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Abstract

In this paper, we try to solve the problem which arises in connection with the
stability theory of a periodic equilibrium solution of Navier-Stokes equations on
an infinite strip R x |1, 3[
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This problem arises in connection with the stability theory of a periodic equili-

birium solution of Navier-Stokes on infinite strip=R x | -1, 1[.

Consider the Navier-Stokes equation on an infinite strig R x | -1, 1 [:

(1.2) U =vAU — (U-V)U+Vp+ f

with f = f(z,y) a smooth time independent outer force @nwhich is L

-periodic inx for someL. SRtegulagty Prct)perties Ofls?'mte
Let a smooth equilibrium solutiobl, = (uo, vo), po Of (1.1) be given, which oS pe“*g{;;’” an nte

is L -periodic inz andU, = 0 on 9f2. The stability ofUy = (ug, vo), po Can be

. . . A. Alami-Idrissi and S. Khabid
studied against small perturbations under two aspects:

() The perturbations are themselvesperiodic inzx. Title Page
(Il) The perturbations are ifC?(2))2. Contents
The relation between (1) and (I1) is the mathematical tools used by physicists 4 dd
in connection with Schroedinger equations with periodic potentigls The < >

main tool thereby is the notion of direct integrals (s€k, [3] , [5], [€]). This
notion is based om®-Periodic functions (ie. generalisation of periodic func-
tions). Close

In this paper we study the Stokes operators which arise in the so-called Bloch Quit
space theory of equatiori.(l). This theory, well established in the case of
Schroedinger equations with periodic potentialsgxtends to the Stokes oper- Page 3 of 18
ators which occur in Navier-Stokes and related equations, but the corresponding

theory is now more involved, se&][where the three dimensional case (3d) is 2 e Pureand Appl. Math. 5(2) Art. 41, 2004
http://jipam.vu.edu.au
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treated. The Stokes operators which appear in connection With éither 2d
or 3d, are of the form:

(1.2) PAU — P(V - V) — P(U - V)V.

HereV is a fixed velocity field, periodic in the unbounded space directions (
orz,y), U is the argument on which the operator acts, whllis the orthogonal
projection onto the space of divergence free fields. Three cases are of interest:

@Ue (HQ(Q) N H& (Q))37 divU = 0. Regularity Properties of Some
Stokes Operators_ on an Infinite

(b) U is periodic in the unbounded space directions. Strip

. . .. . . A. Alami-Idrissi and S. Khabid

(c) U is Floguet - periodic in the unbounded space directions. i -

Case (b) subsumes under case ({) fase (a) is handled in4]. Case Title Page

(@) and (c) are related by certain spectral formulas, well known in case of
. . . .. . Contents

the Schroedinger equations with periodic potentials. In the 3d-case however,
these spectral formulas associated witl? are more complicated than in the 4« >
Schroedinger case due to the appearance of singularitiesg¢t 9.4, 9.5]). The < >
purpose of the present paper is to show that in the 2d-case these singularities are
absent and that the spectral formulas associated with Klave precisely the Go Back
same formula as in the Schroedinger case. To this effect we study first the most Close
important special, ie}V = 0. We have to perform estimates similar to those _
in Sections 6.4—6.7 of3]. In our estimates, which are considerably simpler, Quit
singularities do not appeatr. Page 4 of 18

How this fact can be exploited so as to obtain the mentioned spectral formu-
las is outlined in subsequent sections. 3. Ineq. Pure and Appl. Math. 5(2) Art. 41, 2004
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For X', Y Banach spaced;|  , ||-||;, are their respective norm&(X’, )) is the
space of bounded operators fre¥hto Y with || 7'|| the operator norm.

For A a linear operator oA’ andE C X’ a subspaced |z is the restriction
of Ato E.

For any(), H?((2) is the Sobolev space of functions having square integrable
derivatives up to ordey with (-, -), and |-, the usual scalar product and
norm onH”(Q).We setC?(Q) = H(Q) and||-|| y» = |||l vy @nd extend this
notation to vectors and set:

2 2 2
||UHL2 = HU1||52 + HU2||52 )

whereu = (uj,up) € (£%)?, Likewise with the Sobolev norms. The scalar
product on(H”(Q2))* is (-, -),,, with:

2

(u,v)p, = Z(ui,vi)p, u;, v; € HP(Q),

=1

whereu = (u1, u), v = (v1,v2) Weset(-,-) = (-,-),-
CP(Q_) is the space of functiong times continuously differentiable an
andC{ () is the space of functiong € C?(2) with supp f compact.
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We fix a periodL > 0, setQ, =]0, L[ and@Q = @, x |—1, [, for some small
e > 0 and putM, =] — ¢, 2 + ¢ with M = [0, 2x]. Also, letM, be M, minus
the numbers 0 angir.

