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Abstract

Nonlinear integral inequalities of Gronwall-Bihari type for piecewise continuous
functions are solved. Inequalities for functions with delay as well as functions
without delays are considered. Some of the obtained results are applied in the
deriving of estimates for the solutions of impulsive integral, impulsive integro-
differential and impulsive differential-difference equations.
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Integral inequalities are a powerful mathematical apparatus, by the aid of which,
various properties of the solutions of differential and integral equations can be
studied, such as uniqueness of the solutions, boundedness, stability, etc. This
leads to the necessity of solving various types of linear and nonlinear inequal-
ities, which generalize the classical inequalities of Gronwall and Bihari. In
recent years, many authors, such as S.S. Drago#fji~([4]) and B.G. Pach-
patte ([_] —[14]) haV(_e discovered and applied several new integral inequalities Nonlinear Delay Integral
for continuous functions. Inequalities For Piecewise
The development of the qualitative theory of impulsive differential equa- ~ “°n™us furgions And
tions, whose solutions are piecewise continuous functions, is connected with
the preliminary deriving of results on integral inequalities for such types of
functions (seel] and references there).
In the present paper we prove some generalizations of the classical Bihari Title Page
inequality for piecewise continuous functions. Two main types of nonlinear in-

Snezhana Hristova

Contents
equalities are considered — inequalities with constant delay of the argument as
well as inequalities without delays. The obtained inequalities are used to investi- 4 »
gate some properties of the solutions of impulsive integral equations, impulsive < >
integro-differential and impulsive differential-difference equations.
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Let the pointst, € (0,00), &k = 1,2,...
limkloo tk = OQ.

We consider the sg?C'(X,Y) of all functionsu : X — Y, (X CR)Y C
R™) which are piecewise continuousXwith points of discontinuity of the first
kind at the points;, € X, i.e. there exist the limitim, |, u(t) = u(tx+) < oo
andlimy,, u(t) = u(ty—) = u(ty) < oo.

are fixed such that,,; > ¢, and

Definition 2.1. We will say that the functio&'(u) belongs to the clasd/; if
1. G € C([0,00), [0, 00)).
2. G(u) is a nondecreasing function.

Definition 2.2. We will say that the functio&'(u) belongs to the clasd’y(y) if

1. G eW,.

2. There exists a functiop € C(]0, 00), [0, 00)) such thalG(uv) < p(u)G(v)
for u,v > 0.

We note that if the functiods € W, and satisfies the inequality(uv) <
G(u)G(v) for u,v > 0 thenG € Wy(G).

Further we will use the following notations):_, a, = 0 and[]\_, a = 1
for k£ <0.
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As a first result we will consider integral inequalities with delay for piecewise

continuous functions.

Theorem 3.1. Let the following conditions be fulfilled:

aa A W N

. The functionsfy, fs, f3,p,9 € C([0,0), [0,0)).
. The functiony) € C([—h, 0], [0, 0)).

. The functiony € Ws(y) andQ(u) > 0 for u > 0.
. The functiond ¢ W;.

. The functionu € PC([—h,0),[0,00)) and it satisfies the following in-

equalities

3.1) ult) < A1)
 R0G (c+ [ poratutsas+ [ gwatts - h))ds)
+ f5(t) Y Brulty) for t >0,

0<tp<t

(3.2) u(t) < ¥(t)

wherec > 0,6, >0, (k=1,2,...).

for t € [—h,0],
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Then fort € (ty,tx11] N [0,7), £ =0,1,2,... we have the inequality
k
(3.3) u(t) < p(t) [ (1 + Bip(t:)
=1

x (1 +G (Hl {H(A) i " e [ms) [To+ ﬁjp(tj))] ds

j=1

K i Nonli Delay Int |
onlinear Delay Integral
+/ 90 [,0 H 1 + ﬁ]p ] ds Inequalities For)I;iece\gl]vise
ty j=1 Continuous Functions And

Applications

k t
+A0)) / g(s)e |pls =h) T[] (1 +Bpt))| ds Snezhana firstova
i=1 Y ti-1 j:0<tj<s—h
¢ Title Page
+A(t)/ g(s)e | p(s —h)) H (L4 Bip(te)) | ds ; Contents
b §:0<t;<s—h
44 44
where < >
0 for te|0,h], Go Back
(3.4) At) =
1 for t>h, Close
Quit
p(t) =max{f;(t) :i=1,2,3}, A=c+hBQ(B2), Page 6 of 31
By = max{g(t) : t € [0, hl}, By = max{y(t) : t € [—h,0]},
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Ay / g ps—m) T (1 + Bt ds

i=1 v il 0<t;j<s—h
+A0) [ o) |os=m) T 1+ Gypttn)) | ds € dom(ir )
b 0<tj<s—h

for 7 € (tk,thrl]ﬂ[O,t], /{ZIO,L...},

and H ! is the inverse function off (u).

