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1. INTRODUCTION

On the real line, Dunkl operators are differential-difference operators introduced in 1989, by
C. Dunkl in [5] and are denoted by,, wherea is a real parameter —%. These operators, are
associated with the reflection grodp onR. The Dunkl kernelF,, is used to define the Dunkl
transformF,, which was introduced by C. Dunkl inl[6]. Rosler in |13] showed that the Dunkl
kernel satisfies a product formula. This allows us to define the Dunkl transkatiane R. As
a result, we have the Dunkl convolutiep.

There are many ways to define Besov spaces (séel[4, 12, 16]). This paper deals with Besov-
Dunkl spaces (seel[L] 2, 8]). Let> 0,1 < p < +o0 and1 < ¢ < +oo, the Besov-Dunkl
space denoted b@Dg’f; is the subspace of functiorfse L?(u,,) satisfying

/+oo (||T$(f) + 7o (f) — 2f||pva>q dr

B x

< 400 if ¢g<+4o0
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and
x —x - 2 « .
wp LB =2 e 0 o
2€(0,400) xz
wherey,, is a weighted Lebesgue measurefo(see next section).
Put

“+o0

A:{¢es*<R>: 0 <x>dua<x>=o},

whereS, (R) is the space of even Schwartz functionsinGiven¢ € A, we shall denote by
Cy .o the subspace of functionfse LP(u,) satisfying

TS o Pllpa\ "t -
/0 (t—ﬂ) 7 < 400 if ¢<+o0

and
If *a Otllpa

e < 400 if qg=+o0,

sup
te(0,400)

wheregy(z) = zamrd(%), forallt € (0, +00) andz € R.

Our objective will be to prove tha§Df;?, C €53 , and whenl < p < +00,0 < 3 < 1then
BDY! =CY ..

Observe that the Besov-Dunkl spaces are independent of the specific selegtion4fnd
for1 < p < 400,0 < 8 < 1, we haveBD}?, C ng’fgé, Whereng’7i is the subspace of
functionsf € LP(u,) satisfying

[ (O o o
0

B x

and

|72 (f) = fllpa

sup 3 < 400 if ¢q=+o0,
2€(0,400) x
(see Remark 3|7 in Sectiph 3, below).

Analogous results have been obtained for the weighted Besov spacesd (see [3]).

The contents of this paper are as follows. In Sedtion 2, we collect some basic definitions and
results about harmonic analysis associated with Dunkl operators .In Sgction 3, we prove the
results about inclusion and coincidence between the si0g§ andCy’; ..

In what follows,c represents a suitable positive constant which is not necessarily the same in

each occurence.

2. PRELIMINARIES

On the real line, we consider the first-order differential-difference operator defined by

Aa(f)(x)_%(x)er;l[f(x)—Qf(—x)y e &), a>_%7

which is called the Dunkl operator. Fare C, the Dunkl kernel&,, (X .) on R was introduced
by C. Dunkl in [5] and is given by

A
Ea(M) = ja(ide) + —— o (A0), @€ R

2 +1
wherej, is the normalized Bessel function of the first kind of ordefsee [17]). The Dunk
kernel £, (X .) is the unique solution of® of the initial problem for the Dunkl operator (see

(5D

J. Inequal. Pure and Appl. Mat8(3) (2007), Art. 73, 11 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

CHARACTERIZATION OF BESOWVDUNKL SPACES 3

Let u,, be the weighted Lebesgue measureRogiven by
|x|2a+1
dpg(r) = ————
Hal®) = S T a7 1)
For everyl < p < 400, we denote by? (s, ) the space.”(R, du,) and we used| - ||, as a

shorthand fol| - || Lr(..)-
The Dunkl transforniF,, which was introduced by C. Dunkl ial[6], is defined fore L' (1,)

by

dz.

Falf)(x) = / Eu(—izy)f(0)dpaly), z€R.

For allz,y, = € R, consider

(T(a+1)%)

21 Wa s Y, - 1_b:c z bzx bz an I )
where

ﬁgyTQy_% if z,y € R\{0}, z€eR

bx,y,z ==

0 otherwise
and )

([(\xlﬂy\)?#][zﬁ(lx\flyl)ﬂ)“*? if |2| € S,

Aa($5y7 Z) = |xy2| ’ | | ’y

0 otherwise

where

Sew = [Ilel = Iyl , Il + Iy]]
The kernellV/,, (see[[13]) is even and we have
Wa(z,,y,2) = Waly, 2, 2) = Wa(=z, 2,y) = Wal—2,y, —2)
and
[ Wl 2lda(e) < 4.