We define ad-Periodic function: Fo® in M,; f € CE(Q) if f € CP(Q)
and

fla+jL,y) =" f(z,y),j € Z,(z,y) € Q.

We define the functional spacedg (Q) is the set off € £3(Q) such that
lim, || f, — fll» = 0 for some sequencg, € CH(Q).

We also Ietﬁf7 be the subspace @?(Q) containing the elements such
that f(x, —y) = f(x,y) a.e. Likewise withC? and f(z, —y) = —f(x,y) a.e
Finally, we putl? = (£?)*, L2 = L} x L2 andL} = L x L.

It is easy to prove that:

L*=Le L
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We consider the eigenvalue problepi: + Ay = 0 on]—1, ;[ with Neumann
resp. Dirichlet boundary conditions.
In the first case we have a complete orthonormal (C.O.N) systefA(i):

ok = (=1)FV2cos 2rky for k> 1,05 =1,
Qart1 = (—1)"v/2sin(2k + 1)7y for k>0,

A, = p*n? is an eigenvalue associatedyp, ooy, is even,po.1 0dd and more-
overp,(1/2) = /2 for p > 1. For the other case we have a (C.O.N) system

given by/A, v, = ¢, wherey) = — /A, forp > 1.
Since parity iny will be important we introduce notationsy, = @or1, 7 =
¢2k+17 AL = A2k+1, k>0, andpk = QPok, T = w2k for k > 1,g00 =1 and
Ui = Aop. FOrg € M, we set:a = (2ra + 0)L~!, o € Z ande,, = €2,
We have a characterization of spaé&g,, H;, H; with the Fourier series:
Let f € £2(Q) have Fourier series:

= Z fa,iea% = Z fa,z’ea%-
With respect td{e,p;} resp{e.v;}.
Proposition 4.1. (a) f € H, iff
D (@ + M) | fail® < 0.
(b) f € Hy, iff
i < o0.

foz,i

Z(@2 + Ai)
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For a proof see]. We have the characterization of spaég too:

Proposition 4.2. Let f € £2(Q) satisfy> (4% + A;)?|fasl* < co. thenf e
H} and
1F13 < € (3262 + A2 | faal)

2

for a C independent of € M.. Likewise withY (62 + A;)? | fa.s
For a proof seed]. _ ,
.. Regularity Properties of Some
Our aim is to prove: Stokes Operators on an Infinite

Strip
Theorem 4.3. (a) There isC' > 0 as follows. IfU € dom(A,(f)) N Ej and

A (0)U = f for somed € M., f € Ej thenU € (Hj)? and

A. Alami-Idrissi and S. Khabid

||UHH2 <C ||f||£2 . Title Page
. Contents
(b) Under the condition$/ € dom(A4(8))NEy or U € dom(A4(f)) N Ey the
assertion (a) holds. <44 44
Proposition 4.4..If f € Hj has Fqurier series ., ; aa,jea0; theny . faq ;| < < >
coandf € Hy,iff . an; = 0,cin Z. Go Back
Remark 4.1. Proposition4.4 is a consequence of Propositions 6.1 and 6.3 in Close
41 Quit
Foerkhe E)roof of this theorem we need the Proposition 6 used;img recall Page 8 of 18
)\k = (Zk+1)” 7:;1) .
Proposition 4.5. There arel'y, I'; such that fors > 0: AL R Tt

http://jipam.vu.edu.au
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(1) To(1+5)3 <> (M +82)2<Ty(1+5)73
(i) So(\ + %) <Tu(l+5)7

(1) N A+ )2 <Di(14s)™

() oMM +8H)2<T(1+s)7 L

Proof of Theoremd.3. Since, in the first part of the proof, the factor! appears
which is later cancelled, it is advantageous to assume firs@ that/..

We takeU = (A, B) € (Hg,) N L; such thatlivU = 0.

We know that ifL2 = £2 x L2 thenA € L} and B € L and with the
characterization of spadé; , by Fourier series we have

A=Y Ajaeor;andB =) Bjaeao;

such thad (), +a?)|A4;.]? < oo, likewise for B, the components of = (a, b)
admit expansions too,

a = Z Aja€aTj andb = Z bjaeaaj.