Proof.
Case 1.Lett; > h.

Lett € (0,h] N[0,7) # 0.
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It follows from the inequalities3.1) and @.2) that fort € (0, k] N [0, ) the
inequality

(3.6) uy<plo) (146 (a4 tp(s)@(u(s»ds))

holds.
Define the function\” : [0, 2] N [0,v) — [0, 00) by the equality

(3.7) o) = A+ / p(5)Q(u(s))ds.

The functionvéo) (t) is a nondecreasing differentiable function[6nk] N [0, 7)
and it satisfies the inequality

(3.8) u(t) < p(t) (1+ GO 1)),

The inequality 8.8) and the definition (5) of the functiof (u) yield
(0) ’

69 L) = )

dt Q(l N G(U(()O)<t))> Sp(t)W(P(t)).

We integrate the inequalityd(9 from 0 tot¢ for ¢ € [0, ] N [0,~), and we use
u8(0) = A in order to obtain

(3.10) 1 0) < 1) + [ pls)e(pl)ds.
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The inequalities %.8) and @.10 imply the validity of the inequality §.3) for
t €10,h] N[0,7).
Lett € (h,t1] N [0,7) # 0.

Then
ult) < o) (1+ (o7 0+ [ wop(uts)as
+ [ aatuts - myas)
(3.11) oo (1+6(4"0) ).

wherev|" : [, 1] N [0,~) — [0, 00) is defined by the equality
@12) o) =0+ [ pe)Que)ds + [ gls)Quls — m)ds.
h h

Using the fact that the functiowf)(t) is nondecreasing continuous avggl)(t —
h) < v (h) < v{P(t) for h < t < min{2h, t,}, we can prove as above that

HOP W) < HP0) + [ o) (o) s

h

# [ atsre(pts = m)as
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+/0 p(s ds
(3.13) / 9(s)p (( ))ds

The inequalities¥.11), (3.13 prove the validity of 8.3) ont € (h,t1] N [0,7).
Define the function

o$(t) fort € [0,h],
o§P(t) fort € (h,ty).

Now lett € (ty,t5] N [0,7) # 0.

Define the function, : [t1,%2] N [0,v) — [0, c0) by the equality

t

(314)  wi(t) = wolts) + / p(5)Qu(s))ds + / 9()Quls — h))ds.

t1 t1

The functionv, (t) is nondecreasing differentiable or (¢, t2]N[0,7), v1(t) >
Uo(tl) and

ult) < p(0) (1+ G (0(0) + Brute)
< p(t) (1 + G(m(t)) + Buplth) (1 + G(vo(tl))))
(3.15) < p(0)(1+ 600)) (14 Bup(e) ).
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Consider the following two possible cases:

Case l.1.Leth < ty, — t; andt € (t; + h,ts] N [0,7). Then from B.15 we
have

utt =) < ple =) (14 Gt =) ) (1+ o)
< it~ w1+ Gl ) (1+ duole)
(3.16) = p(t—h) (1 +G(ny (t))) 11 (1 + @fp(tk)).

0<trp<t—h

Case 1.2leth >ty —tyort € (t1,t1 + h|N[0,7v). Then
(3.17) u(t —h) < p(t—nh) (1 + G(vo(t — h))).
Using the inequalityd.17) anduvy(t — k) < v, (t) we obtain
u(t —h) < p(t—h) <1 + G(vl(t)))
(3.18) = p(t — h) (1 + G(vy (t))) 1T (1 + ﬂkp(tk)).