In the sequel we consider the siﬂéned measurg onRR, given by

Wo(x,y, 2)dus(z) if z,y € R\{0}
(2.2) dyy(z) = dos(2) if y =0

doy(z) if x =0.
Forz,y € R and f a continuous function oR, the Dunkl translation operatey, is given by

R0 = [ FEd(o)
According to [9], forz € R, 7, is a continuous linear operator frafi{R) into itself and for all

f € E(R), we have
()W) = 7)), 7(f)(z) = f(z), forz, yeR,

where€(R) denotes the space 6f°-functions onR.
According to [14/15], the operator, can be extended td”(u,), 1 < p < +oo and for
f € L?(u,) we have

(2.3) 17 (F)llp.a < 4l fllpa-
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Using the change of variable= ¥ (z,y, 0) = \/22 + y2 — 22y cos §, we have also

@) w0 =a [ [F0+ s+ ) - )] an)
wheredv, (0) = (1 — cos ) sin®* 0d6 andc, = Mi(ra—(ﬁ%)

From the generalized Taylor formula with integral remainder (see [11, Theorem 2, p. 349]),
we have forf € £(R) andz, y € R

=l 7 son(z sgn(z
=00 = [ (5 B ) 0 )0) o)

The Dunkl convolutiory *, g , of two continuous functiong andg onR with compact support,
is defined by

(f %0 9)() = / (D) (=)gW)dpaly), zER.

The convolutionx, is associative and commutative (seel [13]).
We have the following results (see [14]).
i) Assume thap,q,r € [1,+o0] satisfying% + é = 1+ * (the Young condition). Then
the map(f,g) — f *. g defined onC.(R) x C.(R), extends to a continuous map from
LP(pe) X L(pe) to L™ (u,) and we have

(25) ||f *o g”r,a S 4||f||p,a”.g||q,a'
i) Forall f € L'(u,) andg € L*(u,), we have
(2.6) Folf *a 9) = Falf)Falg)
and forf € L'(u.), g € LP(11q) andl < p < oo, We get
(27) Tt(f *o g) = Tt(f) *a g = f *a Tt(g)ﬂ t S R

3. CHARACTERIZATION OF BESOV-DUNKL SPACES

Let3 > 0,1 < p < +ooandl < ¢q < +oo. We say that a measurable functibonR is in
the Besov-Dunkl spacBDyY, if f € LP(u,) with

/+oo (||Tx(f) +7a(f) — 2f||p’a>q dr

B T

< 400 if ¢<+o0

and

sup HTx(f) + Twéf) — 2f”p704 < 400 if q = +00.

2€(0,+00) x

Remark 3.1. Note that forf € LP(u,) the functionR — R, z — ||7.(f) + 7—=(f) — 2f|lp.a
is measurable (see [10, Lemma 1, (ii)]).

Lemma3.2.Let0 < 3 < 1,1 <p<+o0,1 <g<+ocandf € LP(uq). If Au(f) € LP(pa)
thenf € BDJY.

Proof. Using the generalized Taylor formula, Minkowski’s inequality for integrals (2.3),
we can write

172(f) + 7= (f) = 2fllpa < [I72(f) = fllpa + [[7=2(f) = fllpa
v 1 1
<c HAa(f)Hp,Oé/ <2|x|2a+1 + 2|Z|20‘+1> dpia(2)

—XT
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hence we obtain far > 0,

172(f) + 72 (f) = 2fllpa < cz |Aa(f)lpa-
Then it follows that forA > 0

T Ta(f) + 7o (f) — 2fllpa | do [ Aa(f)lpa )" d
/o = ) e () T
T llpa ) de
+C/A (7) ? < 400

Here when; = +o00, we make the usual modification. This completes the proof. O

Example 3.1.Let0 < < 1,1 < p < +oo andl < ¢ < 4+o0. By Lemmd 3.R, we can assert
that

(1) S(R), C:(R) C BDYY,.
(2) The functionsg, h, defined onR, by g(z) = e71*l andh,(z) = £,
BDY%1,
Ba

n

n € Narein

Now, in order to establish that for afi € A, BDy? C Cj, and forl < p < +oo,
0<p<1, BDgfx = Cgfm, we need to show some useful lemmas.

Lemma 3.3.Letyp € A, 1 < p < +oc andr > 0, then there exists a constant> 0 such that
forall f € LP(u,) andt > 0, we have

oo (a+1) " d
@D oo flha<e [ min{ (5)L (1) binih) + ) 2110

Proof. Lett > 0, we have
—+o0 —+o0

Gu(x)dpia(r) = ¢(2)dpa(x) = 0

0 0
and

(0% f)(y) = | ¢e(x)7, (f)(—2)dpa(z)

then we can write foy € R

Uy %o £)(y / o) [y (F) (@) + 7 (F) (=) — 20 ()] dptal)

=2 cbt( ) 7 (F) (W) + 7= (F) () = 2/ (y)] dpa ().

