z) + y (=1)* P, (2) k™ (2)

L) =

+ i (_1)b Ena— k?) [Pk (a) h(k—l) (CL) . Pk (b) h(kfl) (b)] ’
k=1

to simplify the details of presentation. Fer= 1 the above sums are defined to be zero. In a
recent paper [3], Dedj P&aric and UjevE proved the following identity (see aldd [2]):

21) L) - — /bh(t)dt:ﬂ /an_l(t)e(t,x)h(”)(t)dt,

b—a n(b—a)
where
t—a iftela,z],
(2.2) e(t,z) =
t—0b ifte(xb.

For the harmonic sequence of polynomi&ls(t) = (t_k”f)k, k > 0 the identity ) reduces to
the main identity derived by Fink in [4] (see also [3, p. 177]).

Our main results are given in the following theorems.
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Theorem 2.1. Let (P,) be a harmonic sequence of polynomials ahg : [a,b] — R be
such thatf(=1 ¢~ are absolutely continuous for some> 1 and ™ ¢™ ¢ L, [a,b],

1 < p < 0. Then the inequality
b b
Lo [rowre a0

< D(p2) [Jg @I, + 1 @1 e],]

(2.3) |9 (2) Lf (@)] + [ (2) Lg (x)] =

holds for allz € [a, b], where

1
“Pn—le ('7 :L‘)H /0

(24) D (n,p, ZL’) = m D

e(t, ) is given by[(2.R) ang, p’ are as explained in Sectipf 1.
Theorem 2.2.Let(P,), f, g, f™, ¢ andp be as in Theorefn 2.1. Then the inequality

@5) Ll @)Ll - 2 2l / F () dt4Lf ()] / (0|

(i [ o) (m/agu)dt)\

<{D (n.p.2)}* | £, l9™],

holds for allz € [a, b], whereD(n, p, z) andp’ are as in Theoreihn 2].1.

Remark 2.3. If we takeg(t) = 1 and hencg/™" (t) = 0 for n > 2 in Theoren] 2.1L, then

we get a variant of the Ostrowski type inequality given by Be&&aric and Ujeve in [3, p.

180]. We note that the inequality established in Thedrer 2.2 is similar to the inequality given
by Pachpatte i |9, Theorem 2].

3. PROOFS OF THEOREMS [2.1AND 2.2

Proof of Theorerm 2]1From the hypotheses we have the following identities (see [3, p. 176]):

n—1 b
—a/f b)_a)/Pn—l(t)e(t,x)f(”)(t)dt

(3.1) Lf

and

62 Ll -5 [ewa= 00 [ weao g o

Multiplying (3.1) and [(3.R) byy(z) and f (z) respectively and adding the resulting identities we

have
ia lg(a:)/abf(t)dtvtf(x)/abg(t)dt}

= nh—a) {g (a:)/ P,y (t)e(t,x) f™ (t) dt + f(:c)/ P,y (t)e(t,z) g™ (t) dt} '

a

(3.3) g () LIf (@) + [ (x) Lg(x)] -
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From (3.3) and using the properties of modulus and Hélder’s integral inequality we have

{g(x)/bf(t)dtjtf(:v)/bg(t)dt}‘

\g (¢) L1f @) + f (2) L[g ()] -

< [ |/\Pn1 e (0 f ()] i+ 1f (@ |/1Pn1t (005" 0]
oo s ([irorey
+1f (z |{/|Pn1 tx|pdt} {/\g |dt}]
=D (n,p,2) [lg @I £, + 17 @) 9],
The proof of Theorerp 211 is complete. O

Proof of Theorer 2|2Multiplying the left sides and the right sides pf (3.1) ahd(3.2) we get

4 LU @IL) - [t [ @i [ o]
(e [ 10w) (22 [0
- % { / Poi(B)e(t2) £ (1) dt}
x{ /aan_l(t)e(t,a:)g(”)(t)dt}.

From (3.4) and following the proof of Theorém P.1 given above with suitable modifications, we
get the required inequality i (2.4). The proof of Theofenj 2.2 is complete. O

Remark 3.1. Dividing both sides of[(3]3) and (3.4) b — a) and integrating the resulting
identities with respect to over|a, b], then using the properties of modulus and Hélder’s integral
inequality, we get the following inequalities

@8 |7 [ b@LI @]+ f @ L@l

9 (b%/bf(t)dt) (L/bg(t)dtﬂ

< [ D oI, + 17 @1 o),
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[ L @Il @)

[ ) (5 o)
A T )
(5t 1) (5 o)

1 b
g™, / (D (n,p,x)}dx.

We note that the inequalities obtained [in {3. 5) dﬁ_cf](S 6) are respectively similar to the well
known Griss([5] and:ebysev [1] inequalities (see also [8]) and we believe that these inequali-
ties are new to the literature.
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