0<tp<t—h

The inequalities .19, (3.16), (3.18 and the properties of the functiap(u)
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imply
44 (1) = pHQ(L) + o)Qu(t — 1)
< {p0e (01 + s10(0) )

rae(oe-m T (1+ o))}

(3.19) X Q<1 +G(v1(t))).
We obtain from the definition (5) and the inequaliB/19 that
d (1 (1)
—H(ui(t)) =
U Q1+ G (1)
< p(t)(p(t)(L + Bip(t1)))
(3.20) +g(t)y (p(t -n 11 (1 + ﬁkp(tk)>> :

We integrate the inequality3(20 from t; to ¢, use the inequality3(13 and
obtain

H((0) < Hlau(e)) + [ o) ()1 + ) )
+/ g(s)pp(s —h) ( H (1 +5kﬂ(tk))> ds

t1 O<tp<t—h

Nonlinear Delay Integral
Inequalities For Piecewise
Continuous Functions And

Applications

Snezhana Hristova

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 12 of 31

J. Ineq. Pure and Appl. Math. 5(4) Art. 88, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:snehri13@yahoo.com
http://jipam.vu.edu.au/

< H(A)+ /Utl p(S)sO(p(s))ds
+ /t:p(S)SO(p(s)(l + ﬁlp(tl)))ds

t
(3.21) +/ 9(s)ep(s —h) ( II «a +ﬁw(tk))> ds.
t1 0<trp<t—h
The inequalities3.15 and @.21) imply the validity of the inequality .3) for
t € (t1,ta] N]0,7).
We define functionsy, : [tx, tx41] N [0,7) — [0, c0) by the equalities

t

(322)  wylt) = vys(ty) + / p(5)Q(u(s))ds + / 9(5)Quls — h))ds.

tg tg

The functionsu(¢) are nondecreasing functions,(t) > v,_1(¢x) and fort
(tr, tx+1) N [0, ) the inequalities

+Bkp(tr) (1 + Gve-1(tr)) + i @'U(ti)> }

i=1
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< p(t) (1 + G(v(t)) + z_: ﬁiu(ti)> <1 + 5kp(tk))

(3.23) <o <op(t) {f[ (1 + @p(ti)) } (1 + G(w(t)))

=1

hold.

Using mathematical induction we prove that inequaliy3) is true fort €
(tk,tk+1] N [O, ’)/), k= 1, 2, .
Case 2. Let there exist a natural numbet such thatt,, < h < t,,41. AS
in Case 1 we prove the validity of inequalit$.8) using the functions), €

C([tk, tre1] N[0, 7), [0, oo)) defined by the equalities

vp(t) = vp_1(t) + /ttp(s)Q(u(s))ds for k=0,1,...,m,

@28 wl) =l + | () (u(s))ds

173

—I—/t g(s)Q(u(s — h))ds, k> m.

]

In the partial case when the functigris) in Definition 2.2is multiplicative,
the following result is true.
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Corollary 3.2. Let the conditions of Theorefl be satisfied and the function
¢ satisfy the inequality(ts) < ¢(t)¢(s) fort, s > 0.
Then fort € (tx, tx+1] N [0, v3) the inequality

k
(3.25) u(t) < p(t) [T(1 + Bl
=1
k
. {1 e (H_1 <H(A) T (g(l * ﬁzp(tl)) Nonlinear Delay Integral

Inequalities For Piecewise
Continuous Functions And

t
X / (p(s)(p(s)) + A(s)g(s)p(p(s — h)))ds)) }, Applications
‘ Snezhana Hristova
holds, where the function's(t) and H (u) are defined by the equalitie3.4) and
(3.5), respectively, and

Title Page
i Contents
(3.26) 95 =sup {t>0: H(A)+¢ | [J(L+Bin(t)
i=1 44 4 4
t
< [ (5100605 + Mg (s)olp(s — 1)) ds € Dom(H ) <
0
Back
for 7 € 0,4}, Go Bac
Close
In the case when the functiofi(¢) = 0 in inequality 3.3), we can obtain Quit
another bound in which the functidti(u) is different and in some cases easier
to be used. Page 15 of 31
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1. The functionsfy, fo, p, g € C([0,00), [0, 00)).

2. The function) € C([—h, 0], [0, c0)).

3. The function € Ws(p) andQ(u) > 0 for u > 0.

4. The function € W;.

5. The functioru € PC(|—h, ), [0, 00)) and it satisfies the inequalities

(3.27) u(t)
< 106 (e [ Qs + [ a0Qu(s ~ w)as)
+f2 Z ﬁku tk for t >0,

0<tp<t
(3.28) u(t) <(t) for t € [—h,0],

wherec > 0,06, >0, (k=1,2,...).
Then fort € (ty, tx41] N [0,7), (k=1,2,...