0
Using Minkowski’s inequality for integrals, we obtain

+oo
6050 Fla < [ 10 1) + 7-000) = 21 o)
+oo a+1
(32) <c [ () e (B)Imtn+ malh = 2610

teo (a+1)
(3.3) <o [ ()T I+ ) =2
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On the other hand, since the functigibelongs taS.(R), then forr > 0 there exists a constant

¢ such that
x 2(a+1)+T €x <
(%) o(7)| <e

By (3.2), we obtain

+00 r T
34 locka oo < e [ (5) 1000+ 7a) = 2610
From (3.3) and[(3]4), we dedude (3.1). O

Lemma 3.4.Letp € Aand1 < p < +o0, then there exists a constant> 0 such that for all
f € L*(u,) andz > 0, we have

+o0 d
@8 It ra) =2l e [ min{1 T oo fla -
Proof. Putfor0 < e <6 < +o00
’ d
fusty) = [ (Goradisa DT veR

By interchanging the orders of integration and|2.7), we obtain

0
Rl = [ 6 sa im0 DT

’ dt
— [0 50 b0 DO v ER € (0 400),

so we can write for: € (0, 400) andy € R,

(Te(fes) + T-a(fes) — 2fe5)(y) = / [(72(¢t) + T-2(Pt) — 260¢) *a bt *a f] (y)%

Using Minkowski’s inequality for integrals anf (2.5), we get
° dt
(3.6) [[(ma(fes) + 7-a(fes) — 2f6,5||p,a < / [(72(@¢) + T2 (Dt) — 201) *a Dt *a f”p@?
b dt
< [ 100+ 7a(6) ~ 260l Sl

Forz, t € (0,+00), we have

| 72(P¢) + T—a(Pr) — 2¢t”1,a

— /R { /R ¢t(z)(d%,y(z)+d7_z,y(2))} —2¢t(y)’dua(y)
=[] [ (3) o) + arayten) = 20 (4) |2+t

By (2.1) and the change of variabie= Z , we have

Wa($7 Y, Z/t>t2(a+1) = WO‘ <§’ %’ Zl) )
then from [2.2), we get
dYey(2) = dvz,%(z’) and dy_,,(z) = dv%z%(z') ,

t
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hence

@D o)+ <¢> 2011
[/cb dys, )+d7;,g(Z')>] —2¢ (%)‘t‘m“)dua(y)
- / [7206) (%) + 7=206) (%) ] 72 = 26,0)| dsalv)

= ||(7:(0) + 72(6) — 20)
= |70 + (@)
Sinceg € S.(R), then using[(2}4) and [7, Theorem 2.1] (see dlso [11, Theorem 2, p. 349]), we
can assert that

On the other hand, by (2.3) we have
|72 (0) + 72 (0)

M::‘

thl,«

e (6) +72(6) = 26| < eZ¢lha < T

S 10||¢||1,o¢ S C,

then we get,
(3.8) ‘ 72(6) + 7-2 (9) ., Scmin {1 ;} .
From (3.6), [(3.]7) and (3 8), we obtain
b dt
(3.9) |72(fes) + T-o(fes) = 2fcsllpa < C/6 min {L %} [t *a f“Pﬂ?

Using (2.6), observe that

/R (6 0 B)(@) |2+ dx = 21T (0 + 1) Fa(6 40 6)(0)
— 2T (0 + 1)(Fa()(0))°

=2""T(a+1) (/R ¢(Z)dua(2)>2 =0,

and sincey ,, ¢ is in the Schwarz spacg(R), we have

/ [ log |12]] |6 #a ¢(2)] [z dz < +oo.
R

Then, by the Calderdn reproducing formula related to the Dunkl operators (see [10, Theorem
3]), we have

im  fos=cf, inLP(u):

e—0, §——+o00
From [2.3) and[(3]9), we deduge (3.5). O

Lemma 3.5.Let0 < ¢, r < +o0 andr > G > 0, then there exists constants ¢, > 0 such
that we have

(3.10) /Om {(%)ﬂmin { (%) <§> H % <e, 2z e (0,400)

J. Inequal. Pure and Appl. Mat}8(3) (2007), Art. 73, 11 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

8 CHOKRI ABDELKEFI AND MOHAMED SIFI

and

ey [T {0 ) H L2 vewso

Proof. We can write

[ { (2) ( )15
Z) min —=
0 4 4 Y
+oo
—(B+e) / YOty 4+ 27 ﬁ/ Y’y < ¢y, z € (0, +00)
0 z

and

IR ORGNE
Z) ming (=) , (- —
0 z z Yy z
v +o0
ZyB‘T/ Z“’*Hdﬁyﬂ*e/ 2Pz < ea, y € (0,+00),
0 )

which proves the results. O

Theorem 3.6.
(1) Letl < p < 400,1 < ¢ < +ooandp > 0, then we have foralh € A
(3.12) BDyl C CLY
(2) Letl < p < +00,1 < g < +ooand0 < 3 < 1, then we have for alh € A
(3.13) BDyl =Ch% .

