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Abstract

Classical inequalities and convex functions are used to get cyclical inequalities
involving the elements of a triangle.
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In what follows we are concerned with inequalities involving the elements of a
triangle. Many of these inequalities have been documented in an extensive lists
that appear in the work of Botema][and Mitrinovic [5]. In this paper, using
classical inequalities and convex functions some new inequalities for a triangle

are obtained.
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In the sequel we present some cyclical inequalities for the triangle. We begin
with:

Theorem 2.1.Leta, b, c be the sides of triangld BC' and lets be its semiperime-

ter. Then,
1 —1
2 a’® + be
>
{s—a s—b)} _{Z b—i—c}
cyclic

Proof. First, we will prove that
1 1 1 9
(2:2) \/(s—a)(s—b) +\/<s—b)(s—c) +\/(s—c)<s—a) =

In fact, taking into account the AM-GM inequality, we get

(2.1)

3

cyclic

(2.3) f:(s_a)ﬂsgb) e P py s ps
and
(a) VETOHVsSbHVsooo e G,

3
Multiplying up (2.3) and @.4) yields

s(vVs—a++Vs—b++/s—c)
9

> /(s —a)(s = b)(s —¢)
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or equivalently,

(e el
9 (s —a)(s—b) (s —b)(s—c) (s—c)(s—a))] —

and @.2) is proved.
Now we will see that

1 a® + be
(2.5) § < — E Some Cyclical Inequalities for
2 cyclic b+c the Triangle

José Luis Diaz-Barrero

or equivalently,

2 2 2
(26) a+bc+b +CG+C +(lb_(a+b+c>20 TitIePage
b+c c+a a+b
Contents
holds. In fact, 2.6) is a consequence of the well known inequality « >
(2.7) X +Y*+ 2> XY+ XZ+YZ XY, Z€eR p >
that can be obtained by rewriting the inequality Go Back
(X -Y)?+(X -2+ -2)*>0. Close
uit
After reducing £.6) to a common denominator and some straightforward alge- 2
a2 + be b2 + ca 62 —+ ab CL4 + b4 + C4 - CL202 - CLQb2 - b202 J. Ineq. Pure and Appl. Math. 6(1) Art. 20, 2005
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SettingX = a?,Y = b? andZ = ¢? into (2.7), we have
at + 0+t —dP? — PP - >0

and @.5) is proved. Note that equality holds when= b = c¢. That is, when
ANABC is equilateral.

Finally, (2.1) immediately follows from 2.2) and @.5) and the theorem is
proved. ]

Next we state and prove a key result to generate cyclical inequalities.

Theorem 2.2.Letay, as, . . ., a, be positive real numbers and lgt = S — (n—
Dag, k=1,2,...,nwhereS =a; +ay+ -+ a,. fag,sp, k=1,2,...,n
lie in the domain of a convex functigh then

2.8) S fs) = S Fla).

Proof. Without loss of generality, we can assume that> a, > --- > a,.
Now it is easy to see that the vector

(S—(n—1)ap,S—(n—1a,_1,...

=(a1+ - +a,1—nay, a1+ —nap_1+a,,...

;S —(n—1)ay)

,—nap+- Ay +ay)
majorizes [] the vector(a,, as, . . ., a,). Namely,

Sn+3n—1+“'+8n_g+1Zal+a2+...+a£
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for¢ =1,2,...,n— 1, and equality fo = n. Taking into account Karamata’s
inequality [5] we have

> 5= = ) 2 Y- o)

and the proof is complete. m

Theorem 2.3.1n any A ABC the following inequality holds:
(2.9) [[a+o-

cyclic

C)a+bfc Z CLbbCCa,

wherea, b, c are the sides of the triangle.

Proof. Applying Theorem2.2 to the functionf(z) = x Inx that is convex for
x > 0, we get

(2.10) (a4+b—0c)"Cb+c—a)(c+a—b)T" > a"bc".