k
p(t) TT( + Bin
=1

) we have the inequality
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A0 [ ol |os=m) T 0+ o) | ds

i=1 J:0<t;<s—h

LA®) /ttg<s>so o) T[4 Bt dsb |

Jj:0<t;j<s—h

whereA(t) is defined by equality3(4), the constants!, B, Bs,y are the same
asin Theoren3.1, p(t) = max{f;(t) : i = 1,2},

Nonlinear Delay Integral

3.30 H “ ds A > 0 Inequalities For Piecewise

. = N > 0. Conti i d

( ) (u) . Q(G(s)) Z U ontlnuzgzlil;r:icot&ns An
The proof of Theoren®.3is similar to the proof of Theorers. 1. S S —-

As a partial case of Theorefhl we can obtain the following result about
integral inequalities for piecewise continuous functions without delay.

. - o Title Page
Theorem 3.4. Let the following conditions be satisfied:
] Contents
1. The functionsfy, fs, f3,p € C([0, 00), [0, 00)).
44 44
2. The function) € W5 () andQ(u) > 0 for u > 0.
< 4
3. The function € ;.
. . . . .. Go Back
4. The functioru € PC(]0, 00), [0, 00)) and it satisfies the inequalities
Close
t
@31) u) < 0+ £0G {c+ [ popQuls)as) Qui
0
T fs(0) Z Bru(ty),for t> 0. Page 17 of 31
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wherec > 0,06, > 0,(k=1,2,...).

Then fort € (ty, tx:1]) N [0,71), £ =0,1,2,... we have the inequality

(3.32) u(t H (1+ Bin(
X (1 +G (H‘l {H(c) +Z/i p(s)e [p(s)H(l +5jp(tj))] ds
+/t p(s)p [p(S)H(Hﬁjp(tj))] ds})),

where the functior{ (u) is defined by equality3(5), p(t) = max{f;(t);7 =
1,2},

%—sup{wo Hie +Z/ [ () I+ oot >>]ds

=1
t k ’
—l—/tk [ El—l—@p ]dSEdom(Hl)fOI'TE[O,t]}.

Remark 1. We note that the obtained inequalities are generalizations of many
known results. For example, in the case whfeft) = 0, f»(t) = 0, 5 = 0,

G(u) =u, Q(u) = u, h =0, g(t) = 0 the result in Theorer3.3reduces to the
classical Gronwall inequality.

Nonlinear Delay Integral
Inequalities For Piecewise
Continuous Functions And

Applications

Snezhana Hristova

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 18 of 31

J. Ineq. Pure and Appl. Math. 5(4) Art. 88, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:snehri13@yahoo.com
http://jipam.vu.edu.au/

Now we will consider different types of nonlinear integral inequalities in

which the unknown function is powered.
Theorem 3.5. Let the following conditions be fulfilled:
1. The functionsf, g, h,r € C(]0, 00), [0, 00)).

2. The functiony) € C([—h,0],[0,00)) andw(t) < cfort € [—h,0] where
¢ > 0. The constantg > 1,0 < ¢ < p.

3. The functioru € PC(]0, o), [0, c0)) and satisfies the inequalities

() < et / () (t) + gls)u?(s)uP (s — h)
+ h(s)u(s) +r(s)u(s — h)|ds
(3.33) + > B (ty), fort >0,

0<tp<t

(3.34) u(t) < (t) for t € [—h,0].

Then fort € (ty, txs1], £ =0,1,2,... the inequality

(3.35) wu(t) <y H(l + ;) % (c+ p-1 t(h(s) + r(s))ds)

holds.
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Proof.
Case 1l.Lett; > h.

Lett € (0,h]. We define the functionuéo) : [=h,h] — [0,00) by the
equalities

c+ [olf(s)uP(t) + g(s)ud(s)ur=9(s — h) + h(s)u(s)
o0(t) = +r(s)u(s — h)ds, t € [0,h],

YP(t) for t € [—h,0).