Proof. Putwy (f)(x) = [[72(f) + 72 (f) — 2flpa for f € LP(u,) andq’ = 5 the conjugate
of g whenl < ¢ < +o0.

e We start with the proof of the inclusiop (3]12). Suppose that p < +oo, 1 < ¢ <
+oo,p € A, r > fFandf € BD’B’:?I

Case whem = 1. By (3.1) and Fubini’s theorem, we have

[T et [ LY () g
< / wy (f)(x) (/+OO min { (%)2(%1), (%)T}t B- 1dt) ci:x
0
/ (x—r /I frB=1g 4 42(t1) /+Oot B—2a— 3dt) dx
0 0 z X
c/ i < too,
0

D, 1
hencef € C; .-

J. Inequal. Pure and Appl. Mat}8(3) (2007), Art. 73, 11 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

CHARACTERIZATION OF BESOWVDUNKL SPACES 9

Case whemy = +o00. By (3.1), we have

Jocsa o< ([ () M@ [T (5) )

> t +o00
<c¢ sup M (tz(aﬂ)/ x2a+1+5d$+t’"/ xﬂrldm)
0 t

x€(0,+00) P
Wy T
< ct? sup p(fﬁ)( ,
z€(0,4-00) T

then we deduce thate C; 1.
Case when < ¢ < +o00. By (3.7) again, we have far> 0

lonse e <o [ () i (5 (3) )
Put
s = () (). (4) )

Using Holder's inequality and (3.110), we can write
19 *0 fllpe C/+OO(K(x,t))le’ ((K(x,t))iwg(f)m) dx
0

e
<o [ e (BOD) )

Then by Fubini’s theorem anf (3]11), we have

/-i-oo 6% *q pr’a qﬂ _ C/—i-oo w;‘(f)(q:) q +00 Kz t)@ d_x
0 t8 t = Jo B 0 ) o
oo fwp () @)\ da
P
S C/O\ (T) ? < +OO,
which proves the result.

e Let us now prove the equallt-13) Assurhes C0'% ., ¢ € Aand0 < 3 < 1. For
1 <p < +ocandl < g < +oo, we have to show only that € BDjY.

wp (f)(2) dv

b x

Case whemg = 1. By (3.8) and Fubini’'s theorem, we have

+oo "‘ d 400 ptoo dt
/0 xﬁ xx / / mm H¢t %o [llpat ™" 1—d95

+o0 t
<e [ horsa Tl (/ ain {1 f}x—ﬂ—ldx) dt
0 t t

i ‘ oo dt

< C/ ||¢t *a f”p,a (‘/ v Pdx +/ x_’g_ldx> —

0 0 t t

o [T Mot Flpadt
=/ t8 t

then we obtain the result.
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Case whery = +o0. By (3.5), we get
v dt oy dt
@) e [Mosalya + [ Fhorsa lha'y)

*a o T “+o0
<c¢ sup I¢: *a flipa Bf”p’ (/ tﬁ—ldt+x/ tﬁ—th)
$€(0,+00) t 0 :1:

||¢t *a f p,o
8 ’

< ez’ sup
te(0,400)

so, we deduce that € BD ™.
Case when < ¢ < +o00. By (3.5) again, we have for > 0

w (f) () o CNT 2 19 *a fllpa dt
N SC/O (;) min {1, } FEERe O

R(z,t) = @) ﬂmin{L %} .

Using Holder's inequality and (3.110), we can write

wp (@) C/OM(R(N))J/ (UM,@);M) dt

B 8 t

400 *q por th %
gc(/o R(z,t) (M) 7) ;

then by Fubini’'s theorem anfl (3]11), we have
400 Ie% q “+o00 q +oo
/ (wp(f)(ﬂf)) d—xgc/ (||¢t *o f”p,a) (/ R(x,t)@) dt
0 'TB X 0 t’g 0 x t

o [ (M0ka flpa

thus the result is established. O

Put

Remark 3.7. By proceeding in the same manner as in Lemima 3.4 and (2) of Th¢orem 3.6, we
can assert that for < p < +oc and0 < 3 < 1, we haveC}’ | C BDY, , hence from|(3.13)

we conclude thaBDyY, C BDYY,.
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