Now we claim that

b a+b+c
(2.11) a*bbct > (%) > qlbc?

and the statement immediately follows froth X0 and €.17).
Inequalities in 2.11) have been proved irs] using the weighted AM-GM-

HM inequality [/]. Note that equality holds whem = b = ¢. Namely, when
ANABC is equilateral. This completes the proof. O
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Emil Artinin [ 1] proved thatf (x) = InI'(x) is convex forz > 0 wherel'(z)
is the Euler Gamma Function. Then, applying Theo&#to f(x), we have

Theorem 2.4.1n any triangleABC, we have

(2.12) [[T@+bo—c) > ] T(a).

cyclic cyclic

Using other convex functions and carrying out this procedure we get the
fO”OWIng new mequalltles: Some Cyclical Inequalities for

. . the Triangle
Theorem 2.5. Leta, b andc be the sides of triangld BC. Then

José Luis Diaz-Barrero

(213) H (CL +b— C)a-i—b > as+a/2 bs+b/2 cs+c/2
cyclic Title Page
holds. Contents
Proof. Applying Theoren?.2to the functionf(z) = (z + a + b+ ¢) Inx that 44 »
is convex forr > 0, we get from < >
flatb—c)+ flb+c—a)+ flc+a—0b) = fla)+ f(b) + f(c) Go Back
that Close
Quit
2(a+b)In(a+b—c)+2(b+c)In(b+c—a)+2(c+a)ln(c+a—Db)
Page 8 of 11
>2a+b+c)lna+ (a+2b+c)lnb+ (a+ b+ 2¢)lnc
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_ 22(3+422)

The functionf () :2191—31 is convex forz > 0. In fact, f'(z) = aror >0
and f"(z) = % > 0. Hence, f is increasing and convex. Applying

again Theoren2.2to f(z), we have

Theorem 2.6. In any triangle ABC' the following inequality

(a+b—c)? a?
2.14 - Z >
( ) Zl—l—a—i—b—c_zl—i-a

cyclic cyclic

holds.

Observe that the preceding procedure can be used to generate many triangle

inequalities.
Before stating our next result we give a lemma that we will use later on.

Lemma 2.7. Letx, y, z and a, b, ¢ be strictly positive real numbers. Then, we
have

(2.15) 3 (yza® + zab® + zyc®) > (a/yz + by/zz + c\/ycy)2 .

Proof. Let W = (,/yz, 2z, /Zy) and v’ = (a,b,c). By applying Cauchy-
Buniakovski-Schwarz’s inequality, we get

(Vo2 vz, /i) - (a.0.0)" < || (Viz, ez, va) || [l (a.b.c))?

or equivalently,

(2.16) (a\/y_z—I—b\/%%—c\/:z:_y)2 < (yz + zx + zy)(a® + b* + ).
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On the other hand, applying the rearrangement inequality yields
a’yz + bzx + oy > VPyz + Fza + aay,
a*yz + b*zx + oy > brry + a*zx + Pyz.
Hence, the right hand side df.(L5 becomes
(yz + zo + 2y)(a® + b* + ) < 3(yza® + zob* + zyc?)
and the proof is complete. O

In particular, settingg = a+b—c,y = c+a—bandz = b+ ¢ — a into the
preceding lemma, we get the following

Theorem 2.8.1f a, b andc are the sides of trianglel BC, then

(2.17) Za?’b sin? % > % {Za\/(s —a)(s — b)} :

cyclic cyclic

Proof. Taking into account the Law of Cosines, we have

c 1 ‘ 1
37 qin2 3 2.2 2
E a”b sin 5 —25 a’b(1 COSC)—QE a’[c¢® — (a — b)7].

cyclic cyclic cyclic

On the other hand,

{zm}zg{zm}

cyclic cyclic
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Now, inequality .17 immediately follows from 2.15 and the proof is com-
pleted. ]
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