Nonlinear Delay Integral
Inequalities For Piecewise

The functionvéo) () is a nondecreasing differentiable function[om], u?(t) < Continuous Functions And
(0) ; : o @ Y X Applications
vy (t) and using the inequality™y™ < = 4 £ n 4 m = 1 we obtain

n’ .
Snezhana Hristova

(3.36) ) < /i) < %’ (1) Y A [0, ]

. ult) = \/ v =" p ’ Title Page
and Contents
(337)  u(t—n) < 2U=h  pol 4 ad

p p <4 3
_ (0) _
§E+p 1§UO (t)+p 1, t €[0,h]. Go Back
p p p p
Therefore the inequality Close
) Quit
(e67(®) = £ ) + gOu Ot — b) + h(B)u(t) + r(E)ut - h) Page 20 of 31
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338) < ( F(t) + g(t) + A E )

holds.
According to Corollary 1.2 (I]) from the inequality 8.39 we obtain the
validity of the inequality

(3.39) (véo)(t)) ( +]% O(h(s)+r(s))ds)

X exp (/Ot (f(t)+g(t) +M> ds) |

From inequality 8.39 follows the validity of 3.35 for ¢ € [0, A].
Lett € (h,t].
Define the fun(:tlon;0 :[hth] —

t

[0, 00) by the equation
v (1)

= vy (h)+ / [F()u (1) +g(s)u(s)u?™ (s —h)+h(s)u(s)+r(s)u(s—h)]ds.

From the definition of the function|"(¢) and the inequality3.33, the validity
of the inequality

(3.40) wP(t) < olV(t), te (hty).
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follows.
Case 1.1Leth <t < min{t;,2h}. Thent — h € (0, k] and

ult =) < ol = 1) < /ol ) < §/ul0) < ”()1;@) +
Case 1.2l ett; > 2h ort € (2h,t;]. Then
u(t— 1) < el (- m) < Yol (1) < ”51;“) + P
and
@an) (') < (0 + a0+ ") iy
+(h(t)+ r(t))]%l.
From the inequalities3(40), (3.41) and applying Corollary 1.2 {]]) we obtain
(L (©) p;l t S r{s S
o) < (o700 + 222 [0 + risnas)
X exp </h (f(t) +g(t) + M) ds)
p—1 [
< <C + T/o (h(s) + T(s))ds)
t h(s) +r(s)
(3.42) X exp </0 (f(t) +g(t) + ) ) ds) :
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The inequalities3.40 and (3.43 prove the validity of the inequality3(35 on
(h7 tl]
Define a function

{ v (t) fort €10, A,

oSP(t) fort € [h,ty].

Now lett € (1, ts].

Define the function : [t1,ts] — [0, c0) by the equation

(3.43) ui(t) = volts) + / ()P (t) + gls)u?(s)uP~(s — h) + h(s)u(s)
h)lds + pruP (t1).
We note thaby(t ) < wu(t), u (t) < wup(t), uP(t1) < wo(ty), u(t —h) < /wvi(t),

u(t —h) < /ui(t) and /vy (1) ”1“ 1%1 fort € (ty1,ts).

The functlonvl( ) satisfies the mequality

u(t) < ((1+ﬁl)v0 t) +—/ ds)

(f, (st M) )
<(1+8) (c+— (s)—l—r(s))ds)
(

(ot + M40 1)

+ 7(s)u(s —

X exp

(3.44) X exp
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From the inequalities(t) < ¢/vi(t) and @.44) it follows (3.35 for ¢ €
(t1, tg].

Using mathematical induction we can prove the validity38E) for ¢ > 0.
Case 2.Let there exist a natural number such that,, < h < t,,.1. Asin
Case 1 we can prove the validity of the inequali®y30), using functions (),
k=1,2,... defined by the inequality

(3.45) wi(t) = ve_1(tx)
+ /tt[f(S)up(t) + g(s)u?(s)u” (s — h) + h(s)u(s)
k +r(s)u(s — h)|ds + BruP (t1,).
O

Remark 2. Some of the inequalities proved by B.G. Pachpattes]n[[5], [ 7]
are partial cases of Theorefland Theoren3.3.
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We will use above results to obtain bounds for the solutions of different type of

equations.

Example 4.1. Consider the nonlinear impulsive integral equation with delay

ult) = J(t) + [ / p(s)v/uls)ds + / g(s)v/uls — R)ds
(4.1) + Y Brulte),

0<tp<t

4.2)  u(t)=0 te|-h,0],

for t >0,

whereg, > 0, k =1,2,..., p,g € C([0,00),[0,00)), f € C([0,00),][0,1]),
h > 0.

We note the solutions of the probleml), (4.2) are nonnegative.

Define the function&(u) = u? Q(u) = /u. ThenQ € Wy(¢), where
o(u) = Vu.