U is a weak solution of\,(0)U = f for f € E, if and only if:

(4.1) (YU, VVi) + (£,V) =0

2
=1

J

forall vV e (Hj;,)*.
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As a test vector in4.1) we take:
V = (UOTO -+ UjTj, WpOo —+ U)jO'j) c (H0170>2,
wherebydivV = 0, thus:

(42) \/)\_jwj = —(%uj and v/ Aowy = —8mu0.

Hereu, € HZ(Qy) is arbitrarily fixed.

As in paper [], we havew, + w; = 0. From the divergence condition we

- 1 1 - - - _ \/E
deduce that SiNCe=uo + Wuj is constanB-periodic, then:; = — s Uo-

By exploiting the arbitrariness df,, > we reach certain equations for the

Fourier coefficientsd; ,, B; o, j.a,bj.q-

We note: R
j=A+a%j>0, ael,

(A)j(@) = NjAja — Gja,j 20, a €Z,

(B)j(@) = ):ij,a —bj0,7 20, a€Z.
We obtain:

VA & 1o .
(4.3) — \/)\—;(A)j(a)+(A)0(a)—\/—)\—O(B)j(a)+\/—>\—0(3)0(04) =0, ,7=0.
From the divergence condition far f we get:
ia ,

(4.4) (B)j(e) = =——=~=(4);(a),j = 0.
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From the conditio® € M, we geta # 0 then:

(45) (Ast0) = YL (B) ()

(4.6) Ai(B)j(a) = Ao(B)o(a).
By using Propositiord.4 we havezj B;, = 0, and then:

Bo,a =k (XO Z(/\Aj)db(),a - Zj21<):j)lija> )

Jjz1

(4.7)

k= (1 + (Xo)? zu}w) — k().

j>1

Having By, we can expresB; ,, j > 1via (4.7) and then4; ,, j > 0 via (4.5).

Then @.3) becomes:

~

Mgy = o
Equation §.5) gives us (forj = 0):
(A)o(e) = 2 (Byy(o)
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Thus,

i/ Ao
(4.9) (A)j(a) = ~—=—(B)o(a),
Oé)\j
and from @.7) we deduce:
(4.10) (B)o(a) = —k(bo + Ao Y () "bja).
i>1
By the divergence condition we replagg, by a;,. in (4.10. If we replace clchd et
(B)o(«) in (4.9) by its value we obtain: Strip
—/\ ): k 1 ) . A. Alami-Idrissi and S. Khabid
4.11)  (A)(a) = Y2 e+ X0 Y (AV2X) ag,
/\j \/)‘_0 s>1 .
= Title Page
As can be seen fromi(11), the expression fofA),(a) does not contain any Contents
factor 4!, that is no singularity, we may therefore assume from now on that
0 M.. 44 »h
By (4.11) we have: < >
A)j(a) =1+ 11,
(A);(a) J J Go Back
where .
—v/ Aok - 1/2 Close
L= 220050y (AN ey,
and Page 12 of 18

— ANk
]Ij = —joa()a.
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We note that by Propositiofi4 (i) al'y is found such that,
k<To(l+ 3)_17 (s =lal),

then:
Ao k2
Ao NP B
)P < == 2 (Z()‘S) 2(M0)*(As) 1) (Z ‘as,a‘2>
)\j s>1 s>1
I2(1+s)2 /\0+s ) Reaulari .
ty Properties of S
< Oyt 52 SN | Do sl e O e 2 e
s>1 s>1 Strip
< — Z ’as a|2 A. Alami-Idrissi and S. Khabid
s>1

Thus, Title Page

ZZ|]j|2 < CZZWS@F Contents

a j>1 a s>1
and for/I; we have: 4 dd
ANy k2 > b
1L = = 5—lao. [
, ’ Go Back
YIRAY

then: Close

Ni(Xo+ s2)T3(1+ )72

ILP? <
115]" < (A; +5%2)2Xo

‘QO,QP Quit

Page 13 of 18
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Therefore

ZZHI |2 < C'lz|a0a|2

a j>1

We still have to look a{A)y(«). We recall ¢.11) for j = 0 and we can
estimatek(«) by Propositiond.5.