Consider the function

“ ds Y ds
43) Hu)= | = = In(u+V1+u?).
@3 = || ey ), vin e I
Then the inverse function éf (u) will be defined by
(4.4) H(u) = sinh(u) = %(e“ —e ).
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According to Corollary3.2we obtain the upper bound for the solution

2

u(t) < H (1+05,) ¢ 1 + |sinh H (1+ B) /Ot(p(s) + Ag(s))ds)

Example 4.2. Consider the initial value problem for the nonlinear impulsive

integro-differential equation

(4.5) W (E) = 2 (E)\/alD) /0 F($)Vu(s)ds, t>0,¢ # by,
(4.6)  u(tr +0) = Bru(tr),
(4.7) u(0) = ¢,

wherec > 0,06, > 0,k =1,2,..., f € C([0,00), [0, 00)).
The solutions of the given problem satisfy the inequality

(4.8)  u(t)<c+ Uotf(s)\/@ds} 2 + Z Bru(ty), te = 0.

O<tp<t

Define the function&(u) = u? Q(u) = /u. Then the function#f (u) and
H~'(u) are defined by the equations.g) and (@.4).

We note that the solutions of the probleS — (4.7) are nonnegative. Ac-
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cording to Theoren3.4the solutions satisfy the estimate

4.9) u(t) <A J] 1+A48)

0<tp<t
2

X <1+ |sh H 1+Aﬁk/f )

0<tp<t

whereA = max{1, c}.

Example 4.3. Consider the initial value problem for the nonlinear impulsive
differential-difference equation

(4.10) u'(t) = F(t,u(t),u(t —h)) +r(t), t>0,t#t,
(4.11) u(ty +0) = Brulty),
(4.12) u(t) = ¢(t), te[—h,0],

wheref, =const k = 1,2,..., r € C([0,00),R), v € C([-h,0,R), F €
C([0,00) x R?,R) and there exist functlorysg € (J([O 00), [0, 00)) such that

|F(tuv|<p \/W+g )v/Ju]. Let[p(0) + [ r(s)ds| < 1, > 0.

We assume that the solutions of the initial value problém() — (4.12) exist
on [0, 00).

The solution satisfies the inequalities

%B)MMs@m+Ar@@
/ )+ 9(s)V/uls = h)l)ds + Z |G| |u(t)], t>0,

0<tp<t
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(4.14) u(t)] = [@)], ¢ €[=h,0].

Consider functiong; (¢) (0)+ [ r(s)ds|, G(u) = u, Q(u) = u, fot) =
1, f3(t) = 1. Thenp(u ) \/_and according to the equalityd(5) the function
H(u) =2(v/1+u—1)anditsinverse ig7 '(u) = (¥ + 1) — 1.

According to Corollary3.2 the following bound for the solution ofi (10 —
(4.12

@15) Ju)| < [] @ +1%) (\/Hh&ﬁz

0<tp<t

2
IT (1 +15) / p(s) + Ag(s)ds |
0<trp<t

is satisfied, wherd3; = max{|g(s)| : s € [0,h]}, B = max{i(s) : s €
Example 4.4. Consider the initial value problem for the nonlinear impulsive
differential-difference equation

(4.16) uw(t)u'(t) = F(t,u(t),u(t — h))
+ q(t)u(t) + r(t)u(t —h), t >0t # ty,
ku(tk)7

(4.17)  u(ty+0)=3
»(t)

(4.18) u(t) e [~h,0)],
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where g, = const,k = 1,2,..., r,q € C([0,0),R), v € C([-h,0],R),
F € C([0,00) x R?,R) and there exist functions g € C(]0, ), [0, 00)) such
that |F(¢,u,v)| < p(t)u® + g(t)v*. Let |[¢(0) + fotr(s)ds| <1, t>0. We
assume that the solutions of the initial value problehil() — (4.12) exist on
0, 00).

The solution satisfies the inequalities

(4.19) u(t)® <¢*(0)
+ /0 (p(s)uz(s) + g(s)u*(s — h) + q(s)u(s) + r(s)u(s — h)) ds
+ > B, t>0,

O<tp<t

(4.20) u?(t) = *(t), t€[—h,0].

Apply Theoren8.5 to the inequalities4.17), (4.18 and obtain the following
upper bound for the solution of the initial value probleiml4) — (4.16

(4.21) u(t)* < 4*(0)
+ /0 (p(s)uQ(s) + g(s)u*(s — h) + q(s)u(s) + r(s)u(s — h)) ds
+ > But(ty), t>0,

0<tp<t

(4.22) u?(t) = *(t), t€[—h,0].
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