For(B);(«): By (4.4 and ¢@.9) we can deduce by using Propositiér that
there is @—independent’; such that:

2 2 Regularity Properties of Some
<G 2 b :
Z Z ‘ | Cy ’bj""| ’ Stokes Operators on an Infinite
J

Strip

The proof Of(b) is very similar. A. Alami-Idrissi and S. Khabid
Conclusion:

||UHH2 < CHFHﬁ- Title Page
0 Contents
<4< 44
< >
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As indicated, due to the fact that the singulafity- 0 resp.f = 27 drops out in

the computations presented in the previous sections, the spectral theory, carried
out for dimensiond = 3 in [6], [E] simplifies considerably. Partly for this
reason and partly for reasons of space we concentrate here on briefly describing
the final result which emerges from this simplification. In order to describe the
manner in which the spectral formula (**) in][simplifies, we recall the objects
which appear in it. Following Sectior®ssand3, we have thé-periodic Sobolev

Regularity Properties of Some

spaceng(Q), H9170(Q), 0 €] — ¢,2m + €[, the orthogonal projectiof, from Stokes Operators on an Infinite
L£?(Q)? onto Ey, with E, the £>-closure of the set of € H;(Q) x Hy,(Q) i
such thatdiv f = 0. The periodic Stokes operatols(6) is now defined as A. Alami-Idrissi and S. Khabid
follows:
(5.1) f € dom(Ag(6)) it f € (HFQ)N Hio(Q))? Tie Page
and div f = 0, and for suchf, Ag(6)f = vPyAf. Contents
. . . . 44 44
Next, we recall that, as stressed in the introduction, we are given a smooth
velocity fieldv = (vi,v3) on R x [%, 1] which is L-periodic in the unbounded < 4
variablez, that gives rise to an operatéracting on elements = (u,u3) € Go Back
dom(Ag(#)) according to
Close
(5.2) Tu = —(v10,u1 + v30,u1, vV10,uz + v30,u3). Quit
We briefly digress on the periodic case which arisefer 0 of § = 27. In Page 15 of 18
accordance witht]] we stress this case by the label ‘per’ rather tharfby 0
or 9 = 9. ThUSAS(per) — AS(O) — AS(27T>, ngr(Q) — H[I)J(Q) — Hé’ﬂ(@% J. Ineq. Pure and Appl. Math. 5(2) Art. 41, 2004
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etc. In order for the spectral formulas below to be valid, we have to défine
Ag(per), Py, as follows:

(5.3) B, is the £2—closure of all vector fields v = (f, k)
in ! (Q) x H!

per per,0

(@) such that div f = 0 and / fdxdz =0
Q

(5.4)  wv=(fh)isin dom(Ag(per))if v € (Hp(Q) N Hpeo(Q))?,
dive = 0 and / f dxdz = 0; for such v we set
Q
Ag(per)v = vPye,Av, where P,, is the orthogonal projection
from £2(Q)? onto Epe,.

With this definition,A(per) is selfadjoint onk,..
Finally we need corresponding objects defined on the wholeQtep R x

(—3,3)- Thus
(5.5) E is the £2—closure of f € H'(Q2) x Hy ()
such that div f =0,
(5.6) f € dom(Ag) iff f € (H*(Q) N HL(N))? and div f =0,

and for such f we set Agf = vPAf.

For elementsf € dom(Ag), the operatofl” acts again viag.2). Under these
stipulations, the operators

G = AS =+ PT, Gg = As(e) + PQT, Gper = Ag(per) + PperT
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all become holomorphic semigroup generatorgort)y, E.., respectively. The
spectral formulas, announced above now are:

((22),) 0(Ag + PT) = closure U (Ag(9) + P T) |,
0€(0,27)
((22),) o(As+PT)= |J (As(0) + BT).
0€[0,27]
Regularity Properties of Some
These formulas correspond to formulas (*), (**) if, [p. 169]. While(22), Stokes Opefatgtf; o €00 [T
looks the same as (*) irf], (22), is definitely simpler; it implies in particular P
that if \ € o(As(per) + P, T) then\ € o(Ags + PT), a statement which s (RIS S5 Tl
cannot be asserted in dimensida- 3 as can be seen from formula (**) it
The proof of(22), is based on the computations in the present Sedtiarhich Title Page
entail that the singularities which arise in dimensiba 3 in [6], drop out. The F—
detailed verification of this claim is by a careful examination of the arguments onten's
in [6], a task within the scope of this paper. <44 44
< >
Go Back
Close
Quit
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